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Abstract
Mechanical properties of cells and modelling of structural instabilities
in tissues
Somiealo
Department of Physics,
Stellenbosch University,
Private Bag X1, Matieland 7602, South Africa.
Dissertation: PhD
August 2018
Cells have inherent mechanical properties that can be modelled physically. Statistical physics
approaches permit the understanding of deformation dependence by modelling the various el-
ements of the cytoskeleton and combining these with the constraints and physical properties
of the cell membrane. When cells combine to form more complex structures, including, for
example, epithelial structures, the resulting structure also needs to be understood. We wish to
understand the mechanical contribution to the elastic properties and stability of the cell within
the tissue when branching actin cytoskeletal network emerge or grow and their structure, spa-
tial organisation and orientational ordering geometrically constrained by the cell membrane.
Based on a grand canonical ensemble formalism by Frisch et al. [1] and Müller-Nedebock
et al. [2], we model the structure of branching actin networks of living cell cytoskeletal ﬁl-
aments when these are rigidly contained with geometrical conﬁning regions. The formalism
allows a thermodynamic equilibrium calculation of density and orientational order density for
ﬁlaments and branch points. We ﬁnd distinct local orientation, order parameter and density
proﬁles for network ﬁlament segments, as the degree of branching and the ratio of persistence
lengths of the ﬁlaments to the conﬁning region size are varied. These results suggest the role
of the conﬁnement in the structural properties and organization of branching actin networks
inside the conﬁning region. We next investigated the contribution of the elastic properties of
the networks to the elastic properties and stability of the cells within tissues by computing
ii
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the free energies and forces of networks system. we ﬁnd that tissue cells are stable against
compression while cell under shear become unstable beyond a critical angle.
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Uittreksel
Mechanical properties of cells and modelling of structural instabilities
in tissues
Somiealo
Fisika Departement,
Stellenbosch Universiteit,
Privaatsak X1, Matieland 7602, Suid Afrika.
Proefskrif: PhD
Augustus 2018
Selle het inherente eienskappe wat met die ﬁsika gemodelleer kan word. Statistiese ﬁska be-
naderingspunte laat toe om die vervormingsafhankliheid te verstaan deur die modellering van
verskillende elemente van die sitoskelet en om dit met die randkondisies en ﬁsiese eienskape van
die selmembraan te kombineer. Wanneer selle gekombineer word om meer komplekse strukture
te vorm, insluitende, byvoorbeeld, epitele strukture, dan moet die resulterende struktuur ook
ondersoek word. Ons wil die meganiese bydrae tot die elastiese eienskappe en die stabiliteit van
die sel as deel van die weefsel verstaan, wanneer vertakkende aktien netwerke ontstaan en groei,
en hulle struktuur, organisasie in die ruimte deur die geometrie van die sel ingeperk word.
Gebaseer op n grootkanoniese formalisme van Frisch, et al., en van Müller-Nedebock et al.
modelleer ons die struktuur van vertakkende aktien netwerke van dinamiese selle se sitoskelet-
ﬁlamente wanneer hierdie tot starre geometriese gebiede beperk word. Die formalisme laat n
berekening in die termodinamiese ewewig toe van die digtheid and orde in uitrigtings vir die
ﬁlamente and vertakkingspunte. Ons bepaal duidelike lokale orientasie-, orderparameter- en
digtheidsproﬁele vir netwerk ﬁlamente, in afhanklkheid van hoe die graad van vertakking en
die verhouding van die ﬁlamente se persistensielengte tot die grootte van die ingrensende gebied
varieer. Hierdie resultate dui aan wat die rol van die ingrensing op die strukturele eienskappe
en organisasie van die vertakkende aktien netwerke is binne die ingrensende gebied. Ons het
ook ondersoek wat die bydrae van die elastiese eienskappe van die netwerke tot die elestiese
eienskappe en stabiliteit van van die selle binnekant n weefsel is, deurdat die vrye energië en
iv
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kragte van die netwerkstelsel bepaal is. Ons vind dat weefsel stabiel teen samepersing is, terwyl
dit onder skuifkragte bokant n kritieke hoek onstabiel raak.
Stellenbosch University  https://scholar.sun.ac.za
Acknowledgements
I would like to express my special appreciation and thanks to my supervisor Professor Kristian
K. Müller-Nedebock for all his advices, patience, motivation and support of my Ph.D research.
I would like to thank Dr. Kriel for some helpful discussions we had during my thesis.
I am so grateful to the Organisation for Women in Science for the Developing world (OWSD)
and to the Swedish International Development Cooperation Agency (SIDA) who have funded
this work, a big thank you. I thank also the National Research Foundation of South Africa
(NRF) for their support.
I thank the African Instite for Matematical Sciences (AIMS) for opening me the doors of
mathematical science researches.
To my AIMS's supervisor Professor Jean-Francois Joanny and to Doctor Rhoda Hawkins, I say
thank you for having introduced me to the ﬁeld of biophysics.
I would like to take this opportinuty to thank Professor Banna Magolmeena for his motivation
and support. I thank also M. Kokou Gawonou N'Tsouaglo for the stimulating discussions about
how to learn fast the programing languages, especially C/C++.
A special thank you to my oﬃce mates, Doctor Stanard Mebwe Patchong and Ishmael Takyi
for the interesting discussions, and their support.
A big gratitude goes to my parents, family and family-in-law whom have always been by my
side, for their love, prayers and support, a big thank you.
I am so grateful to my husband Hassikpezi Florent, thank you for your patience, motivating
and loving heart.
I can not conclude without giving all the honor and glory to the Mighty God who has permitted
this dream to become true!
vi
Stellenbosch University  https://scholar.sun.ac.za
Contents
Declaration i
Abstract ii
Uittreksel iv
Acknowledgements vi
Contents vii
List of Figures x
List of Tables xxx
I Introductory chapter 1
1 Introduction and background 2
1.1 Introduction and motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2
1.2 Basic concepts about the physics of cell and their cytoskeleton . . . . . . . . . . 5
1.3 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18
II Density ﬁeld theory for conﬁned branching cytoskeletal net-
works 21
2 Introduction of monomer ensemble formalism for semiﬂexible linear poly-
mer chains and conﬁnement 22
2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22
2.2 Description of the model: Grand canonical partition function . . . . . . . . . . . 23
2.3 Average numbers and average density distribution functions . . . . . . . . . . . 30
2.4 Conﬁnement . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34
2.5 Deﬁnition of the radial order parameter ﬁeld . . . . . . . . . . . . . . . . . . . . 40
2.6 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41
vii
Stellenbosch University  https://scholar.sun.ac.za
CONTENTS viii
3 Branching cytoskeletal networks in conﬁning region 42
3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42
3.2 Description of the model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43
3.3 Average density distributions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56
3.4 Numerical method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57
3.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63
4 Densities proﬁles and ordering of ﬁlaments of branching actin networks in
conﬁning cells 64
4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64
4.2 Domain of validity of the model . . . . . . . . . . . . . . . . . . . . . . . . . . . 66
4.3 Result and discusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67
4.4 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107
5 Self-consistent and mean ﬁeld theory for conﬁned branching cytoskeletal
networks 109
5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109
5.2 Density distributions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 116
5.3 Results and discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 120
5.4 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 138
III Contribution of conﬁned branching cytoskeletal actin networks
to the mechanical properties of tissue cells. 139
6 From structural equilibrium properties of actin networks to the elastic
stability of cells 140
6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 140
6.2 Stability and force balance of branching actin networks conﬁned by rigid cell wall 142
6.3 Networks growing inside cells with elastic membrane . . . . . . . . . . . . . . . 146
6.4 Are our tissue cells stable against shear? . . . . . . . . . . . . . . . . . . . . . . 160
6.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 168
7 Modelling of cells as a reinforced composite material: an alternative mean
ﬁeld approach 171
7.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 171
7.2 Green function formalism: ﬁbre-ﬁbre and ﬁbre-matrix Interactions . . . . . . . . 171
7.3 Calculation of the eﬀective elastic Green of the system of elastic cell reinforced
by a composite of star ﬁbers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 179
7.4 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 191
Stellenbosch University  https://scholar.sun.ac.za
CONTENTS ix
8 Conclusion and outlook 193
8.1 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 193
A Details for calculations in chapters 196
A.1 Deﬁnitions of a functional and functional derivative . . . . . . . . . . . . . . . . 196
A.2 Density and order proﬁles for branching actin networks conﬁned in others ge-
ometries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 202
A.3 Semiﬂexible ﬁlaments under compressive forces: Derivation of equation (6.33) . . 206
A.4 Cell as ﬁber reinforced composite material . . . . . . . . . . . . . . . . . . . . . 208
Bibliography 211
Stellenbosch University  https://scholar.sun.ac.za
List of Figures
1.1 Depiction of an eukariotic cell of animals showing its diﬀerents components. . . . . 7
1.2 Depiction of an eukariotic cell of plants showing its diﬀerents components.. . . . . . 8
1.3 Image of eukaryotic cells cytoskeleton (Wikipedia). The networks in red represent
the actin networls, in green we have the microtubule, the nucleus is reported in blue
in the middle of the cytoskeleton. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
1.4 Cartoon of the cell cytoskeleton. The cartoon shows more clearly some of the dif-
ferents components of the cell cytoskeleton. The ﬁlaments in red color are actin
ﬁlaments (A), microtubules (M) are in green and the intermediate ﬁlaments are
in black (IF) , the violet dots are the Arp2/3 protein complex, and motor proteins
in orange color (MM). Actin network present a highly branched architecture at the
leading edge of the cell called lamellipodium. The Arp2/3 protein complex are the
nucleotors of the branching. We have the nucleus in the middle (which is not part
of the cytoskeleton) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
1.5 Intermediate ﬁlament modelled as freely jointed ﬂexible polymer of N monomers.
ai = Ri −Ri−1 are the chain bond vectors with size |ai| where R is the end-to-end
vector of the chain. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12
1.6 Actin modelled as semiﬂexible polymer. A) r(s) is the space curve of the chain where
s is the arc length of the ﬁlament, R the end-to-end vector of the chain. t(s) is the
tangent unit vector at arc length s of the chain and the angle θ(s) is the angle between
pair of tangent vectors of the chain. B) Discrete version of semiﬂexible chains. The
chain is described as made up of consecutive connection of monomers or segments
where each segment is of length b and orientation ti, the tangent unit vector. . . . . 13
1.7 Microtubule modelled as rigid polymer. . . . . . . . . . . . . . . . . . . . . . . . . . 14
x
Stellenbosch University  https://scholar.sun.ac.za
LIST OF FIGURES xi
2.1 Depiction of a grown semiﬂexible polymer chain of ordered monomers or bonds in
the ensemble. The monomers or bonds that belongs to the chain are in red colour.
Each monomer has two ends with the starting end starting at a position r and the
other end at position r ′ and each end has an orientation nˆ. G is the propagator or
the Green function that characterises the segments of the chain as straight line of
size ` and ensure that both ends of a segment have the same orientation. z is the
monomer activity called fugacity and w is the Boltzmann weight factor associated
to the pairwise bending stiﬀness between monomers of the chain. The red dots are
the starting points of each monomer or bond of the chain and the dots in brown
colour are the starting points of neighbours monomers. . . . . . . . . . . . . . . . . 24
2.2 Visual depiction of the action of the propagator G. G applies to each segment of the
semiﬂexible chain and transform it into a straight segment of length ` (r ′i = ri+ `nˆi)
and orientation nˆ = nˆi = nˆ
′
i. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25
2.3 Depiction of a semiﬂexible chain of one bond. The monomer of the chain is in
red colour. It has two ends with the starting end starting at a position r and the
other end at position r ′ and each end has an orientation nˆ. G is the propagator or
the Green function that characterises the segments of the chain as straight line of
size ` and ensure that both ends of a segment have the same orientation. z is the
monomer activity called fugacity and w is the Boltzmann weight factor associated to
the pairwise bending stiﬀness between monomers of the chain. The red dots are the
starting points of each monomer or bond of the chain and the dots in brown colour
are the starting points of neighbours monomers. . . . . . . . . . . . . . . . . . . . . 25
2.4 Depiction of a semiﬂexible chain of two bonds. . . . . . . . . . . . . . . . . . . . . . 26
2.5 Depiction of a semiﬂexible chain consisting of N bonds. The monomers or bonds
that belongs to the chain are in red colour. Each monomer has two ends with the
starting end starting at a position r and the other end at position r ′ and each end
has an orientation nˆ. G is the propagator or the Green function that characterises
the segments of the chain as straight line of size ` and ensure that both ends of a
segment have the same orientation. z is the monomer activity called fugacity and w
is the Boltzmann weight factor associated to the pairwise bending stiﬀness between
monomers of the chain. The red dots are the starting points of each monomer or
bond of the chain and the dots in brown colour are the starting points of neighbours
monomers. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26
2.6 Diagram for linear Ψ function. The cross circles on this diagram are the roots of
the chains and we do not integrate over the position and oriention of the root. It
indicates that a ﬁlament can grow starting from the root. We distinguish the root
from the leave due to the fact that ﬁlaments are oriented. . . . . . . . . . . . . . . . 33
Stellenbosch University  https://scholar.sun.ac.za
LIST OF FIGURES xii
2.7 Diagram for linear Φ function. The cross circles on this diagram are the leaves of
the chains and we do not integrate over the position and oriention of the leaves. It
indicates that a ﬁlament can grow starting from the the leave. . . . . . . . . . . . . 33
2.8 A very long semiﬂexible polymer chain discretized like a freely jointed chain on a 2D
triangular lattice. The black dots represent the monomers (bonds) positions and the
red segments along vectors t represente the monomers orientations . . . . . . . . . . 36
2.9 Plot of the persistence length of a polymer chain living on the 3D cubic plus digonals
lattice as function of  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39
3.1 Depiction of the growth and branching of the actin ﬁlements via the Arp2/3 protein
complex inside a spherical cell with rigid membrane. We have inside the sphere which
we represent here on the ﬁgure by a circular shape in black, G-actin monomers in
red that link linearly and form a linear ﬁlament with orientation nˆ. The model and
formalism we have introduced in Chapter 3 of this thesis applies to the linear actin
chain formation. Inside the sphere, we have also branching actin ﬁlaments. As the
ﬁlament grows in the direction nˆ, the Arp2/3 in violet protein complex attach to the
ﬁlament and nucleate the binding of the G-actin monomer in orientation nˆ′ leading
to the growth of new ﬁlament on existing one at 70◦ angle. The arrow with the
plus indicate the adding of G-actin monomer at the actin ﬁlament growing end to
ensure its linear elongation or at the top of the Arp2/3 protein at the side of the
old ﬁlament to ensure the growth of the branching ﬁlament. A branching or tree-like
network thus grows and possibly ﬁlls the conﬁning spherical cell. . . . . . . . . . . . 44
3.2 Mathematical representation of a grown branching actin network. It contains various
conﬁgurations of branched ﬁlaments and linear ﬁlaments. The monomers or bonds
that belongs to the chain of the networks are in red color. Each monomer has two
ends with the starting end starting at a position r and the other end at position
r ′ and each end has an orientation nˆ. G is the propagator or the Green function
that characterises the segments of the chain as straight line of size ` and ensure that
both ends of a segment have the same orientation. z is the monomer activity called
fugacity and w is the Boltzmann weight factor associated to the pairwise bending
stiﬀness between monomers of the chain. The red dots are the starting points of
each monomer or bond of the chain and the dots in brown colour are the starting
points of neighbours monomers. The proteins in violet represent the binding proteins
(Arp2/3 protein complex) that ensure the branching of the ﬁlaments . . . . . . . . 45
Stellenbosch University  https://scholar.sun.ac.za
LIST OF FIGURES xiii
3.3 Depiction of a branched ﬁlament consisting of 3 bonds. The monomers or bonds
that belongs to the chain of the networks are in red color. Each monomer has two
ends with the starting end starting at a position r and the other end at position
r ′ and each end has an orientation nˆ. G is the propagator or the Green function
that characterises the segments of the chain as straight line of size ` and ensure that
both ends of a segment have the same orientation. z is the monomer activity called
fugacity and w is the Boltzmann weight factor associated to the pairwise bending
stiﬀness between monomers of the chain. The red dots are the starting points of
each monomer or bond of the chain and the dots in brown colour are the starting
points of neighbours monomers. The proteins in violet represent the binding proteins
(Arp2/3 protein complex) that ensure the branching of the ﬁlaments . . . . . . . . 47
3.4 Depiction of a branched ﬁlament consisting of 4 bonds. The monomers or bonds
that belongs to the chain of the networks are in red colour. Each monomer has two
ends with the starting end starting at a position r and the other end at position
r ′ and each end has an orientation nˆ. G is the propagator or the Green function
that characterises the segments of the chain as straight line of size ` and ensure that
both ends of a segment have the same orientation. z is the monomer activity called
fugacity and w is the Boltzmann weight factor associated to the pairwise bending
stiﬀness between monomers of the chain. The red dots are the starting points of
each monomer or bond of the chain and the dots in brown colour are the starting
points of neighbours monomers. The proteins in violet represent the binding proteins
(Arp2/3 protein complex) that ensure the branching of the ﬁlaments . . . . . . . . 48
3.5 Depiction of a branched ﬁlament consisting of 6 bonds. The monomers or bonds
that belongs to the chain of the networks are in red color. Each monomer has two
ends with the starting end starting at a position r and the other end at position
r ′ and each end has an orientation nˆ. G is the propagator or the Green function
that characterises the segments of the chain as straight line of size ` and ensure that
both ends of a segment have the same orientation. z is the monomer activity called
fugacity and w is the Boltzmann weight factor associated to the pairwise bending
stiﬀness between monomers of the chain. The red dots are the starting points of
each monomer or bond of the chain and the dots in brown colour are the starting
points of neighbours monomers. The proteins in violet represent the binding proteins
(Arp2/3 protein complex) that ensure the branching of the ﬁlaments . . . . . . . . 49
Stellenbosch University  https://scholar.sun.ac.za
LIST OF FIGURES xiv
3.6 Depiction of a branched ﬁlament consisting of N bonds. The monomers or bonds
that belongs to the chain of the networks are in red color. Each monomer has two
ends with the starting end starting at a position r and the other end at position
r ′ and each end has an orientation nˆ. G is the propagator or the Green function
that characterises the segments of the chain as straight line of size ` and ensure that
both ends of a segment have the same orientation. z is the monomer activity called
fugacity and w is the Boltzmann weight factor associated to the pairwise bending
stiﬀness between monomers of the chain. The red dots are the starting points of
each monomer or bond of the chain and the dots in brown colour are the starting
points of neighbours monomers. The proteins in violet represent the binding proteins
(Arp2/3 protein complex) that ensure the branching of the ﬁlaments. . . . . . . . . 50
3.7 Diagrammatic represention of the grand canonical partition function Z for branching
cytoskeletal networks. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54
3.8 Diagram for Ψ functional . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54
3.9 Diagram for Φ functional . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55
3.10 example of conﬁguration of branching network on 2d triangular lattice. We have the
lattice sites that are in the conﬁning domain in black and those out of the conﬁning
domain in grey. The polymer chain bonds are in red and their orientation in blue. 59
4.1 Proﬁle of the circular conﬁning region in the absence of any actin polymer chain. . . 68
4.2 The graph is the three dimensional plot of the density proﬁle of the actin networks
dominated by short ﬁlaments (L < D) with little branching conﬁned in sphere. This
type of network is modelled in 2d and obtained for growth or chain elongation pa-
rameter z0 = 0.5 values, and for the branch formation parameter ζ0 = 0.001. We
observe a convex-shaped density distribution of the chain segments with a plateau
towards the middle of the sphere. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69
4.3 Three dimensional plots of the density proﬁles of network segments for ζ0 = 0.001
and values, z0 = 0.6. Here we still have the networks dominated by short ﬁlaments
(L < D). However the ﬁlaments are longer and a high concentration of chain seg-
ments is observed in the middle of the sphere (higher than the one we have obtained
in Figure 4.2). We observe a distribution of ﬁlament segments with higher density
in the centre of spherical conﬁning cell. . . . . . . . . . . . . . . . . . . . . . . . . . 70
4.4 Plot of the densty proﬁle of segments through the centre of the sphere in x direction of
the network dominated by short linear ﬁlaments (L < D) modelled on 2d triangular
lattice. The ﬁlaments elongation and branching parameter values are z0 = 0.5 and
ζ0 = 0.001. The inset is a cartoon representing the spherical geometry conﬁning the
network of actin ﬁlaments in red on the graph and it is there to illustrate the type of
the networks for which the this density proﬁle is obtained. . . . . . . . . . . . . . . . 71
Stellenbosch University  https://scholar.sun.ac.za
LIST OF FIGURES xv
4.5 Plot of the densty proﬁle of segments throught the centre of the sphere in x direction
of the network dominated by short linear ﬁlaments (L < D) modelled on 2d triangu-
lar lattice. The proﬁle of the network we show is obtained for ﬁlaments elongation
and branching parameter values z0 = 0.6 and ζ0 = 0.001. . . . . . . . . . . . . . . . 71
4.6 Three dimensional plot of the density proﬁle of the segments of the networks in
which the length of the ﬁlaments are comparable to the seize of the conﬁning region
(L ∼ D). We plot this density proﬁle for ζ0 = 0.001 and z0 = 0.69. The small dip
in the middle of the density proﬁle suggessts a decrease of segment distribution in
the centre of the sphere. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73
4.7 Density proﬁle through the centre of the sphere in x direction of the segments of the
networks in which the length of the ﬁlaments are equal to the seize of the conﬁning
region (L ∼ D). We plot this density proﬁle for ζ0 = 0.001 and z0 = 0.69. The small
dip in the middle of the density proﬁle suggessts a decrease of segment distribution in
the centre of the sphere. The inset is a cartoon representing the spherical geometry
conﬁning the network of actin ﬁlaments in red on the graph and it is there to illustrate
the type of the networks for which the this density proﬁle is obtained. . . . . . . . . 74
4.8 Three dimensional plot of the density proﬁle of the segments of the networks dom-
inated by long linear ﬁlaments with little branching. The length of the ﬁlaments in
this networks are greater than the seize of the conﬁning region (L > D). We plot
this density proﬁle for ζ0 = 0.001 and z0 = 0.75. We observe a huge decrease of the
average density of segments in the middle of the spheres while the proﬁle shows a
high density distrisbution at the periphery of the conﬁning spherical cell. . . . . . . . 75
4.9 Graph of the density proﬁle of the segments of the networks dominated by long linear
ﬁlaments with few branching through the centre of the sphere in x direction. The
length of the linear ﬁlaments are greater than the seize of the conﬁning region (L >
D). We plot this density proﬁle for ζ0 = 0.001 and z0 = 0.75. We observe a huge
decrease of the average density of segments in the middle of the spheres while the
proﬁle shows a high density distribution at the periphery of the conﬁning spherical
cell. The inset is a cartoon representing the spherical geometry conﬁning the network
of actin ﬁlaments in red on the graph and it is there to illustrate the type of the
networks for which the this density proﬁle is obtained. It shows the ﬁlaments of the
networks wrapped around the cell. This drawing becomes more understandable when
we look at the radial order parameter ﬁeld proﬁle of this type of networks in the
Figure 4.23. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76
4.10 Three dimensional plot of the density proﬁle of the segments of the branched net-
works. It is obtained for (1 − z0)2 ∼ 4ζ0. We plot this density proﬁle for ζ0 = 0.06
and z0 = 0.516. We observe a huge decrease of the average density of segments in
the middle of the spheres while the proﬁle shows a high density distribution at the
periphery of the conﬁning spherical cell. . . . . . . . . . . . . . . . . . . . . . . . . . 77
Stellenbosch University  https://scholar.sun.ac.za
LIST OF FIGURES xvi
4.11 Graph of the density proﬁle of the segments of a branched network through the cen-
tre of the sphere in x direction. It is obtained for (1 − z0)2 ∼ 4ζ0. We plot this
density proﬁle for ζ0 = 0.06 and z0 = 0.516. The proﬁle shows a high increase of
the average density of segments as we go from the centre to the periphery of the
conﬁning spherical cell suggesting an inhomogeneous distribution of chain segments
of the branched conﬁned networks. The inset is a cartoon representing the spherical
geometry conﬁning the network of actin ﬁlaments in red on the graph and it is there
to illustrate the type of the networks for which the this density proﬁle is obtained. It
shows the ﬁlaments of the networks that are highly branched at the vicinity of the cell
and pointing straight to the cell membrane and with very few bent ﬁlaments at the
edge. This drawing becomes more understandable when we look at the radial order
parameter ﬁeld proﬁle of this type of networks in the Figure 4.25. . . . . . . . . . . 78
4.12 The graph is the three dimensional plot of the density proﬁle of 3d actin networks
dominated by short ﬁlaments (L < D) with few branching conﬁned in sphere. It
is obtained for growth or chain elongation parameter z0 = 0.31 values, and for
the branch formation parameter ζ0 = 0.001. We observe a convex-shaped density
distribution of the chain segments with a plateau in the middle of the sphere. . . . 79
4.13 Plot of the density proﬁle of segments through the centre of the sphere in x direction
of the 3d network dominated by short linear ﬁlaments (L < D) modelled on 3d
triangular lattice. The ﬁlaments elongation and branching parameter values are
z0 = 0.31 and ζ0 = 0.001. The inset is a cartoon representing the spherical geometry
conﬁning the network of actin ﬁlaments in red on the graph and it is there to illustrate
the type of the networks for which the this density proﬁle is obtained. . . . . . . . . 80
4.14 Three dimensional plot of the density proﬁle of the segments of the networks dom-
inated by long linear ﬁlaments with few branching. The length of the ﬁlaments in
this networks are greater than the seize of the conﬁning region (L > D). We plot
this density proﬁle for ζ0 = 0.00001 and z0 = 0.71. We observe a huge decrease of
the average density of segments in the middle of the spheres while the proﬁle shows
a high density distrisbution at the periphery of the conﬁning spherical cell. . . . . . 81
Stellenbosch University  https://scholar.sun.ac.za
LIST OF FIGURES xvii
4.15 Graph of the density proﬁle of the segments of the networks dominated by long linear
ﬁlaments with few branching through the centre of the sphere in x direction. The
length of the linear ﬁlaments are greater than the size of the conﬁning region (L >
D). We plot this density proﬁle for ζ0 = 0.00001 and z0 = 0.71. We observe a huge
decrease of the average density of segments in the middle of the spheres while the
proﬁle shows a high density distribution at the periphery of the conﬁning spherical
cell. The inset is a cartoon representing the spherical geometry conﬁning the network
of actin ﬁlaments in red on the graph and it is there to illustrate the type of the
networks for which the this density proﬁle is obtained. It shows the ﬁlaments of the
networks wrapped around the cell. This drawing becomes more understandable when
we look at the radial order parameter ﬁeld proﬁle of this type of networks in the
Figure 4.29. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82
4.16 Three dimensional plot of the density proﬁle of the segments of the branched net-
works. It is obtained for (1−z0)2 ≥ 4ζ0 . We plot this density proﬁle for ζ0 = 0.0049
and z0 = 0.5. We observe a huge decrease of the average density of segments in the
middle of the spheres while the proﬁle shows a high density distribution at the pe-
riphery of the conﬁning spherical cell. . . . . . . . . . . . . . . . . . . . . . . . . . . 83
4.17 Graph of the density proﬁle of the segments of a branched network through the cen-
tre of the sphere in x direction. It is obtained for (1 − z0)2 > 4ζ0. We plot this
density proﬁle for ζ0 = 0.0049 and z0 = 0.5. The proﬁle shows a high increase of
the average density of segments as we go from the centre to the periphery of the
conﬁning spherical cell suggesting an inhomogeneous distribution of chain segments
of the branched conﬁned networks. The inset is a cartoon representing the spherical
geometry conﬁning the network of actin ﬁlaments in red on the graph and it is there
to illustrate the type of the networks for which the this density proﬁle is obtained. It
shows the ﬁlaments of the networks that are highly branched at the vicinity of the cell
and pointing straight to the cell membrane. This drawing becomes more understand-
able when we look at the radial order parameter ﬁeld proﬁle of this type of networks
in the Figure 4.31. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84
4.18 Three dimensional plot of the radial order parameter ﬁeld proﬁle of the 2d actin
networks dominated by short ﬁlaments (L ≤ D) with few branching under sperical
conﬁnement. It is obtained for growth or chain elongation parameter z0 = 0.5 values,
and for the branch formation parameter ζ0 = 0.001. The graph shows a positive order
parameter proﬁle at the vicinity of the spherical cell indicating a parallel alignment
of segments that are close to the wall while the order proﬁle toward the centre of the
cell is 0. This indicates that the ﬁlaments are isotropically distributed in the middle
of the sphere. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87
Stellenbosch University  https://scholar.sun.ac.za
LIST OF FIGURES xviii
4.19 Plot of radial order parameter ﬁeld proﬁle of segments throught the centre of the
sphere in x direction of 2d networks dominated by short linear ﬁlaments (L ≤ D )
modelled on 2d triangular lattice. The ﬁlaments elongation and branching parameter
values are z0 = 0.5 and ζ0 = 0.001. The inset is a cartoon representing the spherical
geometry conﬁning the network of actin ﬁlaments in red on the graph and it is there
to illustrate the type of the networks for which the radial order parameter ﬁeld proﬁle
is obtained. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88
4.20 Three dimensional plot of the radial order parameter ﬁeld proﬁle of the networks
with comparable length scales (L ∼ D ∼ `p). The proﬁle we present here obtained
for z0 = 0.69 and ζ0 = 0.001. The order ﬁeld is positive at the very edge of the cell,
negative as we move towards the centre and 0 in the middle. . . . . . . . . . . . . . 89
4.21 Plot of radial order parameter ﬁeld proﬁle of segments throught the centre of the
sphere in x direction of the networks with comparable length scales (L ∼ D ∼ `p).
The proﬁle we present is obtained for z0 = 0.69 and ζ0 = 0.001. The inset is a
cartoon representing the spherical geometry conﬁning the network of actin ﬁlaments
in red on the graph and it is there to illustrate the type of the networks for which the
radial order parameter ﬁeld proﬁle is obtained. . . . . . . . . . . . . . . . . . . . . . 90
4.22 The graph of the three dimensional plot of the order parameter ﬁeld proﬁle of 2d
networks dominated by long linear ﬁlaments L > D. The graph is obtained for
z0 = 0.75 and ζ0 = 0.001. The order parameter ﬁeld is positive at the periphery of
conﬁning region while 0 in the centre of the sphere. This indicates that long linear
ﬁlaments bend and wrap around the cell while the few shorter ﬁlaments that are in
the middle of the cell are isotropically distributed. . . . . . . . . . . . . . . . . . . . 91
4.23 Plot of radial order parameter ﬁeld proﬁle of segments through the centre of the
sphere in x direction. This graph of the of 2d networks dominated by long linear
actin ﬁlaments is obtained for z0 = 0.75 and ζ0 = 0.001. The inset is a cartoon
representing the spherical geometry conﬁning the network of actin ﬁlaments in red
on the graph and it is there to illustrate the type of the networks for which the radial
order parameter ﬁeld proﬁle is obtained. . . . . . . . . . . . . . . . . . . . . . . . . 92
4.24 Radial order parameter ﬁeld proﬁle of 2d branched networks plotted in three dimen-
sion. The proﬁle we show is obtained for z0 = 0.516 and ζ0 = 0.06. We have negative
order parameter ﬁeld with very small positive values at the vicinity of the cell. This
indicate that ﬁlaments of segments of the branched networks align perpendicular or
point straight to the conﬁning. Only very few ﬁlament bent. The chain segments are
isotropically distributed in the middle of the sphere. . . . . . . . . . . . . . . . . . . 93
Stellenbosch University  https://scholar.sun.ac.za
LIST OF FIGURES xix
4.25 Plot of radial order parameter ﬁeld proﬁle of 2d branched networks segments through
the centre of the sphere in x direction. The graph is obtained for z0 = 0.516 and
ζ0 = 0.06. The inset is a cartoon representing the spherical geometry conﬁning the
network of actin ﬁlaments in red on the graph and it is there to illustrate the type of
the networks for which the radial order parameter ﬁeld proﬁle is obtained. . . . . . . 94
4.26 Three dimensional plot of the radial order parameter ﬁeld proﬁle of the 3d actin
networks dominated by short ﬁlaments (L ≤ D) with few branching under sperical
conﬁnement. It is obtained for growth or chain elongation parameter z0 = 0.31
values, and for the branch formation parameter ζ0 = 0.001. The graph shows a pos-
itive order parameter proﬁle at the vicinity of the spherical cell indicating a parallel
alignment of segments that are close to the wall while the order proﬁle toward the
centre of the cell is 0. It indicates that the ﬁlaments are isotropically distributed in
the middle of the sphere. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95
4.27 Plot of radial order parameter ﬁeld proﬁle of segments through the centre of the sphere
in x direction of 3d networks dominated by short linear ﬁlaments (L ≤ D). The
ﬁlaments elongation and branching parameter values are z0 = 0.31 and ζ0 = 0.001.
The inset is a cartoon representing the spherical geometry conﬁning the network of
actin ﬁlaments in red on the graph and it is there to illustrate the type of the networks
for which the radial order parameter ﬁeld proﬁle is obtained. . . . . . . . . . . . . . 96
4.28 The graph of the three dimensional plot of the order parameter ﬁeld proﬁle of 3d
networks dominated by long linear ﬁlaments L > D. The graph is obtained for
z0 = 0.71 and ζ0 = 0.00001. The order parameter ﬁeld is positive at the periphery of
conﬁning region while 0 in the centre of the sphere. This indicates that long linear
ﬁlaments bend and wrap around the cell while the few shorter ﬁlaments that are in
the middle of the cell are isotropically distributed. . . . . . . . . . . . . . . . . . . . 97
4.29 Plot of radial order parameter ﬁeld proﬁle of segments through the centre of the
sphere in x direction. This graph of the of 3d networks dominated by long linear
actin ﬁlaments is obtained for z0 = 0.71 and ζ0 = 0.00001. The inset is a cartoon
representing the spherical geometry conﬁning the network of actin ﬁlaments in red
on the graph and it is there to illustrate the type of the networks for which the radial
order parameter ﬁeld proﬁle is obtained. . . . . . . . . . . . . . . . . . . . . . . . . 98
4.30 Radial order parameter ﬁeld proﬁle of 3d branched networks plotted in three dimen-
sions. The proﬁle we show is obtained for z0 = 0.5 and ζ0 = 0.0049. We have
negative order parameter ﬁeld at the vicinity of the cell and 0 order close and in
the middle of the conﬁning sphere. This indicate that all ﬁlaments of 3d branched
networks align perpendicular or point straigh to the conﬁning sphere. The chain
segments are isotropically distributed in the middle of the sphere. . . . . . . . . . . . 99
Stellenbosch University  https://scholar.sun.ac.za
LIST OF FIGURES xx
4.31 Plot of radial order parameter ﬁeld proﬁle of 3d branched networks segments through
the centre of the sphere in x direction. The graph is obtained for z0 = 0.5 and
ζ0 = 0.0049. The inset is a cartoon representing the spherical geometry conﬁning
the network of actin ﬁlaments in red on the graph and it is there to illustrate the
type of the networks for which the radial order parameter ﬁeld proﬁle is obtained. . . 100
4.32 Phase diagrams (ζ0, z0) for 2d networks. It shows the domains of the three studied
type of networks. The number densities of ﬁlaments segments are plotted as we vary
the ﬁlament elongation parameter z0 and the branching parameter ζ0. On this phase
diagram, the yellow dots zone corresponds to the domain of the branching networks
that are dominated by short actin ﬁlaments with few branching. The black triangle
domain is mainly composed of long linear actin chains formation with few branching.
In the red squares domain, we have very branched networks. The points of the line
separating the diﬀerent domain correspond to (ζ0, z0) values for which we obtain
the transition networks. The blue zone indicate the domain in which our numerical
result is valid (domain of validity) given by the equation (4.3). . . . . . . . . . . . 102
4.33 Phase diagrams (ζ0, z0) for 3d networks. It shows the domains of the three studied
types of networks. The number densities of ﬁlaments segments are plotted as we
vary the ﬁlament elongation parameter z0 and the branching parameter ζ0. On this
phase diagram, the yellow dots zone corresponds to the domain of the branching
networks that are dominated by short actin ﬁlaments with few branching. The black
triangle domain is mainly composed of long linear actin chains formation with few
branching. In the red squares domain, we have very branched networks. The points
of the line separating the diﬀerent domain correspond to (ζ0, z0) values for which
we obtain the transition networks. The blue zone indicate the domain in which our
numerical result is valid (domain of validity) given by the equation (4.3). . . . . . . 103
4.34 Plot of the polarization for the ﬁeld η = 0. It shows the direction in which the
networks grow in the absence of external ﬁeld. The networks grow from the centre
towards the boundary of the conﬁning cell. . . . . . . . . . . . . . . . . . . . . . . . 105
4.35 The polarization of the branching networks in the presence of the external ﬁeld, with
η = 0.4. We observe that the networks grow in the orientation of the external ﬁeld. 105
4.36 Plot of the response of the networks as function of η and for three diﬀerent growth
parameter z0 values, ζ0 being ﬁxed at 0.1. The sharp changes in the curves is
correspond to the value η for which our numerical calculation diverges. . . . . . . . 106
4.37 Plot of the response of the networks as function of η and for three diﬀerent stiﬀness
ζ0 values, z0 being ﬁxed at 0.2. The sharp changes in the curves is correspond to
the value η for which our numerical calculation diverges. . . . . . . . . . . . . . . . 106
Stellenbosch University  https://scholar.sun.ac.za
LIST OF FIGURES xxi
5.1 Graph of the density proﬁle of the branched actin networks conﬁned in a spherical
cell without any mutual monomers interactions, V0 = 0.0. z = 0.516 and ζ = 0.06.
The density proﬁle shows a deﬂection near the centre of the sphere meaning that the
ﬁlament segments of the network inside the conﬁning sphere are inhomogeneously
distributed. We have a hight density at the cell periphery and a low distribution as
we go from the vicinity of the cell to the middle of the cell. The inset is a cartoon
representing the spherical geometry conﬁning the network of actin ﬁlaments in red
on the graph and it is there to illustrate the type of the networks for which the this
density proﬁle is obtained. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 121
5.2 Graph of the radial order parameter ﬁeld proﬁle of the branched actin networks
conﬁned in a spherical cell without any mutual monomers interactions, V0 = 0.0. z =
0.516 and the branching parameter ζ = 0.06. The order parameter ﬁeld proﬁle shows
that the ﬁlament branch and align radially to the cell wall i.e they point perpendicular
to the cell wall or membrane. The inset is a cartoon representing the spherical
geometry conﬁning the network of actin ﬁlaments in red on the graph and it is there
to illustrate the type of the networks for which the this density proﬁle is obtained. . 121
5.3 Graph of the density proﬁle of the branched actin networks conﬁned in a spherical
cell in the presence of attractive mutual monomers interaction potential with strength
V0 = −1, z0 = 0.516 and ζ0 = 0.06. The deﬂection in the middle of the proﬁle of the
density has decreased meaning that in the presence of the small attractive interactions
between monomers, the ﬁlaments concentrated initially close to the cell membrane
attract each other and start becoming homogeneously distributed. . . . . . . . . . . . 122
5.4 Graph of the radial order ﬁeld proﬁle of the branched actin networks conﬁned in a
spherical cell in the presence of attractive mutual monomers interactions, V0 = −1.
The ﬁlament elongation parameter z = 0.515 and the branching parameter ζ = 0.06.
The order parameter ﬁeld proﬁle becomes positive on average. The graph shows that
the ﬁlaments of branched networks close to the cell membrane have preference of
aligning parallel to the cell wall as we introduce a small attractive interaction while
the ﬁlaments near the centre stay radial or perpendicular to the wall. This proﬁle is
similar to the proﬁle of the networks with comparable length scales (L ∼ D ∼ `p). . . 122
5.5 Graph of the density proﬁle of the branched actin networks conﬁned in a spherical
cell at high attractive interaction strength |V0|, V0 = −5. The ﬁlament elongation
parameter z = 0.516 and the branching parameter ζ = 0.06. Here the density proﬁle
of ﬁlament segments of the branched networks becomes relatively ﬂat near the centre
of the spherical cell at high attractive interaction potential strength. . . . . . . . . . 123
Stellenbosch University  https://scholar.sun.ac.za
LIST OF FIGURES xxii
5.6 Graph of the radial order ﬁeld proﬁle of the branched actin networks conﬁned in a
spherical cell at high attractive interaction strength |V0|, V0 = −5. The ﬁlament
elongation parameter z = 0.515 and the branching parameter ζ = 0.06. The order
parameter ﬁeld proﬁle become on average positive at the cell periphery and isotropic
in the middle of the conﬁning cell meaning that ﬁlaments close to the cell membrane
or wall wrap arround the cell edges. . . . . . . . . . . . . . . . . . . . . . . . . . . . 123
5.7 Graph of the density proﬁle of the branched actin networks conﬁned in a spherical
cell in the presence of repulsive interaction with strength V0 = 0.00098. The ﬁlament
elongation parameter z = 0.516 and the branching parameter ζ = 0.06. At this value
of interaction strength V0 > 0, the ﬁlament segments of the branched networks start
becoming more concentrate near the centre of the sphere while less close to cell wall.
This suggest that the ﬁlaments or the ﬁlament segments repel from the cell membrane
and occupy the middle of the sphere. . . . . . . . . . . . . . . . . . . . . . . . . . . 124
5.8 Graph of the radial order ﬁeld proﬁle of the branched actin networks conﬁned in a
spherical cell as we increase the interaction strength V0 > 0, V0 = 0.00098. The
ﬁlament elongation parameter z = 0.515 and the branching parameter ζ = 0.06. At
this value interaction strength, the order parameter ﬁeld proﬁle become positive near
the centre and stay negative close the cell membrane. So, the ﬁlament segments that
are near the centre align parallel to the membrane while those close to membrane
stay perpendicular to the cell membrane. . . . . . . . . . . . . . . . . . . . . . . . . 124
5.9 Graph of the density proﬁle of the branched actin networks conﬁned in a spherical
cell in the presence of interaction with strength V0 = 0.001. The ﬁlament elonga-
tion parameter z = 0.516 and the branching parameter ζ = 0.06. At this value of
interaction strength, the ﬁlament segments of the branched networks show a high
concentration of the ﬁlament segments near the centre of the sphere while very little
close to cell wall. This suggest that most of the conﬁned ﬁlaments or the ﬁlament
segments of the network occupy the middle of the sphere. . . . . . . . . . . . . . . . 125
5.10 Graph of the radial order ﬁeld proﬁle of the branched actin networks conﬁned in
a spherical cell as we increase the repulsive interaction strength, V0 = 0.001. The
ﬁlament elongation parameter z = 0.515 and the branching parameter ζ = 0.06. At
this value of interaction strength V0 > 0, the order parameter ﬁeld proﬁle become on
average positive. It indicates that the ﬁlament segments at high concentration near
the centre are aligned parallel to the membrane only very few stay perpendicular or
radial to the cell membrane. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 125
Stellenbosch University  https://scholar.sun.ac.za
LIST OF FIGURES xxiii
5.11 Graph of the density proﬁle of the branching actin networks dominated by long linear
ﬁlaments conﬁned in a spherical cell without any mutual monomers interactions,
V0 = 0. z = 0.75 and ζ = 0.0016. The density proﬁle shows a deﬂection near the
centre of the sphere meaning that the ﬁlament segments of the network inside the
conﬁning sphere are inhomogeneously distributed. We have a hight density at the cell
periphery and a low distribution as we go from the vicinity of the cell to the middle
of the cell. The inset is a cartoon representing the spherical geometry conﬁning the
network of actin ﬁlaments in red on the graph and it is there to illustrate the type of
the networks for which this density proﬁle is obtained. . . . . . . . . . . . . . . . . 127
5.12 Graph of the radial order paramenter ﬁeld proﬁle of the branching actin networks
dominated by long linear ﬁlaments conﬁned in a spherical cell without any mutual
monomers interactions, V0 = 0. z = 0.75 and ζ = 0.001. The order parameter ﬁeld
is positive at the periphery of conﬁning region while 0 in the centre of the sphere.
This indicates that long linear ﬁlaments bend and wrap around the cell while the few
shorter ﬁlaments that are in the middle of the cell are isotropically distributed. The
inset is a cartoon representing the spherical geometry conﬁning the network of actin
ﬁlaments in red on the graph and it is there to illustrate the type of the networks for
which the this density proﬁle is obtained. . . . . . . . . . . . . . . . . . . . . . . . 127
5.13 Graph of the density proﬁle of the branching actin networks dominated by long linear
ﬁlaments conﬁned in a spherical cell in the presence of attractive monomers inter-
actions potential with strength V0 = −1. z = 0.75 and ζ = 0.001. The deﬂection
in the middle of the proﬁle of the density has decreased meaning that the networks
segments are becoming homogeneously distributed inside the cell. . . . . . . . . . . . 128
5.14 Graph of the radial order ﬁeld proﬁle of the branched actin networks conﬁned in a
spherical cell at high attractive interaction strength |V0|, V0 = −1. z = 0.75 and
ζ = 0.001. The order parameter ﬁeld proﬁle near the centre of the sphere becomes
negative while positive near the cell wall indicating that there is a competition between
parallel and perpendicular alignment of the ﬁlaments. This proﬁle is similar to the
proﬁle of the networks with comparable length scales (L ∼ D ∼ `p). . . . . . . . . . 128
5.15 Graph of the density proﬁle of the branching actin networks dominated by long linear
ﬁlaments conﬁned in a spherical cell in the presence of attractive monomers inter-
actions potential with strength V0 = −5. z = 0.75 and ζ = 0.001. The proﬁle of
the density of segments shows that the network segments becomes more dense near
the centre of the cell. This proﬁle is similar to the density proﬁle of the networks
dominated by short ﬁlaments. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 129
Stellenbosch University  https://scholar.sun.ac.za
LIST OF FIGURES xxiv
5.16 Graph of the radial order ﬁeld proﬁle of the branched actin networks conﬁned in a
spherical cell at high attractive interaction strength |V0|, V0 = −5. z = 0.75 and
ζ = 0.001. The order parameter ﬁeld proﬁle is positive close to spherical cell wall
or membrane and 0 near the centre indicating that ﬁlament segments near the cell
membrane align parallel to the membrane and those near the centre are isotropically
distributed. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 129
5.17 Graph of the density proﬁle of the branched actin networks conﬁned in a spherical
cell at high attractive interaction strength |V0|, V0 = 0.001. The ﬁlament elongation
parameter z = 0.75 and the branching parameter ζ = 0.001. Here the density of
ﬁlament segments of the branched networks is convex-shaped at high short-range
aligning interaction. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 131
5.18 Graph of the density proﬁle of the branching actin networks dominated by long linear
ﬁlaments conﬁned in a spherical cell in the presence of attractive monomers inter-
actions potential with strength V0 = 0.001. z = 0.75 and ζ = 0.001. The order
parameter ﬁeld proﬁle is positive. This shows that the long linear ﬁlaments with
actin monomers mutual interactions stay wrapped around the cell. We predict that
this is due to the fact that, the repulsive forces between monomers sum up to the re-
pulsive force from the cell membrane to keep the long linear ﬁlaments of the networks
bent in order to minimize the free energy of the system. . . . . . . . . . . . . . . . . 131
5.19 Graph of the density proﬁle of networks dominated by short ﬁlaments conﬁned in a
spherical cell without any mutual monomers interactions i.e here we set the interact-
ing potential to 0 (V0 = 0). z = 0.5 and ζ = 0.001. We have relatively ﬂat average
density distribution of network segments near the centre of the spherical cell. The
inset is a cartoon representing the spherical geometry conﬁning the network of actin
ﬁlaments in red on the graph and it is there to illustrate the type of the networks for
which the this density proﬁle is obtained. . . . . . . . . . . . . . . . . . . . . . . . 133
5.20 Graph of the radial order ﬁeld proﬁle of networks dominated by short ﬁlaments con-
ﬁned in a spherical cell without any mutual monomers interactions i.e here we set
the interacting potential to 0 (V0 = 0). The ﬁlament elongation parameter z = 0.515
and the branching parameter ζ = 0.06. The order parameter ﬁeld proﬁle shows that
the ﬁlaments that are close to the cell wall are aligned parallel to it while those near
the centre of the conﬁning sphere are isotropically distributed. . . . . . . . . . . . . 133
5.21 Graph of the density proﬁle of networks dominated by short ﬁlaments conﬁned in a
spherical cell in the presence of V0 < 0 mutual monomers interactions with V0 = −5.
z = 0.5 and ζ = 0.001. We have convex-shaped average density distribution of
the network segments. There is no signiﬁcant change compared to the case of no
monomers mutual interactions. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 134
Stellenbosch University  https://scholar.sun.ac.za
LIST OF FIGURES xxv
5.22 Graph of the radial order ﬁeld proﬁle of networks dominated by short ﬁlaments con-
ﬁned in a spherical cell in the presence of attractive mutual monomers interactions
with V0 = −5. The ﬁlament elongation parameter z = 0.515 and the branching pa-
rameter ζ = 0.06. The order parameter ﬁeld proﬁle shows that the ﬁlaments that are
close to the cell wall are aligned parallel to it while the ﬁlaments close to the centre
are isotropically distributed. The networks is thus not inﬂuenced by the presence of
the V0 < 0 interaction between ﬁlaments segments. . . . . . . . . . . . . . . . . . . . 134
5.23 Graph of the density proﬁle of networks dominated by short ﬁlaments conﬁned in a
spherical cell in the presence of repulsive mutual monomers interactions with V0 =
13. z = 0.5 and ζ = 0.001. We have homogeneous average density distribution
proﬁle of the network segments. There is no signiﬁcant change compare to the case
of no mutual interaction. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 136
5.24 Graph of the radial order ﬁeld proﬁle of networks dominated by short ﬁlaments con-
ﬁned in a spherical cell in the presence of V0 > 0 mutual monomers interactions with
V0 = 13. The ﬁlament elongation parameter z = 0.515 and the branching parameter
ζ = 0.06. The order parameter ﬁeld proﬁle shows that the ﬁlaments that are close
to the cell wall are aligned parallel to it while the ﬁlaments close to the centre are
isotropically distributed. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 136
6.1 2D Depiction of branched actin networks (in red) growing inside two square-shaped
cells separated by a rigid wall or membrane. Actin ﬁlament ﬁlaments segment occupy
the two triangular lattice. The black dots are the sites of the lattice and they indicate
the position of the networks segments. The dots in grey are the lattice sites that are
not occupied. The wall of the cells are in green. . . . . . . . . . . . . . . . . . . . 142
6.2 Movable partition membrane. It can be interpreted as a piston between separating
the content of the two cells. Small displacement of this partition compresses the
cytoskeletal networks at the right hands while the networks in the left cell ﬁlls the
larger volume. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 143
6.3 Plot of the Gibbs free energy of the system of branching cytoskeletal networks under
compressive strains. We have obtained this graph for the ratio between the persistence
length of the ﬁlaments and the square side length `p/L = 1.2, z0 = 0.54 and ζ0 =
0.064. We observe an the increase of Gibbs free energy meaning that the system is
stable against compressions. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 144
6.4 Plot of the diﬀerence in force between compressed and stretched cell as function strain
δ. The networks behave like spring under compression. . . . . . . . . . . . . . . . . 146
6.5 Plot of the young modulus of the networks, showing a slow variation as we increase
the branching strength ζ. E(ζ) varies about 7% from 0.0512 to 0.0530. . . . . . . . . 147
6.6 The wall of the cell in the x directions are semi-ﬂexible. State A: cell in the unper-
turbed state. state B: cell in the perturbed state. . . . . . . . . . . . . . . . . . . . . 148
Stellenbosch University  https://scholar.sun.ac.za
LIST OF FIGURES xxvi
6.7 Graphs showing the work done by the branching actin networks and the cell mem-
brane. The result is obtained for `p/L = 1.2, z0 = 0.5 and ζ0 = 0.06. As we increase
the value of κ, the work done by both the network and the membrane quickly reach
the maximum without inducing signiﬁcant change in the cell membrane curvature.
So the minimum energy cost for which the cell stay at equilibrium is obtained for
large value of bending modulus κ. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 150
6.8 This is the density proﬁle of the networks through the centre of the cell for h0 = 0,
κ = 100, `p/L = 1.2, z0 = 0.5 and ζ0 = 0.06. . . . . . . . . . . . . . . . . . . . . . . 150
6.9 Order ﬁeld of the networks for h0 = 0, κ = 100, `p/L = 1.2, z0 = 0.5 and ζ0 = 0.06. 150
6.10 density proﬁle of the networks for h0 = 1, κ = 100, `p/L = 1.2, z0 = 0.5 and ζ0 = 0.06.151
6.11 Order ﬁeld of the networks for h0 = 1, κ = 100, `p/L = 1.2, z0 = 0.5 and ζ0 = 0.06. 151
6.12 density proﬁle of the networks for h0 = 5, κ = 100, `p/L = 1.2, z0 = 0.5 and ζ0 = 0.06.151
6.13 Order ﬁeld of the networks for h0 = 5, κ = 100, `p/L = 1.2, z0 = 0.5 and ζ0 = 0.06. 151
6.14 density proﬁle of the networks for h0 = 10, κ = 100, `p/L = 1.2, z0 = 0.5 and
ζ0 = 0.06. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 151
6.15 Order ﬁeld of the networks for h0 = 10, κ = 100, `p/L = 1.2, z0 = 0.5 and ζ0 = 0.06. 151
6.16 density proﬁle of the networks for h0 = 15, κ = 100, `p/L = 1.2, z0 = 0.5 and
ζ0 = 0.06. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 152
6.17 Order ﬁeld of the networks for h0 = 15, κ = 100, `p/L = 1.2, z0 = 0.5 and ζ0 = 0.06. 152
6.18 density proﬁle of the networks for h0 = 20, κ = 100, `p/L = 1.2, z0 = 0.5 and
ζ0 = 0.06. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 152
6.19 Order ﬁeld of the networks for h0 = 20, κ = 100, `p/L = 1.2, z0 = 0.5 and ζ0 = 0.06. 152
6.20 Tissue cells conﬁning branching cytoskelatal networks: A) in unperturbed state, B)
in perturbed state causing the membranes to bent in the two opposit directions of x
about h(y) leading to the increase of the size of a cell against its neighbour, C) Two
neighbouring deformed cells: stretched cell and compressed cell . . . . . . . . . . . . 154
6.21 Shape of the cell with no network or chains. . . . . . . . . . . . . . . . . . . . . . . 154
6.22 Shape of the compressed cell with no chains, the cell is compressed by neighbour cells
leading it to take a concave shape. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 154
6.23 Proﬁle in the presence of ﬁlaments in the convex cell. The graph is a three dimen-
sional representation of the density proﬁle of the convex cell. . . . . . . . . . . . . 155
6.24 The graph is obtained for a concave cell in the presence of ﬁlaments inside the cell.
It is a three dimensional representation of the average density proﬁle of segments. . 155
6.25 Graph of the Gibbs free energy as a function of the amplitude of the bending curva-
ture. The graph shows an increase of the free energy as we increase the perturbation.
So this type of deformation applied to of cell conﬁning the branching networks does
not impact on the stability of the cell and their networks within the tissue. Here
`p/L = 1.2, z0 = 0.5 and ζ0 = 0.06, κ = 100 . . . . . . . . . . . . . . . . . . . . . . 155
Stellenbosch University  https://scholar.sun.ac.za
LIST OF FIGURES xxvii
6.26 Depiction of a collection of cells in which branching cytoskelatal ﬁlament network
is conﬁned: A) unperturbed state, B) Cell are bent in the same direction under a
compressive force. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 156
6.27 The bent cell shape with no chains. . . . . . . . . . . . . . . . . . . . . . . . . . . . 157
6.28 The density proﬁle in three dimensional representation for `p/L = 1.2, z0 = 0.5 and
ζ0 = 0.06, κ = 100 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 157
6.29 We plot the Gibbs free energy of the system of tissue cell bent or deformed in the
same direction as function of the amplitude of the bending curvature. The graph
shows that the cells are stable against the type of deformation. This calculation is
obtained for `p/L = 1.2, z0 = 0.5 and ζ0 = 0.06, κ = 100 . . . . . . . . . . . . . . . 158
6.30 The graphs of pressure in the stretched cell Psc and Pcc the pressure in the compressed
cell. We obseve that, while the pressure is decreasing inside the stretched cell, it is
highly increasing inside the compressed. This ensure the elastic stability of cells
under compression with the tissue. . . . . . . . . . . . . . . . . . . . . . . . . . . . 159
6.31 Diﬀerence in force between the compressed and stretched cell as function of h. It
becomes non linear as the membrane curvature increases. The non aﬃne response
of the networks due to the eﬀect of the membrane elasticity with. However, the
compressed networks exhibit an elastic spring-like behaviour. . . . . . . . . . . . . . 159
6.32 Total pressure exerted by a collection of N cells deformed in the same direction. The
pressure decreases as the curvature of the bending amplitude increases. This can be
explained by the fact that the bending of the cells in the same direction favour the
network growth and branching in the direction which may lead to a non reversible
deformation of the tissue. The decrease in system free energy thus pressure allows
the tissue cells and their tissues to keep a ﬁnite size or shape. . . . . . . . . . . . . 160
6.33 Graph of the Young modulus of the network system (Figure 6.20 C)). The graph
shows a slow variation of the the Young modulus for the degree of branching param-
eter ζ between 0 and 0.06. Beyong ζ = 0.06 the Young modulus increases strongly
and non aﬃnely , suggesting that beyond this value there is an excess branching
of ﬁlaments making the networks very stiﬀ. So this strong increase come from the
increase of the networks stiﬀness. And beyond ζ = 0.063 there is a failure in our
networks system, leading to divergence of our model. The non aﬃne increase of the
Young modulus may be due to the elastic behaviour of the cell membrane. . . . . . . 161
6.34 Depiction of the conﬁned branching cytoskeletal networks inside square cell under
shear strain . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 161
6.35 Proﬁle of the non deformed square cell with no chains . . . . . . . . . . . . . . . . . 162
6.36 Proﬁle of the shear square cell (rhombus cell) with no chains . . . . . . . . . . . . . 162
6.37 Three dimensional-representation or plot of the density proﬁle of ﬁlament segments
conﬁned in square cell, `p/L = 1.2, z0 = 0.5 and ζ0 = 0.06. . . . . . . . . . . . . . . 162
Stellenbosch University  https://scholar.sun.ac.za
LIST OF FIGURES xxviii
6.38 Three-dimensional representation of the density proﬁle of ﬁlament segments conﬁned
in square cell under shear, `p/L = 1.2, z0 = 0.5 and ζ0 = 0.06. . . . . . . . . . . . . 162
6.39 Graph of the free energy from numerical calculations for `p/L = 1.2, `p/d = 1.4 for
square and rectangular cell, z0 = 0.5 and ζ0 = 0.06. As the shear strain increases,
the free energy show the stability of the conﬁned actin networks up to a value of
strain of pi/6. It means that there exists a transition between the stability and the
instability of the cell at shear angle pi/6 . . . . . . . . . . . . . . . . . . . . . . . . . 163
6.40 we plot the proﬁle of the average density of segments along the long diagonal versus
short diagonal of the sheared square cell for `p/L = 1.2, z0 = 0.5 and ζ0 = 0.06. The
graph in blue respectively red dots are the proﬁles of the segments density distribution
along the long diagonal respectively the short diagonal. We see an heterogeneous
and high density of ﬁlament segments along the longer diagonals while the segment
density is low along the shorter diagonals. ﬁlaments are more dense close to the cell
wall due to the ﬁlaments branching . . . . . . . . . . . . . . . . . . . . . . . . . . . 164
6.41 The graph in blue respectively red are order parameter ﬁeld proﬁles along the long
respectively short diagonal. The order proﬁles show that ﬁlament branches and point
perpendicular to the cell wall. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 164
6.42 Depiction of semiﬂexible ﬁlament pinned at both ends along the diagonal of sheared
square by compressive force due to the applied shear force f , Lc is the contour length
of the chain . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 165
6.43 Depiction of two semi-ﬂexible ﬁlaments conﬁned along the diagonal of a square under
shear strain. We model the ﬁlaments as springs where each ﬁlament has an eﬀective
spring coeﬃcient keff . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 167
6.44 Graph of the free energy from analytical calculations. We observe an instability of
the system occurring above a shear angle of pi/4. . . . . . . . . . . . . . . . . . . . . 169
6.45 Red: eﬀective bending modulus of the ﬁlament along the shorter diagonal of the box
as function of shear angle. Green: eﬀective bending modulus of the ﬁlament along
the the longer diagonal of the box as function of shear angle. The graph of the
bending rigidities shows that the eﬀective bending rigidity of the ﬁlament along the
shorter diagonal increases with increasing of the shear strain or shear angle up to a
critical angle of pi/4 then start decreasing. While the rigidity of the ﬁlament along
the longer diagonal decrease with increasing of the shear strain. This implies that
the ﬁlament along the shorter ﬁlament contribute most to the free energy, ensuring
thus the stability of the system. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 169
7.1 a displacement of a ﬁbre-matrix composite under an external force . . . . . . . . . 172
Stellenbosch University  https://scholar.sun.ac.za
LIST OF FIGURES xxix
7.2 An example of star-like branched semiﬂexible polymer made up of four linear ﬁbre
or polymer chains is embeded in the cell matrix. n = ni are the units vectors of
each ﬁlament in the star, ﬁlaments are of same length and have one of their end
connected at the same points forming thus a star ﬁlament with e =  the centre
of mass of the star. s is the arclength, R(s) is the initial position of the star of
ﬁlaments in the medium which undergo a displacement U(s) when an external force
is applied . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 179
A.1 Three dimensional plot of the density proﬁle of the segments of the branched net-
works. It is obtained for (1 − z0)2 ∼ 4ζ0. We plot this density proﬁle for ζ0 = 0.06
and z0 = 0.516. We observe a huge decrease of the average density of segments in
the middle of the square while the proﬁle shows a high density distribution at the
periphery of the conﬁning square cell. . . . . . . . . . . . . . . . . . . . . . . . . . . 203
A.2 Radial order parameter ﬁeld proﬁle of 2d branched networks plotted in three dimen-
sion. The proﬁle we show is obtained for z0 = 0.516 and ζ0 = 0.06. We have negative
order parameter ﬁeld with very small positive values at the vicinity of the cell. This
indicate that ﬁlaments of segments of the branched networks align perpendicular or
point straight to the conﬁning. Only very ﬁlament bent. The chain segments are
isotropically distributed in the middle of the square. . . . . . . . . . . . . . . . . . . 204
A.3 Three dimensional plot of the density proﬁle of the segments of the branched net-
works. It is obtained for (1 − z0)2 ∼ 4ζ0. We plot this density proﬁle for ζ0 = 0.06
and z0 = 0.516. We observe a huge decrease of the average density of segments in
the middle of the square while the proﬁle shows a high density distribution at the
periphery of the conﬁning triangular cell. . . . . . . . . . . . . . . . . . . . . . . . . 205
A.4 Radial order parameter ﬁeld proﬁle of 2d branched networks plotted in three dimen-
sion. The proﬁle we show is obtained for z0 = 0.516 and ζ0 = 0.06. We have negative
order parameter ﬁeld with very small positive values at the vicinity of the cell. This
indicate that ﬁlaments of segments of the branched networks align perpendicular or
point straight to the conﬁning. Only very ﬁlament bent. The chain segments are
isotropically distributed in the middle of the triangular cell. . . . . . . . . . . . . . . 206
A.5 Descete description of the semi-ﬂexible ﬁlament, of contour length Lc. R is the
end-to-end distance of the chain and b the bond size. . . . . . . . . . . . . . . . . . 206
Stellenbosch University  https://scholar.sun.ac.za
List of Tables
1.1 Table summarizing the diﬀerent length scales of cytoskeletal ﬁlaments. . . . . . . . 12
4.1 For each couple of points (ζ0, z0), we calculate the total average number of bonds
〈N〉 and the ratio r of the number of bonds that are involved in branching points
over the total number of the bonds of the networks modelled in 2d. The ﬁrst values
in each cell stand for 〈N〉 and the second values are r . The bold values are the
values at which we start observing the inhomogeneity in the networks either because
the the degree of branching has increased and thus the branching start increasing
at the cell periphery or the ﬁlaments are at transition points values (ζ0, z0) which
correspond to the points for which L = 〈N〉 = D. . . . . . . . . . . . . . . . . . . . 85
4.2 For each couple of points (ζ0, z0), we calculate the total average number of bonds
〈N〉 and the ratio r of the number of bonds that are involved in branching points
over the total number of the bonds of the networks modelled in 3d. The ﬁrst values
in each cell stand for 〈N〉 and the second values are r . The bold values are the
values at which we start observing the inhomogeneity in the networks either because
the the degree of branching has increased and thus the branching start increasing
at the cell periphery or the ﬁlaments are at transition points values (ζ0, z0) which
correspond to the points for which L = 〈N〉 = D. . . . . . . . . . . . . . . . . . . . 85
4.3 Summary of the description of the phase diagrams . . . . . . . . . . . . . . . . . . . 101
xxx
Stellenbosch University  https://scholar.sun.ac.za
Part I
Introductory chapter
1
Stellenbosch University  https://scholar.sun.ac.za
Chapter 1
Introduction and background
1.1 Introduction and motivation
Living cells are constantly changing shape, interacting with their neighbouring cells, prob-
ing, pushing, pulling and crawling on their surrounding extracellular matrix. Most biological
processes and functions, organ development, plants growth, wound healing and most cellular
diseases are based on these mechanical activities that each cell of a tissue provide [3]. Known
as the basic fundamental unit of life, an eukaryotic living cell (cell that make up animal and
plants tissues) constitutes a whole system on its own. Initially thought of being a chemical
liquid boundary by most of biologists [4, 5], cells possess a cluster of proteinic networks and
organelles at their inner space which help to ensure most of their biological and mechanical
functions. Cells can undergo mechanical instability or deformation when subjected to external
geometrical constraints or force, in a similar manner as engineering materials [6], though they
are way more complex. The mechanics of a typical living eukaryote cell is proven to generally
originate from the structure, spatial organisation, alignment and elastic properties of its inter-
nal proteinic networks, called cytoskeleton [710].
Cryo-electron microscopy and ﬂuorescent imaging techniques are often used to visualize the
internal space of the cell in order to label the components that make up the cytoskeleton
and determine their structural composition and properties [11, 12]. The cell cytoskeleton is
constituted of actin ﬁlaments, microtubules and intermediate ﬁlaments. Also, diverse binding
proteins exist inside the cell and serve as cross-linkers in the cytoskeletal networks formation.
The function and mechanical properties of biopolymer ﬁlaments constituting the cell cytoskele-
tal networks are dictated by their structure, conformation, spatial organisation, orientational
ordering and physical properties which, in turn, are considerably modiﬁed in geometrically
conﬁned or crowded spaces [1316]. These biopolymer ﬁlaments under the eﬀect of cell mem-
brane conﬁnement work in concert to contribute to the cell functions and to the elastic or
mechanical stability of the cell. However, it is shown that the networks of actin ﬁlaments are
most abundant proteins inside the cell and contribute most to the mechanical properties of the
2
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cell. In fact, various drugs inﬂuence the mechanical integrity of diﬀerent components of the
cytoskeleton. This has been investigated using elasticity measurements with an atomic force
microscope (AFM). Disaggregation of actin ﬁlaments causes the loss of the cell elasticity, while
this does not happens for microtubules. This shows the importance of the actin network for the
mechanical stability of living cells [17]. Actin ﬁlaments are directed and are semiﬂexible with
persistence length similar to the cell dimension. They self-assemble into higher order structure
inside the cell. In fact imaging of the interior of cell (crawling cell) shows a highly branched
ﬁlamentous networks of actin at the cell periphery where branching via binding proteins such
as the Arp2/3 protein complex, which initiate the branching of new actin ﬁlaments on existing
ones at an angle of about 70◦. It is shown that normal eﬀect of cell membrane conﬁnement on
the structure, architecture, spatial organisation and orientational ordering of these branching
actin networks under is fundamental for the cell mechanical stability [13, 18, 19].
Many cellular diseases, such as cancer and spreading of infected cell by viruses, as for ex-
ample in cells infected by HIV, often originates from the abnormalities in the mechanics of the
actin cytoskeleton which in turn is based on the structure, spatial organisation and orienta-
tional ordering of branching actin networks [2023]. The structure, spatial organisation and
orientational ordering of ﬁlaments of branching actin networks are in turned controlled by the
geometrical conﬁnements eﬀects that the cell membrane introduce. Experimental researches
showed that abnormal structural and spatial organization of actin and thus of the mechanics
of cell can also lead for example to development and progression of atherosclerosis in adherent
endothelial cells and non adherent leukocytes (white blood cells) [2427]. Some authors found
that genetic alteration in the structure of actin networks can lead to signiﬁcant immunopatho-
logic consequences and even to diseases such us alzheimer's diseases [27]. More, disruption of
actin ﬁlaments and lack of their convenient spatial and orientational ordering aﬀects multiple
cell functions including motility, signal transduction and cell division, ultimately culminating in
cell death [28] or in cancer cell formation and invasion [2123]. Also the loss of contractility of
heart muscle cells due to the lack of actin structural and spatial arrangement often cause heart
failure [6, 29]. Actin networks are said to play a key role in establishing and spreading the HIV
infection [20]. Therefore, failure in the cell actin networks structural and spatial organization
under the eﬀect of conﬁnement can lead to the loss of the cells mechanical integrity, and this
is unfavourable for the good functioning of cells within the tissue.
We are interested in investigating the contribution of conﬁned branching actin cytoskeletal
networks to the mechanical and structural properties and stability of tissue cells at thermody-
namic equilibrium. The ability to model and understand how the cell membrane controls the
structure, spatial organization and orientational ordering of the components that make up the
cytoskeleton can allow to bring more light in the understanding of the elastic properties and
stability of tissue cells.
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Many researchers in biophysics model cells as a continuum material only (as visco-elastic ﬂuid)
using fundamentals laws of physics mainly of classical, continuum and ﬂuid mechanics [30, 31].
There have been also many experimentals studies where experimental methods consist in general
of a mechanical homogeneous perturbation of the cell in the form of an imposed deformation
and then make observation of the static and dynamic responses of the cell. These include
techniques such as atomic force microscopy (AFM), magnetic twisting cytometry (MTC), mi-
cropipette aspiration experiments, optical tweezers, shear-ﬂow methods [32, 33]. But in reality
cells are not homogeneous continuum materials but rather an heterogeneous composites. How-
ever both theoretical and experimental studies of the mechanics of cells and their cytoskeleton
have known a lot of progress during the past 15 years with signiﬁcant contributions for the
development of novel theoretical models and experimental techniques in biotechnology and
in medicine. The recent increasing number of cellular diseases, has motivated researchers in
Biophysics and Biomathematics in trying to develop more theories and computational models
of conﬁned actin ﬁlaments to understand the relationship between the structural properties
of actin biopolymers present everywhere in the internal space of the cell and the mechanical
properties of living tissue cells. With the discovery that cell's mechanical properties depend on
the mechanics of their underlying cytoskeletal networks, many new computational and theo-
retical approaches such as polymer-based-models have been developed to help understand the
structural and thermodynamics behaviour of these. Alvarado et al. [34] and Silva et al. [13]
in their study of the alignment of nematic and bundle semi-ﬂexible ﬁlaments inside very small
chambers, (size of order of µm), have reported that spatial conﬁnement has a great impact on
the conformational organization of actin ﬁlaments and also on their alignment. In fact, they
used rectangular microchambers for their experiments whose length they compared to the ﬁl-
ament persistence lengths and, depending on the density of the ﬁlaments, they found that the
ﬁlaments align diagonaly (radially) or parallel to the cell's wall. This kind of ordering is also
observed for the networks of microtubules under conﬁnement [35]. There are also advanced
experimental instruments that are developed to relate cells to their internal structures, such as
MicroElectroMechanical systems (MEMS) devices with resolution size at cell scale, and even
more advanced instruments capable of mechanically examining and conﬁning single cytokeletal
ﬁlament at forces and displacements smaller than a pN [6, 36, 37].
One of the principal objectives for doing and advancing all these researches is to come up
with results that could assist in the diagnosis and treatment of the actin-based cell mechanical-
related diseases such as cancer. But there are still many questions such as what is impact
of the conﬁnement eﬀects on the structure, spatial organization and orientational ordering of
branching actin networks and what is the consequence of these eﬀects on the mechanical prop-
erties of tissue cells. It is evident that one has to answer these questions before being able to
make eﬃcient propositions toward a quantitative estimation of mechanical properties of cell
and modelling of instabilities in tissues.
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Actin ﬁlaments of the cytoskeletal networks are often described using coarse-grained model
of semiﬂexible polymers with theoretical tools from statistical physics. In fact, many theorists
in biophysics have developed polymer-based models to investigate the eﬀects of conﬁnement on
the structure, behaviour, conformation, spatial and orientational organization of linear semiﬂex-
ible biopolymers, either in their equilibrium or in their dynamical state [3842]. Their studies
allowed to know that semiﬂexible polymers are subject to strong conﬁnement eﬀects when they
are conﬁned in geometries with size smaller then their persistence lengths, which induce prefer-
ential in their alignment relatively to the conﬁning region boundaries. These models allowed to
understand the behaviour and some of the structural properties of linear actin ﬁlaments under
cellular conﬁnements. However, up to our knowledge, there exists no theory that has clearly
investigated the eﬀects of conﬁnement on branching actin networks conﬁned to ﬁnite regions
at thermodynamics equilibrium.
In this thesis we model the branching cytoskeletal networks conﬁned in various geometrical cells
and we investigate on the eﬀect of conﬁnement on these branching actin networks. Our model
is based on a grand canonical ensemble formalism at thermodynamics equilibrium developed for
the study of linear semiﬂexible polymers in conﬁning regions by other authors [1, 2, 43]. So we
extend their model to branching actin networks. We show that a generalisation of the monomer
ensemble technique [44] is particularly useful by the computational point of view, leading to
density proﬁles of branching points, and orientations of ﬁlaments relatively to the cell bound-
aries. Our approach allows us to make predictions on the structure, spatial organization and
ordering of branching actin networks under conﬁnement. Using these quantitative results and
exploring the free energy of the system, we investigate the relationship between structural prop-
erties of branching actin networks and the stability and elastic properties of cells within a tissue.
In what follows, we give a little background about the morphology of cells and the physics
of its cytoskeleton. After that we give the outlines of this thesis.
1.2 Basic concepts about the physics of cell and their
cytoskeleton
Living cells are the key characteristics of any living beings. We have two types of cells: eukary-
otic cells which contain organelles such as nucleus with a huge compartiment and the prokaryotic
cells which has no organelle, not even the nucleus. Most animal and plant tissues are made
of eukaryotic cells. In contrast to prokaryotic cells which are single-celled organisms generally
found in bacteria, eukaryotic cells can be single-celled or multicellular. We present here the
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morphology of the eukaryotic tissue cells. Their sizes varies between 10 to 50µm in animal up
to 100µm in plants. A single living cell is self-suﬃcient.
1.2.1 Morphology of eukaryotic animal and plant cells
Animal eukaryotic cells, Figure 1.1 , are composed of a plasma membrane (called cell mem-
brane). It is a semi-permeable barrier made of the phospholipid bilayer that separate the cell
and its external medium. In the inner of the cell is the cytoplasm which is the material between
the nuclear envelope and the cell membrane. All the metabolic activity takes place in the cyto-
plasm. The nucleus is the greatest organelle (from the complex meshworks housed) in the cell.
It is where the DNA giving the genetic informations is kept and RNA is transcribed. The endo-
plasmic reticulum ensures the transport for molecules needed for certain changes and functions
of the cell. We have also the lysosome which constitutes the digestive system in the cell while
the golgi bodies ensure the change or renewal of the protein molecules and are transformed into
vesicles or stored in mitochondria. The latter one are the main energy source of the cell, it is
where energy (ATP) is stored to aliment the activities of the cell. All these organelles are em-
bedded in the cytosol which is an aqueous medium consisting of accessory proteins and ﬁbrous
macromolecules. The ﬁbrous macromolecules is a three-dimensional complex meshworks called
cytoskeleton. It maintains the shape of the cell as well as anchoring organelles and controls
internal movement of structures. It contributes also to the intracellular transport. The rigidity
of the cytoskeleton is reinforced by the membrane which maintains constant the cell volume,
giving the cell unique mechanical properties and stability.
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Figure 1.1: Depiction of an eukariotic cell of animals showing its diﬀerents components.
Like animal cells, plant cells, Figure 1.2, have a nucleus, cytoplasm, cell membrane, mitochon-
dria and ribosomes. Beside these common features, plant cells possess rigid cell wall around
their cell membrane which protects and gives the plant its structural texture. They have also
chloroplasts and a permanent large vacuole. The latter occupy most of the interior space of the
cell and only a very small thin area is occupied by the cytoskeleton. Thus, the cytoskeleton in
plant cells generally presents thus a two-dimentional shape [8].
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Figure 1.2: Depiction of an eukariotic cell of plants showing its diﬀerents components..
Each single cell is thought of as a self-suﬃcient material because of the numerous components
it contains and that enables it to achieve most of its functions and its mechanical activities. We
are interested in the study of the mechanical properties and stability of each tissue cell which
are known to be ensured by the cell cytoskeleton. In what follows we deﬁne the components
that make up the cell cytoskeleton.
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1.2.2 Role and physical properties of the components of the
cytoskeleton
Figure 1.3: Image of eukaryotic cells cytoskeleton (Wikipedia). The networks in red represent the
actin networls, in green we have the microtubule, the nucleus is reported in blue in the middle of the
cytoskeleton.
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Figure 1.4: Cartoon of the cell cytoskeleton. The cartoon shows more clearly some of the diﬀerents
components of the cell cytoskeleton. The ﬁlaments in red color are actin ﬁlaments (A), microtubules
(M) are in green and the intermediate ﬁlaments are in black (IF) , the violet dots are the Arp2/3
protein complex, and motor proteins in orange color (MM). Actin network present a highly branched
architecture at the leading edge of the cell called lamellipodium. The Arp2/3 protein complex are the
nucleotors of the branching. We have the nucleus in the middle (which is not part of the cytoskeleton)
The cytoskeleton of eukaryotic cells is a complex dense network composed of three main types of
biopolymer ﬁlaments namely the microtubules, the intermediate ﬁlaments and actin ﬁlaments.
These ﬁlaments self-organise spatially into networks and work together to provide cell with
mechanical support that enables cells to carry out essential physiological functions.
1.2.2.1 Role
Microtubules
Microtubules are made of fairly strong protein tubilins and are very rigid ﬁlaments and resis-
tant to compression. They are in form of long hollow cylinders. They typically have a diameter
of about 25nm of diameter (d) and a persistence length `p (it is a length that measures the
stiﬀness of a polymer, see details in the subsection 1.2.3)of about 6mm [39, 4547]. They are
polar and thus have a plus and minus ends where the plus end is the end where the polymer-
ization takes place while the depolymerization takes place at the minus end. The network of
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microtubules function in the cell movement and in the cell division by mitosis especially in the
formation of the miotic spindle apparatus. They are also involved in transport of vesicles, in
mechanical support, organization of the cytoplasm, in motility and in maintaining the struc-
tural organization of the cell. They emerge from the centre of the cell towards the side of the
cell. Microtubules are often modelled in continuum mechanics and statistical polymer physics
as rigid (cylindrical) rods [45].
Intermediate ﬁlaments (IF)
Intermediate ﬁlaments are the ﬂexible ﬁbrous proteins. They help to enhance the mechan-
ical integrity of cells against severe deformation. In fact they are the basic building blocks of
intrinsically ﬂexible, ﬁlamentous structures that are able to resist high mechanical stresses on
the cell. They thus provide strength and support to the networks of microtubules and actin.
Their diameter varies between 7nm and 10nm on average and possess a persistence length less
that 1µm [39, 47, 48]. They are often modelled as ﬂexible (freely jointed or as exhibiting ran-
dom walks) using statistical mechanics tools.
Actin ﬁlaments
Actin ﬁlaments are thin semiﬂexible (visco elastic) polymers, two-stranded helical ﬁlament
with diameter of about 8nm and of with a typical persistence length of about 17.7µm [39, 45
47, 49]. They possess a pointed end and a barbed end so they are directional. Actin ﬁlaments
are polymerized from globular actin monomeric subunits called G-actin, which are the most
abundant proteins inside the cell. The polymerization consists of a reversible process in which
monomers add at the barbed end of the ﬁlament, which elongates to a certain length and then
starts shrinking from both pointed ends. The shrinking mechanism is called depolymerisation.
Actin constitutes the major component of the cell cytoskeleton. Actin networks are involved in
many important biological processes and functions of the cells, including cell shape remodelling,
cell division, diﬀerentiation, adhesion, motility or migration, transport and cell mechanosensing
(which is the ability of a cell to sense mechanical cues of its microenvironment). Actin takes
thus an exceptional position among the components of the cell cytoskeletal networks. Electron
microscopy and ﬂuorescence microscopy experiments showed that actin ﬁlaments are mainly
polymerised beneath the plasma membrane and they constantly self-assemble into varieties of
higher-order structural networks to provide mechanical support to the cell. In fact actin ﬁla-
ments can self-organize spatially and cross-link inside the cell either into bundle networks or
into highly dense and branched tree-like networks. There are varieties of binding proteins which
initiate or contribute to the formation of these actin networks. These proteins act depending
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on the speciﬁc function or mechanical activity that the cell want to achieve. One of the binding
proteins that we wish to know more about is the Arp2/3 protein complex. It has an essential
role in the formation of lamellipodia and philopodia [50, 51]. In fact for the cell to move, it was
shown that the Arp2/3 protein complex nucleates the polymerization of actin ﬁlaments and
ensure the formation of the highly branched structures like tree-like networks at the leading
edge of the cells. The Arp2/3 complex simultaneously controls nucleation of actin polymeriza-
tion and initiates the branching and growth of new ﬁlaments to the side of existing ﬁlaments,
at typical angle of 70◦. In this process, the newly formed ﬁlaments activate other Arp2/3
complexes located at the periphery of the cell, facilitating the formation of more branched and
dense networks of actin ﬁlaments which is proven to contribute most to the mechanical and
thermodynamical stability of cells.
Filaments of actin networks are often studied using the coarse-grained model of semiﬂexible
polymer with tools from statistical physics.
Persistence length `p diameter d
Actin 17.7µm 8nm
Microtubules 6mm 25nm
IF < 1µm 10nm
Table 1.1: Table summarizing the diﬀerent length scales of cytoskeletal ﬁlaments.
1.2.3 Example of polymer model for cytoskeletal ﬁlaments
Intermediate ﬁlaments
Figure 1.5: Intermediate ﬁlament modelled as freely jointed ﬂexible polymer of N monomers. ai =
Ri −Ri−1 are the chain bond vectors with size |ai| where R is the end-to-end vector of the chain.
Intermediate ﬁlements are described as ﬂexible polymer chains. Flexible chains in polymer
physics, are modelled as freely jointed chain (no angular dependance between chain segments)
of N oriented monomers subunits (Figure 1.5) of size a with ai = Ri−Ri−1. The average 〈R〉 of
the end-to-end vector of the chain is 0 i.e 〈R〉 = 1
N
∑i=N
i=1 ai = 0. Therefore, this length is rather
measured in term of its means square. The mean square is found to be: 〈R2〉 = Na2 = aL where
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L = Na is the contour length of the chain. A general end-to-end distance of a ﬂexible polymer
is thus obtained as R ∼ aNν where ν is a scaling exponent equal to 1/2 for ideal chains where
ideal chains are chains with no excluded volume eﬀect. The segments of this type of chains
are identical, while non-ideal chains consist of chains with excluded volume eﬀects. Flexible
chains exhibit thus a scaling behaviour and have a very small persistence length compared to
its contour length `p  L. A broad study of ﬂexible polymers can be found in reference [52].
Actin
Figure 1.6: Actin modelled as semiﬂexible polymer. A) r(s) is the space curve of the chain where s is
the arc length of the ﬁlament, R the end-to-end vector of the chain. t(s) is the tangent unit vector at
arc length s of the chain and the angle θ(s) is the angle between pair of tangent vectors of the chain.
B) Discrete version of semiﬂexible chains. The chain is described as made up of consecutive connection
of monomers or segments where each segment is of length b and orientation ti, the tangent unit vector.
Actin ﬁlaments are modelled as sememiﬂexible polymers. Semiﬂexible polymers have been
widely studied analytically by using the Kratky Porod chain model or worm-like chain model.
it is a continuous description of the chain in which the chain is parametrized by space curve
r(s) (Figure 1.6 A)) where s is the length along the curve. The Hamiltonian of the system is
deﬁned by
H[r(s)] =
kb
2
∫ L
0
ds
(
dt(s)
ds
)2
(1.1)
or
H[r(s)] =
kb
2
∫ L
0
ds
(
d2r(s)
ds2
)2
(1.2)
where t(s) = dr(s)
ds
, is the tangent vector.
This Hamiltonian can be be used to express the partition function which can be calculated
analytically by using the constraint of local inextensibility of semiﬂexible polymers δ(|t(s)| −
1) for each s. However to model the semiﬂexible chain numerically, the discrete vesion is
considered, (see Figure 1.6 B). The chain is made up of consecutive connection of monomers or
segments where each segment i of the chain is of length b and orientation ti, the tangent unit
vector. The contour length L of the chain is L = Nb, where N is the number of segments in
the chain. The adjacent segments of the semiﬂexible chain are orientationally dependent. They
Stellenbosch University  https://scholar.sun.ac.za
CHAPTER 1. INTRODUCTION AND BACKGROUND 14
exhibit a bending stiﬀness between them. So a Boltzmann bending weight w is associated to
this stiﬀness and is deﬁned as:
w = e−βEi,i+1 (1.3)
where
Ei,i+1 = εti.ti+1, (1.4)
β = 1/kBT with kB the Boltzmann constant and T the temperature; ε is the bending modulus.
The persistence length `p of a semiﬂexible chain is comparable to its contour length L. The
tangent vectors of the chains are correlated and the correlation quantity 〈ti · tj〉 of any pair of
segments of the chain is:
〈ti · tj〉 ∼ e−
|i−j|
`p (1.5)
The mean square of the end-to-end distance R is obtained in reference [53] as:
〈R2〉 = 2L`p
(
1− `p
L
(1− e`p/L)
)
(1.6)
Using equation (1.6), one can see that for `p  L, we recover the case of the ﬂexible chains.
Microtubules
Figure 1.7: Microtubule modelled as rigid polymer.
The model used to study of actin ﬁlaments is also valid for the study of microtubules except
that in the present case we consider the persitence length of the polymer chain to be much
greater than its contour length, i.e the chain is rigid. For a rigid chain, we have `p/L  1
and in this limit, the mean square of the end-to-end distance deﬁned in equation (1.6) becomes
〈R2〉 ' L2.
The persitence length is thus the most important measure that enables to classify cytoskeletal
ﬁlaments in term of their stiﬀness.
All these thousands of proteins that make up the highly dense and complex cytoskeletal net-
works and the organelles described above are contained within the ﬁnite small size of the cell
and they work together to ensure the cell physiological and mechanical functions. However, we
are interested in the contribution of the branching actin networks to the mechanical stability
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of the cells within the tissue.
Like the persistence length of microtubules, the persistence lengths of actin ﬁlaments consti-
tuting the actin networks are of order of magnitude similar to the size of the cell. Their spatial
organization and orientational ordering inside the cell is constrained by the eﬀect of the con-
ﬁnement that the cell membrane or wall introduces, since actin is the most abundant and form
a dense branching networks in proximity of the cell membrane. Determining the eﬀect of cell
geometrical conﬁnement on the formation and spatial arrangement of the branching cytoskele-
tal networks is crucial for the study and understanding of the structure and elastic properties
of these networks, and their contribution to the emergent elastic or mechanical properties of
cells and their tissues.
In the following chapter we presents some of the necessary physics and models that have been
used or developed to investigate some of the physical properties of semiﬂexible linear chains and
their networks under cellular conﬁnement or compression. It enable us to get the background
about the possible conformations, structure and mechanical properties that semi-ﬂexible linear
biopolymer possess. This allows to get the best understanding of our modelling of networks of
branching actin ﬁlaments.
1.2.4 Conﬁnement of semiﬂexible polymers
Theoretical models and simulations for the study of the semiﬂexible polymers in conﬁning re-
gion exist (see amongst other, references [1, 2, 40, 41, 5457, 57]). Most of them are based on
the computation of the free energy F of the system. In reference [40, 41, 56, 57, 57], analyti-
cal modelling of a semiﬂexible polymer under conﬁnement using polymer scaling laws [52, 58]
enabled to ﬁnd the scaling forms of the conﬁnement free energy. In strong conﬁnement regime
(meaning the persistence length of the of the chain larger or equal to the conﬁning region size)
the free energy indicates that the chain exhibits a bending regime. This behaviour is not ob-
served when the chain is conﬁned in the geometry with size larger than the persistence length of
the chain, i.e in the weak conﬁnement regime. The free energy in that case has the scaling form
similar to the one of ﬂexible chains. So, similarly to the ﬂexible chains, the semiﬂexible chain
under weak conﬁnement is not really inﬂuenced by the eﬀect that the conﬁnement introduces.
The study of conﬁned semiﬂexible polymers in references [1, 2] is rather based on the grand
canonical equilibrium calculations of the average density distribution proﬁles of the chain seg-
ments inside the conﬁning regions. The results that they have obtained indicate that the chain
segments density is high in the vicinity of the conﬁning region boundary, while low near the
center. This enabled them to predict the eﬀect of conﬁnements on the conformation and struc-
tural properties of semiﬂexible ﬁlaments in conﬁning geometries.
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Monte Carlo computer simulations results have also shown similar behaviour and properties
of the conﬁned semiﬂexible chains at equilibrium thermodynamic [54, 5961]. It is observed
that, at high chain segment concentration, the conﬁned chain exhibits some structural ordering
[54, 55, 6163]
1.2.4.1 Order parameter ﬁeld
In order to quantify the spatial and orientational arrangement of semiﬂexible polymers, the
polymer bond orientational order parameters are often deﬁned and computed [41, 54, 57]. For
example Liu et al. [54] deﬁned a speciﬁc order parameters Q for the conﬁned chain system in
terms of the change in the orientation of the tangent vector t of the semiﬂexible polymer chain.
They deﬁne it as:
Q =
〈∫
dst(s)× ∂t(s)
∂s
〉
(1.7)
Using these order parameters they ﬁnd that when the semiﬂexible chain is subjected to strong
conﬁnement, the free energy of the system is dominated by the bending energy, and thus the
chain bends and wraps around the conﬁning region in order to minimize the free energy cost.
For chains with no preferred bending orientation the order parameter Q is 0.
The models of the conﬁned system we presented in the above are done in the canonical ensem-
ble which represents the theoretical framework for a closed system energy with the heat bath.
However, biological systems are open ones. They can thus exchange both energy and matter
with their surroundings. So in our study we model the conﬁned branching actin networks in the
grand canonical ensemble. In the section that follows we introduce the grand canonical ensem-
ble formalism and talk also discuss the advantages of modelling the conﬁnement of semiﬂexible
polymers (actin) or their networks in that ensemble.
1.2.5 Grand canonical ensemble and ensemble averages
Grand canonical ensemble has the properties of being at thermodynamic equilibrium. In fact,
beside being at statistical equilibrium, thermal equilibrium and mechanical equilibrium which
also are the properties of the canonical ensemble, the grand canonical ensemble also have the
properties of chemical equilibrium. So any system of the grand canonical exchange energy and
particles with the reservoir. This ensemble is thus convenient for the study of the cellular system
which are said to be at equilibrium thermodynamics at macroscopic scale [64]. So modelling
the polymer system in this ensemble enable to combine the macroscopic level or aspect of
the system (thermodynamics) with its microscopic partner theory of equilibrium statistical
mechanics. We wish to use it here because equilibrium calculations would be a ﬁrst step, which
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is also technically feasible. We know that living cells are deﬁnitely not in equilibrium not in
equilibrium but our calculations provide a kind of prediction for long times or in vitro grown
cytoskeleton, or dead cells. This can be a kind of basis for comparison from which one can
explores nonequilibrium behaviour in the future.
The principal quantity in grand canonical ensemble is the grand canonical partition function
Z(µ, V, T ) deﬁned as:
Z(µ, V, T ) =
∞∑
N=0
(eβµ)NZN . (1.8)
where ZN =
∫
e−βH(p,q) is the canonical partition function of a system of polymer chains of N
monomers, µ the chemical potential and (p, q) are the positional and orientational degrees of
freedom of monomers in the system. We can redeﬁne the grand canonical partition function as
Z(µ, V, T ) =
∞∑
N=0
(z)NZN . (1.9)
where z = z0e
βµ is the activity or fugacity of the monomer. The advantage of using the grand
canonical formalism is that, one can deﬁne the monomer activity or fugacity z as an external
ﬁeld acting on the chain segments and inducing a geometrical conﬁnement of the chain. This
also induce inhomogeneities in the conﬁned system and is compatible with the physical situation
existing in the living cell, where there are actin ﬁlaments of various lengths and conformation.
More details are in the next Chapter .
The termodynamics of the system is connected to the mechanical properties of the system
through the equation of state given by
PV = kBT lnZ(µ, V, T ) (1.10)
and through the the grand potential Γ deﬁned as:
Γ = −kBT lnZ(µ, V, T ) (1.11)
The average density of monomers in the conﬁning region can also be calculated using the
following deﬁnition
〈%〉 = ∂ lnZ(µ, V, T )
∂z
(1.12)
In the presence of excluded volume eﬀects between chain segment, it is diﬃcult to compute the
deﬁned grand canonical partition. Self-consistent ﬁeld theory is often used to make the problem
more tractable.
1.2.6 Self-consistent ﬁeld theory for polymer system (SCFT)
Generally used for many body system, the SCFT is applied to polymer system in order to
coarse-grain it as a system consisting of one segment embedded inside an external or an auxiliary
ﬁeld, also called mean ﬁeld, which can be seen as an average potential created by the rest of the
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segments of the system. This is basically achieved by using either the Hubbard-Stratonovich
transformation, or the delta-functional transformation, to convert the grand canonical partition
function deﬁned over the many degree of freedoms of the chain system into a functional integral
representation over an auxiliary ﬁeld function [6568]. Next, using the mean ﬁeld approximation
[66, 67, 69], one can compute the grand partition function of the system. This theory is thus very
useful for the study of conﬁned inhomogeneous polymer systems at thermodynamic equilibrium.
1.3 Conclusion
In this chapter, we have broadly introduced and motivated the aim of our study of the mechan-
ical properties of living tissues cells. We have deﬁned some polymer physics concepts for the
cells cytoskeleton, which is the machinery that is responsible in the cell mechanical properties.
Stiﬀness is one of the key characteristic in the study of polymers ﬁlaments and their networks,
whether synthetics or biological polymers. Polymers are classiﬁed to be ﬂexible, semi-ﬂexible
or rigid according to their stiﬀness. The cytoskeletal ﬁlaments can fall within these three cat-
egories of chains. Intermediate ﬁlament are ﬂexible i.e `p  L, actin ﬁlament are semiﬂexible
meaning `p ' L and microtubules are rigid, i.e `lp/L 1.
We are particularly interested in the properties of the conﬁned semiﬂexible ﬁlaments because
our aim is to investigate the spatial organization and orientational ordering and structural
properties of actin networks under cellular conﬁnement, and then see how these are coupled to
the mechanical properties and stability of the cell.
We therefore looked at the existing models for conﬁned semiﬂexible networks.
We found that, to introduce the conﬁnement eﬀect, one needs to deﬁne a third length length
scale which is the size (diameter D in case of sphere) of the conﬁning geometrical region, besides
the contour length and the persistence length. Either the persistence length or the diameter
can be varied in order to determine the change in the structure and conformational properties
of the chains in comparison to their properties in the bulk or in their unconﬁned state.
For many models of conﬁned polymers, the free energy of the chain system is calculated to
predict the conﬁnement eﬀects on the ﬁlaments. Semiﬂexible linear polymers are subject to
strong conﬁnement eﬀect when conﬁned in region with size equal or smaller than their persis-
tence length and they can adopt conformations diﬀerent to the ones in bulk and they bend in
order to minimize the free energy of the system.
The models we have discussed above are mainly about linear polymer chains. What about
polymers chains that are not linear? We are also interested in the study of conﬁned networks
of semi-ﬂexible ﬁlaments that present a tree-like structures.
It is proven that the stiﬀness of semiﬂexible polymers increase as the functionality of the ﬁla-
ment increases [70]. Therefore, stiﬀness also depends on the structure and architecture of the
polymer ﬁlament and we guess that the eﬀect of conﬁnement may also depend on the chains
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architecture and structure. In eukaryotic living cell, actin ﬁlaments that compose the actin
networks possess various structures and architectures. Filaments can be linear or branched.
Experimental works have shown that the angular branching of actin have a strong impact on
the elastic properties of actin networks [71]. So, does branched semiﬂexible polymer ﬁlaments
and their networks behave diﬀerently under conﬁnement, and does branching contributes to
the stability of cell? To respond to these question, we aim to investigate the conﬁnement
eﬀects on the spatial arrangement and ordering of ﬁlaments of branching actin networks at
thermomodynamics equilibrium.
Outlines of the thesis
The outlines of the thesis are as follows:
Chapter 2
Here, we introduce in this chapter, the monomers grand ensemble formalism for conﬁned semi-
ﬂexible linear chain(s). We deﬁne a grand canonical partition function for conﬁned chains and
then derive their density and order parameter ﬁeld distributions. We apply the formalism to
linear actin ﬁlament under cellular conﬁnement where the mutual interactions between chain
segments are neglected. This is a variation or developement of an existing theoretical model
[1, 2].
Chapter 3
Here we extend the monomers ensemble formalism to include the branching. We model branch-
ing tree-like actin networks conﬁned in geometrical ﬁnite regions in the absence of mutual inter-
actions between segments of the networks. We derive the expressions of the densities and order
parameter ﬁeld distributions for the conﬁned branched networks. Non linear integral equations
are used to express the density distributions. We present a numerical method which we use to
compute these quantities. This chapter is completely new work for branching building upon
the ideas of Chapter 2.
Chapter 4
In this chapter we present the results for various types of conﬁned branching actin networks
and we make a quantitative prediction of the eﬀect of conﬁnement on the structure, spatial
organization and orientational ordering of branching cytoskeletal actin networks under cellular
conﬁnement. Both Chapter 4 and Chapter 5 are results for structure in conﬁnement. These
have not been obtained by similar methods, and not at all for branching.
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Chapter 5
Here we conﬁne the branching actin networks with excluded volume eﬀects between networks
segments. We use the self-consistent mean ﬁeld approach to calculate the grand canonical
partition function and then derive new expressions for the density distributions and order
parameter. The density proﬁles are reported in non-linear integral equation which we compute
numerically.
Chapter 6
In this chapter, we investigate the contribution of branching actin cytoskeletal networks under
cellular conﬁnement to the mechanical properties and stability of cells within living tissues. We
also address questions on how the mechanical behaviour of cells is related to the structural and
architectural properties of the conﬁned branching actin networks. We have used our tools to
examine mechanical properties. The properties are our own predictions, using comparison of
free energies typically applied to polymer networks. This chapter is a small variation of the
work by Cates and Edwards. It might need considerable further development by others.
Chapter 7
This chapter presents an alternative mean ﬁeld approach to investigate the elastic properties of
branching actin networks. We model the living cell and their branching cytoskeletal networks
as an elastic composite material. The model is based on the linear theory of disordered ﬁbre-
reinforced composites developed by Cates and Edwards [72]. The eﬀective Green function
formalism is used to study some of the elastic properties of an elastic media star-like branched
ﬁlaments are embedded.
Chapter 8
This chapter consist of the general summary of this thesis and then provides an outlooks for
future works.
Appendix
The Appendix presents the details of the calculations we performed in this thesis.
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Chapter 2
Introduction of monomer ensemble
formalism for semiﬂexible linear polymer
chains and conﬁnement
2.1 Introduction
Semiﬂexible polymers are ubiquitous in nature and are often found in conﬁned environments.
Their conformations and structures in conﬁned state can diﬀer substentially from those of the
bulk [14, 54, 55, 73, 74]. Examples of semiﬂexible polymers under conﬁnement are biological
macromolecules such as the actin ﬁlaments of the living eukaryotic cell cystoskeleton. The struc-
tual properties, spatial organization and ordering of actin networks inside the cell are greatly
inﬂuenced by the cell membrane conﬁnement eﬀect [13]. So to investigate these properties,
several models and approaches, experimental, computational and analytical tools have been
developed to study their functions, conformation, structures, their dynamical and equilibrium
properties in bulk and in conﬁned state (amongst other, see[43, 53, 61, 7577]).
Researchers in Biophysics use tools from statistical physics and develop methods for the study
of their structural and physical properties. In the recent years, ﬁeld theoretical techniques have
been often and successfully used for theoretical modelling of semiﬂexible ﬁlaments and their
networks [1, 53, 67, 69, 78, 79].
We are interested in the equilibrium properties of individual linear semiﬂexible ﬁlament and of
their networks under conﬁnement constraints. One of the theoretical approaches or techniques
is the monomer ensemble formalism developed earlier by Frisch et al. [1] for non-interacting
linear ﬂexible chains. It is a ﬁeld-like density functional theory used to study the behaviour
of non-interacting semi-ﬂexible linear polymer chains in equilibrium thermodynamics [2]. The
statistical ensemble associated to the monomeric units of the chains is the grand canonical
ensemble. Ordered monomers of the ensemble link together to form stiﬀ polymer chains with
22
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bonds oriented and localised in space.
When these polymer chains are conﬁned inside a speciﬁc ﬁnite geometrical domain, the method
allows to investigate the density distribution proﬁles of the linear chain segments and to calcu-
late the degree of polymerisation or the number of these segments. As a consequence, this helps
to make predictions on the conformation, the spatial organisation and on the structural and
physical properties of semiﬂexible linear polymers ﬁlaments under the eﬀect of conﬁnement.
Most semiﬂexible ﬁlaments, such as actin ﬁlaments are polar or oriented. The rigid membrane
or wall of the conﬁning region may induce the orientational ordering of semiﬂexible chains and
their networks. However previous calculations [1, 2] have not looked at the eﬀect of conﬁnement
on the ﬁlament orientational ordering inside the conﬁning region.
We introduce the monomer ensemble formalism in this chapter. We propose new analytical
and numerical schemes for the calculation of the densities and number of chain segments in a
conﬁning region. We also propose an order parameter ﬁeld in order to quantify the alignment
of polymer chain(s) (segments) inside the conﬁning region.
In the ﬁrst section of this chapter, we deﬁne the grand canonical partition function for a single
chain and for a composite of chains in the ensemble. We use the grand partition function to
derive the expressions for the average density distribution functions in the second section. In
the third section we introduce the idea of conﬁnement of semiﬂexible polymers relevant for the
study of composites of linear actin ﬁlaments under cellular conﬁnement of the ﬁlaments. In the
ﬁnal section we deﬁne an order parameter ﬁeld for the system.
2.2 Description of the model: Grand canonical partition
function
We use a ﬁeld theoretical monomer ensemble model to describe the formation and behaviour
of linear semiﬂexible polymer chain(s) in thermodynamics equilibrium. The key is to deﬁne a
grand canonical partition function for semiﬂexible chain(s) system.
We use a discrete description to present the mechanism of the semiﬂexible polymer chain(s)
formation.
We consider a system of large number of monomers in equilibrium in the grand canonical repre-
sentation. The ensemble is controlled by the activity of the monomers, also called the fugacity
z. Monomers of the ensemble link one after the other linearly in an ordered manner through
the fugacity z and form linear chain(s), see Figure 2.1. We treat the monomers of the polymer
chain as physically having a length or size diﬀerent to zero by characterizing them as the chain
segments. So we mean the same thing when we say (number of) monomers of a polymer chain
or (number of) bonds or segments of a polymer chain.
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Each monomer or bond of a chain has two ends and each end has a local geometrical position
ri and orientation nˆi (it indicates the direction in which a monomer connect to its neighbour
and form a bond) and they correspond to the degree of freedoms of the bond. The fugacity z
of a bond or monomer is a function of all the degrees of freedom of the monomers which are ri
and nˆi the position and orientation of the starting end of a segment, and r
′
i and nˆ
′
i the position
and orientation of the second end of a segment inside the chain, and is deﬁned by:
z(ri, nˆi, r
′
i, nˆ
′
i) = z0e
(−βϕ(ri,nˆi,r′i,nˆ′i)), (2.1)
where z0 is a constant and represent the degree of ﬁlament elongation, ϕ is a chemical potential
ﬁeld associated to each monomers in the system, β = 1/kBT is the Boltzmann constant and i
is any bond of the chain.
The ﬁlament growth factor or fugacity z acts as a local force ﬁeld on each segment of the chain.
It is enhanced by a propagator or a Green function G.
Figure 2.1: Depiction of a grown semiﬂexible polymer chain of ordered monomers or bonds in the
ensemble. The monomers or bonds that belongs to the chain are in red colour. Each monomer has
two ends with the starting end starting at a position r and the other end at position r ′ and each end
has an orientation nˆ. G is the propagator or the Green function that characterises the segments of the
chain as straight line of size ` and ensure that both ends of a segment have the same orientation. z is
the monomer activity called fugacity and w is the Boltzmann weight factor associated to the pairwise
bending stiﬀness between monomers of the chain. The red dots are the starting points of each monomer
or bond of the chain and the dots in brown colour are the starting points of neighbours monomers.
G is also a function of positions r and orientations nˆ of the ends of the segments of the chain
and is given by:
G(ri, nˆi, r ′i, nˆ′i) = δ(r ′i − (ri + `nˆi))δ(nˆi − nˆ′i). (2.2)
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Figure 2.2: Visual depiction of the action of the propagator G. G applies to each segment of the
semiﬂexible chain and transform it into a straight segment of length ` (r ′i = ri + `nˆi) and orientation
nˆ = nˆi = nˆ
′
i.
Figure 2.3: Depiction of a semiﬂexible chain of one bond. The monomer of the chain is in red colour.
It has two ends with the starting end starting at a position r and the other end at position r ′ and each
end has an orientation nˆ. G is the propagator or the Green function that characterises the segments of
the chain as straight line of size ` and ensure that both ends of a segment have the same orientation. z
is the monomer activity called fugacity and w is the Boltzmann weight factor associated to the pairwise
bending stiﬀness between monomers of the chain. The red dots are the starting points of each monomer
or bond of the chain and the dots in brown colour are the starting points of neighbours monomers.
This propagator or Green function G allows to treat each segment of the chain as straight line
of size ` and to ensure that both ends of a segment have the same orientation. We characterize
the role of G in Figure 2.2.
The polymer chain segments exhibit a pairwise bond bending stiﬀness via a bending potential
energy of Boltzmann weight factor w. It enable the chain to keep its semiﬂexibility. w is a
function of the positions of the junction between any two adjacent bonds i and j of the chain
and also a function of the orientations of the bonds. It is given by:
w(r ′i, nˆ
′
i, rj, nˆj) = w(nˆ
′
i, nˆj)δ(r
′
i − rj) (2.3)
where
w(nˆ′i, nˆj) = w0e
−βnˆ′i·nˆj . (2.4)
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Figure 2.4: Depiction of a semiﬂexible chain of two bonds.
Figure 2.5: Depiction of a semiﬂexible chain consisting of N bonds. The monomers or bonds that
belongs to the chain are in red colour. Each monomer has two ends with the starting end starting at
a position r and the other end at position r ′ and each end has an orientation nˆ. G is the propagator
or the Green function that characterises the segments of the chain as straight line of size ` and ensure
that both ends of a segment have the same orientation. z is the monomer activity called fugacity and
w is the Boltzmann weight factor associated to the pairwise bending stiﬀness between monomers of the
chain. The red dots are the starting points of each monomer or bond of the chain and the dots in brown
colour are the starting points of neighbours monomers.
The factor δ(r ′i− rj) ensures that the stiﬀness applies at the junction which is the point where
the end of the adjacent segments of the chain meet.
The above presentation constitute the full discrete model that describe the growth of a semi-
ﬂexible chain of inﬁnite length of monomers (Figure 2.1) in thermal equilibrium. In this model,
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the semiﬂexible polymer chain can grow, prune and then grow again under the activity z of
the monomers. So, a grand canonical partition function for the single semiﬂexible polymer
chain can be deﬁned. We can also generalize this deﬁnition for a composite of large number of
non-interacting semiﬂexible chains.
2.2.1 Single semiﬂexible linear chain
Our modelling is a simpliﬁed model of semiﬂexible polymer chain and the description is similar
to an ideal freely jointed polymer chain because we neglect the excluded volume eﬀect between
monomers meaning that the monomers do not see each other or there is no mutual monomer
interactions.
The segments or monomers of the chains can have variable orientations and positions. So the
chains have variable conﬁgurations corresponding to the various possible lengths, positions and
orientations that the polymer chain(s) can have.
The grand canonical partition function can be deﬁned for the single semiﬂexible polymer chain
of monomers at thermodynamic equilibrium. The grand partition function Z of a single linear
chain is thus a generating functional which is the sum of all possible conformation or conﬁgu-
rations of the chain growing under the activity of the fugacity z.
For each conﬁguration, all possible states of the chain are counted. It corresponds to the sum-
mation or to the integration over all possible positions and orientations (of the bonds) of the
chain. For a good understanding of how we deﬁne the grand partition function for a single
linear polymer chain, let us ﬁrst present the mathematical representation of few conﬁgurations
of the polymer chain and the corresponding partition functions. Figures 2.3, 2.4 and 2.5 show
respectively, the chains of length one segment, 2 segments, and N segments.
First, we deﬁne the partition functions Z1 for the chain of 1 segment, Z2 for the chain of seg-
ments and ZN for the chain of N segments. The partition function of a chain of N monomers is
the sum over all possible conformations i.e all possible positions and orientations of the chain
and the partition function is the sum of all possible conﬁgurations of chains for N monomers.
The partition function Z1 is mathematically deﬁned by:
Z1 =
∫ ∫
d3r1d
2nˆ1d
3r ′1d
2nˆ′1z(r1, nˆ1, r
′
1, nˆ
′
1)G(r1, nˆ1, r ′1, nˆ′1) (2.5)
where each integral symbol is a short hand notation of multiple integrals over all degrees of
freedom (nˆ, r) of the chain segments.
The partition function Z2 of a chain of size two bonds is
Stellenbosch University  https://scholar.sun.ac.za
CHAPTER 2. INTRODUCTION OF MONOMER ENSEMBLE FORMALISM FOR
SEMIFLEXIBLE LINEAR POLYMER CHAINS AND CONFINEMENT 28
Z2 =
∫ ∫ ∫ ∫
d3r1d
2nˆ1d
3r ′1d
2nˆ′1d
3r2d
2nˆ2d
3r ′2d
2nˆ′2z(r1, nˆ1, r
′
1, nˆ
′
1)G(r1, nˆ1, r ′1, nˆ′1)
w(r ′1, nˆ
′
1, r2, nˆ2)z(r2, nˆ2, r
′
2, nˆ
′
2)G(r2, nˆ2, r ′2, nˆ′2).
(2.6)
The partition function ZN of a chain of size two bonds is
ZN =
∫
. . .
∫
d3r1d
2nˆ1r
′
1d
2nˆ′1d
3r2d
2nˆ2d
3r ′2d
2nˆ′2 . . . d
3rNd
2nˆNr
′
Nd
2nˆ′N
z(r1, nˆ1, r
′
1, nˆ
′
1)G(r1, nˆ1, r ′1, nˆ′1)w(r ′1, nˆ′1, r2, nˆ2)z(r2, nˆ2, r ′2, nˆ′2)G(r2, nˆ2, r ′2, nˆ′2)
. . . z(rN−1, nˆN−1, r ′N−1, nˆ
′
N−1)G(rN−1, nˆN−1, r ′N−1, nˆ′N−1)w(r ′N−1, nˆ′N−1, rN , nˆN)
z(rN , nˆN , r
′
N , nˆ
′
N)G(rN , nˆN , r ′N , nˆ′N)
(2.7)
Replacing the equations (2.1), (2.2), (2.3) in (2.7) and integrating, we get:
ZN =
∫
. . .
∫
d3r1d
2nˆ1d
3r2d
2nˆ2 . . . d
3rNd
2nˆNz(r1, nˆ1)w1(nˆ1, nˆ2)z(r2, nˆ2)
. . . w(nˆN−1, nˆN)z(rN , nˆN)
(2.8)
where
z(ri, nˆi) = z0e
(−βϕ(ri,nˆi,ri+`nˆi,nˆi)) (2.9)
The grand canonical partition function Z of a single semiﬂexible polymer ﬁlament is then the
sum of the partition funtions of all possible chains or confugarations of chain that can be formed
in the limit of N going to inﬁnity. In other words:
Z = 1 +
∞∑
N=1
ZN (2.10)
Where 1 = Z0.
We rewrite Z in full as
Z = 1 +
∞∑
N=1
∫
. . .
∫
d3r1d
2nˆ1d
3r2d
2nˆ2 . . . d
3rNd
2nˆN z(r1)z(r1, nˆ1)w(nˆ1, nˆ2)
z(r2, nˆ2) . . . w(nˆN−1, nˆN)z(rN , nˆN).
(2.11)
We rewrite the expansion of w and z as vectors over the positions eigenstates as:
z(r, nˆ) = 〈r, nˆ|z|r, nˆ〉 (2.12)
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where r and nˆ are the positions and orientations of polymer chain segments or monomers.
We also write
w(nˆ, nˆ′) = 〈r, nˆ|wδ(r, r ′)|r ′, nˆ′〉 (2.13)
Following Frisch and Percus formulation [1], we rewrite the grand canonical partition function
Z as:
Z = 1 +
∞∑
N=1
∫
. . .
∫
d3r1d
2nˆ1d
3r2d
2nˆ2 . . . d
3rNd
2nˆN〈r1, nˆ1|z|r1, nˆ1〉
〈r1, nˆ1|wδ(r1, r2)|r2, nˆ2〉〈r2, nˆ2|z|r2, nˆ2〉 . . . 〈rN−1, nˆN−1|z|rN−1, nˆN−1〉
〈rN−1, nˆN−1|wδ(rN−1, rN)|rN , nˆN〉〈rN , nˆN |z|rN , nˆN〉.
(2.14)
The integration over all spatial locations and orientations is |I 〉 i.e:∫
d3rd2nˆ |r, nˆ〉〈r, nˆ| = |I 〉 (2.15)
and
∑
r,nˆ
|r, nˆ〉 = |1〉 (2.16)
Thus after integration, we obtain:
Z = 1 +
∞∑
N=1
〈1|z(wz)N−1|1〉. (2.17)
We have a geometric sum and we average it over the total number of the monomers composing
the linear chain and get:
Z = 1 + 〈1|z(I − wz)−1|1〉. (2.18)
Where I is the identity matrix.
We are now going to deﬁne the grand canonical partition function for a system of non-interacting
semi-ﬂexible chains composite in an inﬁnitely large system .
2.2.2 System of many noninteracting linear semiﬂexible polymer
chains
To determine the grand canonical partition function of a composite system of semiﬂexible
ﬁlaments, we consider that each single polymer ﬁlament is part of an ensemble of noninteracting
linear polymers chains (in an inﬁnitely large enclosure) whose density per unit length of the
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system is controlled by an artiﬁcial polymer activity ς [1]. The grand canonical partition
function ZT of the composite of linear semiﬂexible polymer ﬁlaments is given by:
ZT = e
ςZ, (2.19)
where ς is the fugacity of each polymer of the composite and Z the grand canonical partition
function for a single chain. The grand partition function is obtained in terms of an exponential
series due to the fact that the chains do not interact. They do not see each other meaning they
are identical and one can switch them around.
The grand canonical partition functions for the composite of semiﬂexible linear polymer chains
serves as a generating function for thermal averages. In the next section we deﬁne and derive the
expression for the mean number of conﬁned polymer chains, the average density distributions
of the chain segments and the number-average degree of polymerization.
2.3 Average numbers and average density distribution
functions
Here we introduce the deﬁnitions and derive the expressions for diﬀerent quantities for average
numbers and densities of chains and their bonds which we compute at later stage of this thesis.
2.3.1 Average number of chains
The average number of semiﬂexible polymer chains Nchains conﬁned in a ﬁnite geometrical
region is given by:
Nchains =
ς
ZT
∂ZT
∂ς
= ςZ (2.20)
In the following we calculate the average density distribution of ﬁlament segments inside the
conﬁning region.
2.3.2 Average density of chain segments of the composite
The average density distribution of chain segments of a composite of semiﬂexible chains is given
by the following general deﬁnition of mean density in the grand canonical ensemble:
%(r, nˆ) =
z(r, nˆ)
ZT
δZT
δz(r, nˆ)
, (2.21)
a functional of the activity of the chain bonds or fugacity z(r, nˆ) and its expression is obtained
by calculating the functional derivative of the grand canonical partition function ZT .
Since there is no interactions between the polymer chains, the average density of segments of
the composite (equation 2.17) is the same as multiplying the fugacity ς of each chain to the
average density of segments of a single chain %s(r, nˆ):
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%(r, nˆ) = ς%s(r, nˆ) (2.22)
where %s(r, nˆ) is given by
%s(r, nˆ) =
z(r, nˆ)
Z
δZ
δz(r, nˆ)
. (2.23)
To obtain the expressions for the densities we need to do the functional derivation of Z.
We calculate the functional derivative of Z (equation 2.11) by using the deﬁnitions of functional
derivation given in Appendix Section A.1. We obtain the expression of %s(r, nˆ) to be
%(r, nˆ) =
z(r, nˆ)
Z
Φ(r, nˆ)Ψ(r, nˆ). (2.24)
Where
Ψ(r, nˆ) = 〈r, nˆ|(I − wz)−1|1〉Φ(r, nˆ) = 〈1|(I − zw)−1|r, nˆ〉 . (2.25)
Φ(r, nˆ)Ψ(r, nˆ) represents the probability of having on average a chain bond or segment ate
position r and orientation nˆ. We distinguish the diﬀerence between Ψ and Φ due to the fact
that the ﬁlaments are oriented and that ﬁlament can grow starting from the root (a root in
graph theory means the starting point or node of a tree) or starting from the leave (the leave
is the end node of a tree). In fact zw is not equal to wz due to the orientation of the ﬁlaments.
Ψ and Φ represent quantities associated to the average density distributions and are used for
the construction of all possible conﬁgurations of the ﬁlaments of the networks. The integration
of the quantity z(r, nˆ)Ψ(r, nˆ) or z(r, nˆ)Φ(r, nˆ) over all possible monomer or bonds locations r
and orientations nˆ, gives us the same expression of the grand canonical partition function as
the one we have obtained in equation (2.13). So we can expressed the grand partition function
as linear function of Ψ(r, nˆ) or Φ(r, nˆ) as:
Z = 1 +
∫
r,nˆ
d3rd2nˆ z(r, nˆ)Ψ(r, nˆ). (2.26)
or
Z = 1 +
∫
r,nˆ
d3rd2nˆ z(r, nˆ)Φ(r, nˆ) (2.27)
The compution of the grand canonical partition functions and the densities are thus dependent
on Ψ and Φ values. So we need to ﬁnd an appropriate way to interpret and calculate the
quantities Ψ and Φ given by equations (2.21).
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2.3.3 (Resulting) Integral equation form of Ψ and Φ
An easy way to understand how to compute the functional Ψ and Φ is to convert Ψ and Φ
into functional integral equations. We obtain the integral form for Ψ and Φ using the following
algebraic deﬁnition:
AA−1 = I. (2.28)
Where A is an invertible matrix. (I − wz) is a positive deﬁnite matrix, so:
∑
r′,nˆ′
〈r, nˆ|(I − wz)|r ′, nˆ′〉〈r ′, nˆ′|(I − wz)−1|r ′′, nˆ′′〉 = 〈r, nˆ|r ′′, nˆ′′〉 (2.29)
= δ(r − r ′′)δ(nˆ − nˆ′′)
= I .
Similarly using Ψ in equation 2.25, we write:
∑
r,nˆ
〈r ′, nˆ′|(I − wz)|r, nˆ〉Ψ(r, nˆ) =
∑
r,nˆ
〈r ′, nˆ′|(I − wz)|r, nˆ〉〈r, nˆ|(I − wz)|1〉
= 〈r ′, nˆ′|1〉
= 1.
equivalent to the integral form∫
r,nˆ
d3rd2nˆ〈r ′, nˆ′|(I − wz)|r, nˆ〉Ψ(r, nˆ) = 〈r ′, nˆ′|1〉 = 1 (2.30)
We then have Ψ in term of linear integral equation as:
Ψ(r, nˆ) = 1 +
∫
r′,nˆ′
d3r ′d2nˆ′w(nˆ, nˆ′)z(r, nˆ′)Ψ(r, nˆ′) (2.31)
Similarly we obtain the integral equation deriving from Φ as:
Φ(r, nˆ) = 1 +
∫
r′,nˆ′
d3r ′d2nˆ′z˜(r, nˆ′)w(nˆ, nˆ′)Φ(r, nˆ′) (2.32)
For a segment to form, the activity z in the expression of Ψ acts in the orientation n while z˜ in
the expression of Φ acts in the opposite orientation nˆ′ = −nˆ. That is why we put the diﬀerence
between the two activities by naming the activity in the expression of Ψ, z and the activity in
Φ, z˜. We can rewrite Ψ and Φ in shorthand notation as:
Ψ = 1 + wzΨ (2.33)
and
Φ = 1 + z˜wΦ (2.34)
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We can represent the equations for Ψ and Φ diagrammatically as:
Figure 2.6: Diagram for linear Ψ function. The cross circles on this diagram are the roots of the
chains and we do not integrate over the position and oriention of the root. It indicates that a ﬁlament
can grow starting from the root. We distinguish the root from the leave due to the fact that ﬁlaments
are oriented.
and
Figure 2.7: Diagram for linear Φ function. The cross circles on this diagram are the leaves of the
chains and we do not integrate over the position and oriention of the leaves. It indicates that a ﬁlament
can grow starting from the the leave.
Expansion of equations (2.33) or (2.34) leads to a linear series in Ψ or Φ. We recursively replace
the expression for Ψ in its expressions and get a series expansion as
Ψ = 1 + wz + wzwz + wzwzwz + . . .+ wzwzwzwz . . . wzΨ (2.35)
In the same way we write Φ as a linear series
Φ = 1 + zw + zwzw + zwzwzw + . . .+ zwzwzw . . . zwΦ (2.36)
Or diagrammatically as:
We can easily solve numerically for Ψ and Φ for a given fugacity z acting on each segment of
the chains and for a given Boltzmann weight w that links the segments into linear chains.
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We are interested to investigate the behaviour and properties of semiﬂexible cytoskeletal ﬁla-
ments under the eﬀect of conﬁnement from the cell membrane. For that, we deﬁne the fugacity
z as an external potential that is induced by the conﬁnement of the polymer chains. We also
deﬁne a speciﬁc Boltzmann factor w such that its embed the bending stiﬀness between the
chain segments.
2.4 Conﬁnement
The fugacity z and the weight factor w are the most important parameters of the system that
we need to deﬁne in order to compute for Ψ and Φ. Speciﬁcally, a ﬁnite chemical potential
ﬁeld (action of the ﬁeld restricted to a ﬁeld) is require in order to ensure the conﬁnement of the
polymer chains in a ﬁnite geometry and then compute the grand canonical partition functions,
the average densities and numbers and also of chain segments inside the conﬁning region. The
persistence length of the polymer chains is also required and is the length which enable to scale
the system under study. We express it in term of the bending energetics and compare it with
the size of the conﬁning region.
2.4.1 Conﬁning ﬁeld and bending stiﬀness
The action of the external potential ﬁeld or fugacity z is caused by the conﬁnement of ﬁlaments
and the ﬁeld acts only on segments of chains that form inside the conﬁned domain. We deﬁne
it as:
ϕ(r, nˆ, r + `nˆ, nˆ) =
0, if r ∈ L and r + `nˆ ∈ L∞, otherwise (2.37)
So we have
z(r, nˆ) = z0θ(r, nˆ) (2.38)
for the calculation of Ψ and
z˜(r, nˆ) = z0θ(r,−nˆ) (2.39)
for the calculation of Φ, where we deﬁne
θ(r, nˆ) =
1, if r ∈ L and r + `nˆ ∈ L0, otherwise (2.40)
L represents the conﬁning region and ` the chain segment or bond length.
This external ﬁeld ( fugacity) serves as the boundary condition required for the chain segment
to be inside the conﬁning region. So, the external ﬁeld ϕ or the fugacity z controls or deﬁnes
the geometry of the conﬁning regions the ﬁeld.
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In chapter 5 of this thesis, we show result for the semiﬂexible chains conﬁned in various geome-
tries of cell including spherical, square (2d) or cubic (3d), rectangular and triangular shape.
Modelling the conﬁnement of chains in various geometry allows us to see, how the structure
and physical properties of the chains are related to the conﬁning cell geometry.
We appropriately redeﬁne the weight w associated to the bending energy or stiﬀness between
adjacent bonds (recall that we treat the monomer of the conﬁned chain as bonds or segments)
by normalizing it. We have:
w(nˆ, nˆ′) =
w0
Nw e
β nˆ·nˆ′ . (2.41)
where
Nw =
∑
nˆ′
w(nˆ, nˆ′) (2.42)
Nw is used to normalize the weight factor w0. In fact we use this normalization factor for
numerical purpose. It helps to keep the volume of the deﬁned conﬁning region ﬁnite.
 is the bending constant or the bending modulus and is related to the persistence lengths of
the conﬁned chains.
2.4.2 Persistence length
The persistence length is deﬁned as the length at which a vector drawn tangent to the polymer
chain is no longer correlated in space with any tangent vector of the polymer [80]. It is the
characteristic measure used to quantify the stiﬀness of a semiﬂexible polymer chain. In the
thermodynamic, limit the persistence lengths describe how well the position of one section of a
polymer is correlated to another section in the thermodynamic limit [81]. Beyond this length
the semiﬂexible polymer chain loses its thermal properties.
In our model, the persistence length couples the polymer chains stiﬀness to the system length
scales such as the size of the the conﬁning domain.
So we aim here to express the persistence length of an unconﬁned chains in terms of the bending
energy or bending stiﬀness between the bonds of the polymer chain and then compare it with
the size of the semiﬂexible chain conﬁning region.
We consider a discrete semiﬂexible polymer chain Fig 2.8 living on triangular lattice where the
monomers or bonds of the chains occupy the bonds of the lattice. We wish to calculate the
persistence length of the very long chain at thermodynamic equilibrium.
The persistence length is related to the correlation between the ﬁrst bond or tangent vector
and the last bond vector of the chain. We ﬁrst consider the portion of the chain that is in the
domain [a, a + N ] and we calculate the correlation function 〈ta · tN+a〉 between the chain end
segments. We use the weight factor given by equation (2.36) associated to the bending stiﬀness
between the chain bonds to deﬁne the partition function for the single chain system. However
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Figure 2.8: A very long semiﬂexible polymer chain discretized like a freely jointed chain on a 2D
triangular lattice. The black dots represent the monomers (bonds) positions and the red segments
along vectors t represente the monomers orientations
we express it here in term of the tangent vectors which have the same meaning as the unit
vector nˆ that we have used so far.
The Boltzmann weight is given by:
w(i, i+ 1) = eti·ti+1 . (2.43)
we deﬁne the partition function Z of the full polymer chain of M = a+ b+N monomers.
The partition function is given by:
Z =
∑
ti
M−1∏
i=1
w(i, i+ 1). (2.44)
and the correlation quantity between the tangent vector ta and tN+a is
〈ta · tN+a〉 = 1Z
∑
ti
ta · tN+a
M−1∏
i=1
w(i, i+ 1). (2.45)
We use the transfer matrix formalism [82] to express the partition so that we can compute the
correlation between the tangent vectors.
As the transfer matrix deﬁned in the case of one dimensional Potts model is associated to the
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diﬀerent states of the spin in one dimension, we deﬁne the transfer matrix of the polymer chain
of N monomers following the orientations of the bonds of the chain on a lattice. Then we
calculate the persistence length of the polymer chain in the thermodynamic limit (N −→∞).
We do the calculations for a polymer chain that is living on a two dimensional (2d) triangular
lattice (six possible directions) and on a three dimensional (3d) lattice (twelve possible direc-
tions).
So depending on the deﬁned lattice, there exist a transfer matrix T such that:
w(i, i+ 1) = 〈ti|T|ti+1〉. (2.46)
and
N−1∏
i=1
w(i, i+ 1) = 〈t1|T|t2〉〈t2|T|t3〉 · · · 〈tN−1|T|tN〉. (2.47)
So
Z =
∑
t1,tM
〈t1|TM−1|tM〉. (2.48)
To calculate the sum deﬁned above, we deﬁne the following set of vectors
m = {(1, 0, 0, 0, 0, 0), (0, 1, 0, 0, 0, 0), (0, 0, 1, 0, 0, 0),
(0, 0, 0, 1, 0, 0), (0, 0, 0, 0, 1, 0), (0, 0, 0, 0, 0, 1)} .
(2.49)
corresponding to the possible directions for each bonds or tangent vectors on the lattice (here
the 2D triangular lattice) ti = {xˆ,−xˆ, yˆ,−yˆ, vˆ,−vˆ}.
Thus
Z =
4∑
m,m′=1
〈m|TM−1|m′〉. (2.50)
In 2d triangular lattice, the transfer matrix is given by:
T =

e e− e0.5 e−0.5 e−0.5 e0.5
e− e e−0.5 e0.5 e0.5 e−0.5
e0.5 e−0.5 e e− e0.5 e−0.5
e−0.5 e0.5 e− e e−0.5 e0.5
e−0.5 e0.5 e0.5 e−0.5 e e−
e0.5 e−0.5 e−0.5 e0.5 e− e.

(2.51)
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T is diagonalizable so, there exist a matrix A such that A.A−1 = I =identity matrix and
A−1TA = D where D is the diagonal matrix.
So we recall: L = A−1 and R = A
We have RL = I ,so let rewrite
Z =
4∑
m,m′=1
〈m|RLTRLTRL · · ·TRL|m′〉 (2.52)
=
4∑
m,m′=1
〈m|R (LTR)(LTR)L · · ·TR︸ ︷︷ ︸
M−1 times
L|m′〉 (2.53)
=
4∑
m,m′=1
〈m|RDM−1L)|m′〉. (2.54)
One ﬁnds that
P = Tr(DM−1) (2.55)
with the same reasoning the correlation quantity becomes
〈ta · tN+a〉 = 1Z
∑
t1,ta,ta+N ,tb
ta · tN+a〈t1|RDaL|ta〉〈ta|RDN−1L|
ta+N〉〈ta+N |RDbL|tb〉.
(2.56)
or, more explicitly,
〈ta · tN+a〉 = 1∑
i λ
a+b+N−1
i
∑
m,m′
RDaL|m〉〈m|RDN−1L|m′〉
〈m′|RDbL|1〉 × cos θmm′ .
(2.57)
where θ is the angle between the consecutive bonds vectors.
We can now ﬁnd the expression for the persistence length `p.
〈ta · tN+a〉 ∼ e−
N
`p (2.58)
Thus
`p ∼ − N
ln (〈ta · tN+a〉) (2.59)
Stellenbosch University  https://scholar.sun.ac.za
CHAPTER 2. INTRODUCTION OF MONOMER ENSEMBLE FORMALISM FOR
SEMIFLEXIBLE LINEAR POLYMER CHAINS AND CONFINEMENT 39
We ﬁnd that for very large number of monomers,
`p ∼ 1
ln λMax
λMax-second
(2.60)
Where λMax is the largest eigen value of the transfer matrix and λMax-second the second largest.
We compute the persistence length of the unconﬁned chain and plot it as a function of the
bending modulus on Figure 2.9.
8.05
ϵ
20.1988
ℓp
ℓp>=2ℛ
Figure 2.9: Plot of the persistence length of a polymer chain living on the 3D cubic plus digonals
lattice as function of 
The equation (2.60) for the persistence length is important because it enables us to investigate
the properties and conformational behaviour or changes of the polymer chains as it grows under
the action of the monomers activity or fugacity z inside the conﬁning ﬁnite cell region. We
compare the persistence length of the chains to the diameter of the conﬁning region by ﬁxing
the ratio at approximately 1. This choice makes the ﬁlament semiﬂexible as well as keeps the
size of the conﬁng region ﬁnite while with the average number or degree of polymerisation of
the polymer ﬁlament is increasing.
Let D be size of the conﬁning region (for example the diameter of a spherical conﬁning region)
and N the average number of polymerisation of the polymer ﬁlament which can be assumed to
be equal to contour length of the ﬁlament in case of semi-ﬂexible ﬁlament.
So for
 `p ' N > D we have semi-ﬂexible polymer chain that is subjected to strong eﬀect of the
conﬁnement.
 `p ' N ∼ D we are at the transition between strong and weak conﬁnement.
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 `p ' N < D we have weak conﬁnement eﬀect.
These comparisons thus allow to investigate the conﬁned chains behaviour and their physical
properties.
We are also interested in the ordering of the semiﬂexible polymer chains inside the conﬁning
region. We deﬁne an order parameter that enable us to quantiﬁes the eﬀect of conﬁnement on
the orientation of the polymer chains in our model.
2.5 Deﬁnition of the radial order parameter ﬁeld
We aim to quantify in our model the alignement of semiﬂexible ﬁlaments in conﬁning regions.
In fact this investigation is relevant for the understanding of how actin cytoskeletal networks
self-organize and align inside the cell under the eﬀect of cell membrane conﬁnement. It has
been shown using electron and ﬂuorescent microscopy techniques that interesting ordering phe-
nomena occur at the cell conﬁning membrane or wall [83]. The conformation, behaviour and
alignment of semiﬂexible cytoskeletal ﬁlaments change when subjected to strong conﬁnement
and their physical properties become totally diﬀerent to the one observed in the bulk [73].
In our model, the segments of the polymer chains can have preferred orientation inside the
conﬁning domain or they can be isotropically oriented. For preferred orientation, the chain
segments can either align perpendicular to the conﬁning region wall or they can align parallel
to it. Whereas for isotropic distribution of ﬁlaments, all orientations are equally possible. We
use cosine of the angle between the chain segments orientation and the radial unit vector uˆ
function of the position bonds uˆ = r/|r| to describe the ordering of the chains relatively to the
cell membranes and we choose to measure r from the centre of some symetrical conﬁning . In
our model the degree orientational ordering or alignement is entirely (controlled) measured by
the radial parameter ﬁeld distribution deﬁned by:
Q(r) =
∑
nˆ
1
2
(1− 3(uˆ · nˆ)2)%(r, nˆ). (2.61)
for chains conﬁned in three dimensions (3d) and
Q(r) =
∑
nˆ
(1− 2(uˆ · nˆ)2)%(r, nˆ). (2.62)
for chains conﬁned in two dimensions (2d).
For a small angle between uˆ and nˆ i.e for u ‖ nˆ (the segments of the chains align parallel to the
radial vector uˆ and thus perpendicular to the cell wall) and this correspond to negative sign of
the radial order parameter ﬁeld distribution.
For an angle between uˆ and nˆ avoid to 90◦ i.e for uˆ ⊥ nˆ, the ﬁlaments are perpendicular to
the radial vector uˆ and thus parallel to the cell wall, and we have a positive radial order ﬁeld
distribution in that case.
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For the order parameter ﬁeld distribution equal to 0, we have an isotropic distribution of
ﬁlament inside the conﬁning region.
2.6 Conclusion
In summary, we have introduced the grand canonical monomer ensemble formalism for semiﬂex-
ible chains in this chapter. We have deﬁned a grand canonical partition function for a system
of semiﬂexible linear polymer chains. We used it to derive the expressions for the average
density distributions, the degree of polymerisation or mean number of chains segments and the
average number of chains. We have also introduce the idea of semiﬂexible chains conﬁnement
in ﬁnite regions and we deﬁned the parameters that are the conﬁning external ﬁeld, the chains
bond bending stiﬀness and the persistence length of the polymer chains, useful for numerical
computation of the quantities deﬁned above. We next have deﬁned an order parameter ﬁeld
that allows to quantify the degree of orientational alignment of the polymer chains relatively
to the cell membrane under the eﬀect of conﬁnement. This model is very convenient for the
study of linear actin cytoskeletal ﬁlaments under cellular conﬁnement.
However, actin ﬁlaments inside living eukaryotic cell can be linear or can branch and form
tree-like structures such as what is observed at the leading edge of a moving cell. So in the next
chapter, we extend the monomer ensemble formalism to model branching cytoskeletal networks
in conﬁning regions.
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Chapter 3
Branching cytoskeletal networks in
conﬁning region
3.1 Introduction
Actin ﬁlaments making up the cytoskeletal actin networks have various architectures and struc-
tures. They can be linear or have branched architecture and they are treated as semiﬂexible
and oriented ﬁlaments.
Actin ﬁlaments form a highly dense and branched network at the cell periphery, especially
in motile cells. Inside the living cell, their growth, elongation, branching, spatial rearrange-
ment and their orientational ordering are often restricted by the cell membrane because of the
similarity between their persistence length and the cell size [13, 34, 8486]. Actin ﬁlaments
and their networks are involved in many cellular functions mainly mechanical activities of the
cell. However the constraint due to cell size conﬁnement strongly inﬂuence their structural
organization, behaviour, conformations and their physical properties. Branching networks are
the most subjected to the conﬁnement eﬀects since they mainly form at the vicinity of the cell
membrane. Many diseases such as cancer result sometime from the failure in the actin networks
structure, ordering and spatial organization which are said to be controlled by cell geometry
and conﬁnement [87, 88]. It is thus important to investigate the eﬀect of cell membrane con-
ﬁnement on actin networks. Experimental and theoretical models for the study of the eﬀect of
conﬁnement on linear semiﬂexible (actin) polymer chains exist [13, 14, 34, 54, 55, 74, 85, 86],
but none of them has eﬀectively investigated in a quantitative way the correlation between the
conﬁnement eﬀects from the cell membrane and the spatial and orientational organisation of
branching networks of semiﬂexible ﬁlaments. These eﬀects might have diﬀerent degrees of in-
ﬂuence depending on the architecture and structure of ﬁlaments composing the networks, since
branched ﬁlaments or networks are stiﬀer than composites of linear chains [70, 71]. We wish
to model branching cytoskeletal networks inside conﬁning regions and quantitatively determine
the conﬁnement eﬀect on the spatial organisation, orientational ordering and on the structural
42
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properties of these networks.
We are interested in the study of the physical properties that are relevant to branching cytoskele-
tal actin networks that grow via the cellular binding Arp2/3 protein complex in eukaryotic cells
[89]. The Arp2/3 protein complex ensure the nucleation of the actin ﬁlaments polymerisation
and growth and then initiates the branching of new ﬁlaments on existing ones approximately at
70◦ angle [51, 90, 91]. We aim to determine the density distributions and order parameter ﬁeld
proﬁles of these networks conﬁned inside cells with size comparable to the persistence length
of the ﬁlaments in order to predict the eﬀect of the cell membrane conﬁnement on the spatial
organisation and orientation of branching actin networks at thermodynamic equilibrium.
The monomer ensemble formalism for single semiﬂexible ﬁlament we have introduced in Chap-
ter 2 is extended the formalism to branching networks in the grand canonical ensemble. We
structured the chapter as follow:
In the ﬁrst section we present the model and then we conveniently redeﬁne the grand canonical
partition function for a network of branching ﬁlaments without any kind of interactions between
ﬁlament segments. In the section that follows we deﬁne and derive the expressions for the
average densities of segments of the networks from which will result new integrals equations. We
also make choice of the appropriate parameters in order to compute the grand partition function,
the densities and the order proﬁles. In the third (last) section we describe the numerical method
which we have developed in order to implement the integral equations for the computation of
all the relevant quantities.
3.2 Description of the model
Wemodel the branching actin cytoskeletal networks in conﬁning regions. We consider an inﬁnite
number of G-actin monomers and of Arp2/3 protein complex inside a cell with ﬁnite size. We
consider the cell system as a bath or reservoir from which monomers and proteins are taken to
form the ﬁlaments and the networks. The mechanism of semiﬂexible polymer chains formation
stays the same as in the case of single ﬁlament except that here, the polymer chain can branch
as it grows to form a tree-like network. We neglect the mutual monomer interaction and also
their interaction with the conﬁning membrane or wall. We characterize the activity of each
G-actin monomer by a chemical potential ﬁeld or fugacity z. It enables monomers to connect
with their nearest neighbours successively, elongate and form linear ﬁlaments. New ﬁlaments
branching oﬀ from existing (linear or branched) chains can occur via a fugacity ζ that mimic the
activity of the Arp2/3 protein complex and form a branched networks of ﬁlaments without any
loop (tree-like structure) as shown by Figure 3.1. Each monomer or bond of the formed network
is localised and labelled by its position r and by its orientation nˆ. The activity of monomers or
fugacities z and ζ are function of positions of the monomers and their orientations inside the
conﬁning medium.
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In Figure 3.1, we model the ﬁlaments growing into linear and branched chains. While ﬁrst or
old ﬁlaments are elongating linearly in a particular orientation nˆ, new ﬁlaments bind on old
ﬁlament at 70◦ angle and elongate in a direction nˆ′ where the Arp2/3 protein complex serve
as junction between the mother and the daughter ﬁlaments. The branching network is thus
composed of both linear and branched ﬁlaments.
Figure 3.1: Depiction of the growth and branching of the actin ﬁlements via the Arp2/3 protein
complex inside a spherical cell with rigid membrane. We have inside the sphere which we represent
here on the ﬁgure by a circular shape in black, G-actin monomers in red that link linearly and form
a linear ﬁlament with orientation nˆ. The model and formalism we have introduced in Chapter 3 of
this thesis applies to the linear actin chain formation. Inside the sphere, we have also branching actin
ﬁlaments. As the ﬁlament grows in the direction nˆ, the Arp2/3 in violet protein complex attach to
the ﬁlament and nucleate the binding of the G-actin monomer in orientation nˆ′ leading to the growth
of new ﬁlament on existing one at 70◦ angle. The arrow with the plus indicate the adding of G-actin
monomer at the actin ﬁlament growing end to ensure its linear elongation or at the top of the Arp2/3
protein at the side of the old ﬁlament to ensure the growth of the branching ﬁlament. A branching or
tree-like network thus grows and possibly ﬁlls the conﬁning spherical cell.
We descibe more explicitly the mathematical representation of the branching actin networks
on 3.2.
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Figure 3.2: Mathematical representation of a grown branching actin network. It contains various
conﬁgurations of branched ﬁlaments and linear ﬁlaments. The monomers or bonds that belongs to the
chain of the networks are in red color. Each monomer has two ends with the starting end starting at
a position r and the other end at position r ′ and each end has an orientation nˆ. G is the propagator
or the Green function that characterises the segments of the chain as straight line of size ` and ensure
that both ends of a segment have the same orientation. z is the monomer activity called fugacity and
w is the Boltzmann weight factor associated to the pairwise bending stiﬀness between monomers of the
chain. The red dots are the starting points of each monomer or bond of the chain and the dots in brown
colour are the starting points of neighbours monomers. The proteins in violet represent the binding
proteins (Arp2/3 protein complex) that ensure the branching of the ﬁlaments
Since actin ﬁlament is semiﬂexible, there is a stiﬀness between bounds of the ﬁlament that en-
able it to keep its semiﬂexiblity. We have previously deﬁned the bending weight w that couples
the angular orientations between bonds of the linear chains.
We now want to present the mathematical formalism that allows us to obtain the grand canon-
ical partitions functions for the system of branching actin networks.
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3.2.1 Networking and the grand canonical partition function of
conﬁned branching networks
The actin ﬁlaments of the network that we grow, have variable lengths and conformations
because they can be pruned, and then grow again by branching or by elongating into linear
ﬁlaments. So we can deﬁne a grand canonical partition function for this branching networks at
thermodynamic equilibrium.
In order to deﬁne the grand canonical partition function, we need to deﬁne a bending weight ξ
(function of the positions and orientations of the segments of the network) which associate to
the stiﬀness between bonds that are involved in junctions or in branching points, the fugacity
ζ associated to the branching points and the propagator G (function of the positions and ori-
entations of a segment ends) that makes the segments of the ﬁlament straight in order ensure
that both end of a segment have the same orientation. G is the same as the one we have deﬁned
in Figure 2.2 or in equation (2.2).
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Figure 3.3: Depiction of a branched ﬁlament consisting of 3 bonds. The monomers or bonds that
belongs to the chain of the networks are in red color. Each monomer has two ends with the starting
end starting at a position r and the other end at position r ′ and each end has an orientation nˆ. G is
the propagator or the Green function that characterises the segments of the chain as straight line of
size ` and ensure that both ends of a segment have the same orientation. z is the monomer activity
called fugacity and w is the Boltzmann weight factor associated to the pairwise bending stiﬀness between
monomers of the chain. The red dots are the starting points of each monomer or bond of the chain
and the dots in brown colour are the starting points of neighbours monomers. The proteins in violet
represent the binding proteins (Arp2/3 protein complex) that ensure the branching of the ﬁlaments
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Figure 3.4: Depiction of a branched ﬁlament consisting of 4 bonds. The monomers or bonds that
belongs to the chain of the networks are in red colour. Each monomer has two ends with the starting
end starting at a position r and the other end at position r ′ and each end has an orientation nˆ. G is
the propagator or the Green function that characterises the segments of the chain as straight line of
size ` and ensure that both ends of a segment have the same orientation. z is the monomer activity
called fugacity and w is the Boltzmann weight factor associated to the pairwise bending stiﬀness between
monomers of the chain. The red dots are the starting points of each monomer or bond of the chain
and the dots in brown colour are the starting points of neighbours monomers. The proteins in violet
represent the binding proteins (Arp2/3 protein complex) that ensure the branching of the ﬁlaments
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Figure 3.5: Depiction of a branched ﬁlament consisting of 6 bonds. The monomers or bonds that
belongs to the chain of the networks are in red color. Each monomer has two ends with the starting
end starting at a position r and the other end at position r ′ and each end has an orientation nˆ. G is
the propagator or the Green function that characterises the segments of the chain as straight line of
size ` and ensure that both ends of a segment have the same orientation. z is the monomer activity
called fugacity and w is the Boltzmann weight factor associated to the pairwise bending stiﬀness between
monomers of the chain. The red dots are the starting points of each monomer or bond of the chain
and the dots in brown colour are the starting points of neighbours monomers. The proteins in violet
represent the binding proteins (Arp2/3 protein complex) that ensure the branching of the ﬁlaments
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Figure 3.6: Depiction of a branched ﬁlament consisting of N bonds. The monomers or bonds that
belongs to the chain of the networks are in red color. Each monomer has two ends with the starting
end starting at a position r and the other end at position r ′ and each end has an orientation nˆ. G is
the propagator or the Green function that characterises the segments of the chain as straight line of
size ` and ensure that both ends of a segment have the same orientation. z is the monomer activity
called fugacity and w is the Boltzmann weight factor associated to the pairwise bending stiﬀness between
monomers of the chain. The red dots are the starting points of each monomer or bond of the chain
and the dots in brown colour are the starting points of neighbours monomers. The proteins in violet
represent the binding proteins (Arp2/3 protein complex) that ensure the branching of the ﬁlaments.
deﬁne the Boltzman weight ξ as
ξi,j,k = ξ(r
′
i, nˆ
′
i, rj, nˆj, rk, nˆk) = δ(r
′
i − rk)δ(r ′i − rk)ξ(nˆ′i, nˆj, nˆk) (3.1)
Where the functions delta δ(r ′i− rk)δ(r ′i− rk) ensure that the segments j, and k branch at the
same end point of the existing segment i. The chemical ﬁeld or fugacity ζ associated to the
branching points is function of the degrees of freedom (r, nˆ) of the segments that emerge from
the branching junction or point. It is deﬁned as:
ζj,k = (rj, nˆj, r
′
j, nˆ
′
j, rk, nˆk, r
′
k, nˆ
′
k) = δ(rj − rk)e−βφ(rj ,nˆj ,r
′
j ,nˆ
′
j ,rk,nˆk,r
′
k,nˆ
′
k) (3.2)
where δ(rj − rk) is there to ensure that at each branching point, two segments branch oﬀ at
the same points and φ(rj, nˆj, r
′
j, nˆ
′
j, rk, nˆk, r
′
k, nˆ
′
k) is the chemical potential ﬁeld.
As a reminder,
Gi(ri, nˆi, r ′i, nˆ′i) = δ(r ′i − (ri + `nˆi))δ(nˆi − nˆ′i) (3.3)
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where ` is the bond length. and
zi = z(ri, nˆi, r
′
i, nˆ
′
i) = z0e
(−βϕ(ri,nˆi,r′i,nˆ′i)) (3.4)
In order to make clear how we deﬁne the grand canonical partition function for the conﬁned
branching networks, we start by deﬁning the partitions for few conﬁgurations which consist of
branching and branched ﬁlaments of respectively of 3, 4, 6 and N bonds (see Figure 3.3, Figure
3.4, Figure 3.5 and Figure 3.6). We call branched ﬁlament a ﬁlament that are of functionality 3,
meaning that we have 3 segments that are conneted at each junction of the ﬁlament (example of
ﬁlaments on Figure 3.3 and 3.6 ) while branching ﬁlament are of functionality 2 and 3 (example
of3.4).
We deﬁne the partition function of the branched ﬁlament consisting of 3 bonds of Figure 3.3 in
shorthand notation as:
Z3 =
∫
r1,nˆ1,r′1,nˆ
′
1
∫
r2,nˆ2,r′2,nˆ
′
2
∫
r3,nˆ3,r′3,nˆ
′
3
z1G1ξ1,2,3G2ζ2,3G3 (3.5)
or in full
Z3 =
∫ ∫ ∫
d3r1d
2nˆ1d
3r ′1d
2nˆ′1d
3r2d
2nˆ2d
3r ′2d
2nˆ′2d
3r3d
2nˆ3d
3r ′3d
2nˆ′3
z(r1, nˆ1, r
′
1, nˆ
′
1)G(r1, nˆ1, r ′1, nˆ′1)ξ(r ′1, nˆ′1, r2, nˆ2, r3, nˆ3)
G(r2, nˆ2, r ′2, nˆ′2)ζ(r2, nˆ2, r ′2, nˆ′2, r3, nˆ3, r ′3, nˆ′3)G(r3, nˆ3, r ′3, nˆ′3)
(3.6)
Replacing equations (3.8),(3.3), (3.4) and (3.1) in equation (3.6) and integrating we get:
Z3 =
∫ ∫ ∫
d3r1d
2nˆ1d
3r2d
2nˆ2d
3r3d
2nˆ3 z(r1, nˆ1)ξ(nˆ1, nˆ2, nˆ3)ζ(r2, nˆ2, r3, nˆ3). (3.7)
where
ζ(rj, nˆj, rk, nˆk) = δ(rj − rk)e−βφ(rj ,nˆj ,rj+`nˆj ,nˆ′j ,rk,nˆk,rk+`nˆk,nˆk) (3.8)
The shorthand notation of equation (3.7) is
Z3 =
∫
r1,nˆ1
∫
r2,nˆ2
∫
r3,nˆ3
zGξGζG (3.9)
The partition function for a branching ﬁlament consisting of 4 bonds (Figure 3.4) is
Z4 =
∫ ∫ ∫ ∫ ∫
d3r1d
2nˆ1d
3r2d
2nˆ2d
3r3d
2nˆ3d
3r4d
2nˆ4d
3r5d
2nˆ5 z(r1, nˆ1)ξ(nˆ1, nˆ2, nˆ3)
× ζ(r2, nˆ2, r3, nˆ3)w(nˆ2, nˆ4)z(r4, nˆ4))w(nˆ3, nˆ5)z(r5, nˆ5)
(3.10)
Similarly we deﬁne the partition function for other conﬁguration of the branching actin net-
works. Recall that the branching actin networks consist of linear, branching and branched
networks. So The grand canonical partition function Z is equal to the sum of all possible
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conﬁgurations of the linear actin ﬁlaments, of the branching ﬁlaments and all possible conﬁg-
urations of the branched ﬁlaments in the thermodynamics limit ( N going to inﬁnity). So we
write the grand canonical partition function Z as:
Z = 1 +
∫
d3r1d
2nˆ1 z(r1, nˆ1)+∫ ∫
d3r1d
2nˆ1d
3r2d
2nˆ2 z(r1, nˆ1)w(nˆ1, nˆ2)z(r2, nˆ2)+∫ ∫ ∫
d3r1d
2nˆ1d
3r2, d
2nˆ2d
3r3d
2nˆ3 z(r1, nˆ1)w(nˆ1, nˆ2)z(r2, nˆ2)
× w(nˆ2, nˆ3)z(r3, nˆ3)
+
∫ ∫ ∫ ∫
d3r1d
2nˆ1d
3r2d
2nˆ2d
3r3d
2nˆ3d
3r4d
2nˆ4 z(r1, nˆ1)w(nˆ1, nˆ2)z(r2, nˆ2)
× w(nˆ2, nˆ3)z(r3, nˆ3)w1(nˆ3, nˆ4)z(r4, nˆ4)
+ . . .+
∫
. . .
∫
d3r1d
2nˆ1d
3r2d
2nˆ2 . . . d
3rNd
2nˆN z(r1, nˆ1)w1(nˆ1, nˆ2)z(r2, nˆ2)
× . . . w(nˆN−1, nˆN)z(rN , nˆN)
+
∫ ∫ ∫
d3r1d
2nˆ1d
3r2d
2nˆ2d
3r3d
2nˆ3 z(r1, nˆ1)ξ(nˆ1, nˆ2, nˆ3)ζ(r2, nˆ2, r3, nˆ3)
+
∫ ∫ ∫ ∫
d3r1d
2nˆ1d
3r2d
2nˆ2d
3r3d
2nˆ3d
3r4d
2nˆ4 z(r1, nˆ1)ξ(nˆ1, nˆ2, nˆ3)ζ(r2, nˆ2, r3, nˆ3)
w(nˆ2, nˆ4)z(r4, nˆ4)
+
∫ ∫ ∫ ∫ ∫
d3r1d
2nˆ1d
3r2d
2nˆ2d
3r3d
2nˆ3d
3r4d
2nˆ4d
3r5d
2nˆ5 z(r1, nˆ1)ξ(nˆ1, nˆ2, nˆ3)
× ζ(r2, nˆ2, r3, nˆ3)w(nˆ2, nˆ4)z(r4, nˆ4))w(nˆ3, nˆ5)z(r5, nˆ5)
+
∫ ∫ ∫ ∫ ∫
d3r1d
2nˆ1d
3r2d
2nˆ2d
3r3d
2nˆ3d
3r4d
2nˆ4d
3r5d
2nˆ5 z(r1, nˆ1)ξ(nˆ1, nˆ2, nˆ3)
× ζ(r2, nˆ2, r3, nˆ3)ξ(nˆ2, nˆ4, nˆ5)ζ(r4, nˆ4, r5, nˆ5) + . . .
(3.11)
The equation (3.11) can be rewritten in terms of sum as:
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Z = 1 +
∞∑
N=1
∫
. . .
∫
d3r1d
2nˆ1d
3r2d
2nˆ2 . . . d
3rN−1d2nˆN−1d3rNd2nˆN z(r1, nˆ1)w(nˆ1, nˆ2)
× z(r2, nˆ2) . . . w(nˆN−1, nˆN)z(rN , nˆN)
+
∞∑
N=1
∫
. . .
∫
d3r1d
2nˆ1d
3r2d
2nˆ2d
3r3d
2nˆ3d
3r4d
2nˆ4 z(r1, nˆ1)ξ(nˆ1, nˆ2, nˆ3)ζ(r2, nˆ2, r3, nˆ3)
× w(nˆ2, nˆ4)z(r4, nˆ4) . . . z(rN−1, nˆN−1)w(nˆN−1, nˆN)z(rN , nˆN)
+
∞∑
N=1
∫
. . .
∫
d3r1d
2nˆ1d
3r2d
2nˆ2d
3r3d
2nˆ3d
3r4d
2nˆ4d
3r5d
2nˆ5d
3r6d
2nˆ6
z(r1, nˆ1)ξ(nˆ1, nˆ2, nˆ3)ζ(r2, nˆ2, r3, nˆ3)ξ(nˆ2, nˆ4, nˆ5)ζ(r4, nˆ4, r5, nˆ5)w(nˆ4, nˆ6)
× z(r6, nˆ6) . . . z(rN−1, nˆN−1)w(nˆN−1, nˆN)z(rN , nˆN) + . . .
+
∞∑
N=1
∫
. . .
∫
d3r1d
2nˆ1d
3r2d
2nˆ2d
3r3d
2nˆ3d
3r4d
2nˆ4d
3r5d
2nˆ5 z(r1, nˆ1)ξ(nˆ1, nˆ2, nˆ3)
× ζ(r2, nˆ2, r3, nˆ3)ξ(nˆ2, nˆ4, nˆ5)ζ(r4, nˆ4, r5, nˆ5) . . . ξ(nˆN−3,nN−1, nˆN)
× ζ(rN−1, nˆN−1, rN , nˆN).
(3.12)
We rewrite (3.12) in shorthand notation as:
Z =
∞∑
N=0
∫
r1,nˆ1
. . .
∫
rN ,nˆN
zwz . . . zwz
+
∞∑
N=0
∫
r1,nˆ1
. . .
∫
rN ,nˆN
zξζwz . . . zwz
+
∞∑
N=0
∫
r1,nˆ1
. . .
∫
rN ,nˆN
zξζξζwz . . . zwz
· · ·
+
∞∑
N=0
∫
r1,nˆ1
. . .
∫
rN ,nˆN
zξζξζ . . . ζξζ
(3.13)
Where the ﬁrst term in right hand of the equation (3.13) is the sum of all possible conﬁgurations
of linear ﬁlaments of the network, the second term is the sum of all possible conﬁguration of
ﬁlaments having only one branching points, the third term is count all possible conﬁgurations
of ﬁlaments with two branching. We continue till we reach the last term of the equation which
is the sum of all possible conﬁgurations of the branched ﬁlaments.
One can illustrate the grand canonical partition function using diagram as follow: We see that
we can conveniently deﬁne quantities Ψ and Φ for branching networks such that we express the
grand canonical partition analytically as.
Z = 1 +
∫
r,nˆ
d3rd2nˆz(r, nˆ)Ψ(r, nˆ) (3.14)
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Figure 3.7: Diagrammatic represention of the grand canonical partition function Z for branching
cytoskeletal networks.
or
Z = 1 +
∫
r,nˆ
d3rd2nˆz˜(r, nˆ)Ψ(r, nˆ) (3.15)
So we deﬁne the functions of Ψ and and Φ by the following non-linear integral equations:
Ψ(r, nˆ) = 1 +
∫
r,nˆ
d3r ′d2nˆ′w(nˆ, nˆ′)z(r, nˆ′)Ψ(r, nˆ′)+∫
r′,nˆ′,r′′,nˆ′′
d3r ′d2nˆ′d3r ′′d2nˆ′′ξ(r, nˆ, nˆ′, nˆ′′)ζ(r, nˆ′, nˆ′′)Ψ(r′, nˆ′)Ψ(r ′′, nˆ′′) (3.16)
and
Φ(r, nˆ) = 1 +
∫
r,nˆ
d3r ′d2nˆ′z˜(r, nˆ′)w(nˆ, nˆ′)Ψ(r, nˆ′)+∫
r′,nˆ′,r′′,nˆ′′
d3r ′d2nˆ′d3r ′′d2nˆ′′ξ(r, nˆ,n′,n′′)ζ˜(r,n′, nˆ′′)Ψ(r ′,n′)Φ(r ′′, nˆ′′). (3.17)
If we set ζ to 0 we see that we recover the equation (2.11) of the grand canonical partition
function and thus the integral equations (2.28 and (2.30) for single semiﬂexible linear chain
system. We can represent equation (3.16) and equation (3.17) digramatically as:
One can for example check that by replacing recursively the equation (3.16) for Ψ(r, nˆ) in the
Figure 3.8: Diagram for Ψ functional
equation (3.14) we recover the expression for the grand canonical partition function of equation
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Figure 3.9: Diagram for Φ functional
(3.12)
Where of z and z˜ are the fugacity associated to the activity of monomers involved in respec-
tively the quantity Ψ and Φ and ζ and ζ˜ are fugacities associated to the activity of the binding
proteins (Arp2/3) at junction in respectively Ψ and Φ. w is the Boltzmann weight associated
to the stiﬀness between bonds of linear chains and ξ is the Boltzmann weight associated to the
bending stiﬀness between bonds that are involved in branching points.
Ψ and Φ equations are non-linear coupled integral equation and thus diﬃcult to solve ana-
lytically. So we aim to solve these equations by developing a self-consistent numerical method.
We need to appropriately make a choice of the chemical potential ﬁeld or the fugacity ζ asso-
ciated to the branching points (which also controls the geometry of the conﬁning region) and
the Boltzmann weigth ξ. We have already deﬁned w and z in Chapter 2 and they are given by
equations (3.12). With
φ(r, nˆ, r ′, nˆ′) =

0, ifr ∈ L and r + `nˆ ∈ L
and r + `nˆ′ ∈ L
∞, otherwise
(3.18)
We deﬁne
ζ(r, nˆ, r ′, nˆ′) = δ(r − r ′)ζ(r, nˆ, nˆ′) (3.19)
where
ζ(r, nˆ, nˆ′) = ζ0 ×

1, ifr ∈ L and r + `nˆ ∈ L
and r + `nˆ′ ∈ L
0, otherwise
(3.20)
and
ζ˜(r, nˆ, r ′, nˆ′) = δ(r − r ′)ζ˜(r, nˆ, nˆ′) (3.21)
where
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ζ˜(r, nˆ, nˆ′) = ζ0 ×

1, ifr ∈ L and r − `nˆ ∈ L
and r − `nˆ′ ∈ L
0, otherwise
(3.22)
ξ embeds also the stiﬀness of the bonds and the correlations between the branched bonds
orientations at branching points which we consider to be Gaussian. We choose ξ to be:
ξ(r, nˆ, nˆ′, nˆ′′) =
Nw
Nξ w(nˆ, nˆ
′)× e
(
−ξ0(nˆ·nˆ′′−cosα)2−ξ1(nˆ′·nˆ′′−cosα)2
)
. (3.23)
where α is the chosen branching angle depending on the chosen lattice, ξ0 ,ξ1 the junctions stiﬀ-
ness parameters. Our choice of the Boltzmann weight for the junctions is based on the bending
rigidity between the ﬁlaments segment. However any other choices of Boltzmann weight can
be made for the junctions.
With the knowledge of the grand canonical partition function we can now compute the average
density distributions of ﬁlament segments composing the actin branching networks.
3.3 Average density distributions
Here we compute separately the average density distribution of chain segments that are involved
only in linear chains %z(r, nˆ) and the average density of chains segments of the network that are
involved in junctions (branching points) %j(r, nˆ). To calculate the average density of segments
of the networks that are involved in junctions %j(r, nˆ), we calculate ﬁrst the average density of
junction %ζ(r, nˆ). As previously deﬁned in chapter 3, the average density distribution of:
 bonds that are not involved in the junction %z(r, nˆ) is given by:
%z(r, nˆ) =
z(r, nˆ)
Z
δZ
δz(r, nˆ)
(3.24)
After taking the funtional derivative we have:
%z(r, nˆ) =
z(r, nˆ)
Z
Φ(r, nˆ)Ψ(r, nˆ). (3.25)
 junctions or branching points %ζ(r, nˆ) is:
%ζ(r, nˆ) =
ζ(r, nˆ′, nˆ′′)
Z
δZ
δζ(r, nˆ′, nˆ′′)
(3.26)
After taking the functional derivation of equation (3.14) (see Appendix Section A.1) for
the derivation we have:
%ζ(r, nˆ) =
ζ(r, nˆ′, nˆ′′)
Z
Φ(r, nˆ)Ψ(r, nˆ′)Ψ(r, nˆ′′) (3.27)
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 bonds that are involved in the branching points %j(r, nˆ) is given by:
%j(r, nˆ) = 2%ζ(r, nˆ) (3.28)
where two stand for the fact that we have two segments that emerge at each junction of the
network. The total average density distribution of ﬁlament segments of the networks inside the
conﬁning cell is thus given by:
%(r, nˆ) = %z(r, nˆ) + %j(r, nˆ). (3.29)
Using the obtained total density of ﬁlament segments of the network inside the conﬁning domain,
we calculate the order parameter ﬁeld using equation 2.61 and 2.62 for respectively 3d and 2d
networks enabling us to make quantitative prediction on the alignment of branching actin
networks under geometrical conﬁnement.
We can express the total density in terms of the monomers or bonds positions only as:
%(r) =
∑
nˆ
%(r, nˆ). (3.30)
The average degree of polymerization 〈N〉 ( the the total number of ﬁlaments segments inside
the conﬁned region) of the chains of the conﬁned network is equal to the sum of number of
bonds that are involved in junctions and the number of bonds that make up the linear chains.
It is given by
〈N〉 =
∑
r
%(r) (3.31)
In order to compute the grand canonical partition functions, the density distributions, the
average number or degree of polymerisation of ﬁlaments and the order parameter ﬁelds for linear
single semiﬂexible linear chain, for a composite of linear semiﬂexible chains and for branching
actin networks, we have developed a numerical method that enabled us to implement and
compute the resulting integral equations obtained above.
3.4 Numerical method
3.4.1 Description
We describe the numerical methods for modelling branching cytoskeletal networks (actin net-
works) of semiﬂexible polymer chains under conﬁnement. The computation consist of solving
recursively the non-linear integral equation (3.16) for the quantity Ψ(r, nˆ) and the equation
(3.17) for Φ(r, nˆ).
We model networks in two dimension and networks in three dimension since we are interested to
the properties that are relevant to eukaryotic cells which include plant and animal cells. In fact
generally plant cells have a very large vacuole which occupy most of the interior space of the cell
and only a very small thin area is occupied by the cytoskeleton leading to the two dimensional
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shape of the cytoskeleton [92], while the animal cells cytoskeleton present a 3d shape [93]. it is
interesting to observe whether there are obvious diﬀerences between the properties of 2d and
3d networks.
We need a discrete monomer system in order to solve the non-linear integral equations given
by equations (3.16) and equation (3.17). So we consider that the conﬁned polymer chains that
are formed live on the lattice where the chain segments occupy the lattice bonds.
The position and orientation of the chains segments are discretized in the lattice frame and
thus the integral equations are solved self-consistently on the lattice.
Lattice model techniques are coarse-grained methods widely used in many polymer physics
researches and simulations such as proteins folding simulations on lattices [94, 95], union/ﬁnd
algorithm, depth-ﬁrst search or Monte Carlo simulation that are used in graph theory to con-
struct binary trees, in percolation theory or for simulation of the random work of polymeric
material [96]. In our case, there is no randomness, all possible conﬁgurations of networks that
can be formed by the interaction between nearest neighbours on the lattice are counted.
To obtain two (2d) and three dimensional (3d) shapes of the cytoskeletal networks and to ensure
that ﬁlament branching angle is in the range of experimental observation (between 58◦ and 78◦)
[90, 97], we choose to do the numerical implementations on 2d triangular lattice to obtain the
2d networks and on 3d triangular lattice for 3d cytoskeletal networks. We did the numerical
implementation also on cubic-plus-diagonal lattice for 3d networks and obtained similar results.
3.4.2 Choice of the 2d and 3d lattices
3.4.2.1 2d triangular lattice
We consider a 2d triangular lattice model of N ×N sites. 2d triangular lattice has the coordi-
nation number equal to 6 and is thus more favourable to maximize a 2d shape for the conﬁning
region. Each bond of the lattice has 6 possibles orientations to their nearest-neighbour. The
monomers or bonds of the chains occupy the lattice bonds and are conﬁned inside a ﬁnite
geometrical region. The discrete linkage between bonds to form conﬁned polymer chains is con-
trolled by the activity or fugacity z0 which controls also the conﬁning geometry of the chains.
The excluded volume eﬀect on monomers is neglected. So, each monomer or bond of the chains
does not see each other and they have six possible orientations or directions on the two trian-
gular lattices.
A 2d triangular lattice allows also branching of ﬁlaments at 60◦ angle which is in the range of
the angles of branching via Arp2/3 protein complex inside the real living cells with optimal
branching at 70◦.
In order to localise the nearest neighbour positions we need to know the lattice basis units vec-
tors and the integer coordinates of the lattice sites or points. In 2d triangular lattice with unit
length between nearest neighbour monomers, the integers coordinates of the nearest neighbours
of a lattice point P = (X, Y ) are:(X + 1, Y ), (X − 1, Y ),(X, Y + 1),(X, Y − 1),(X − 1, Y + 1)
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,(X + 1, Y − 1).
This means that the nearest neighbours of the site at the position (X, Y ) = (0, 0) are (1, 0),
(−1, 0), (0, 1), (0,−1), (1, 0),(−1, 1), (1,−1).
The geometrical basis unit vectors are:
xˆ = ±(1, 0)
yˆ = ±(1
2
,
√
3
2
)
wˆ = ±(yˆ − xˆ) = ±(−1
2
,
√
3
2
)
, (3.32)
leading to the geometrical position P of any monomer or bonds (
−→
OP ) on the 2D triangular
lattice is given by: −→
OP = (Xg, Yg) = Xxˆ+ Y yˆ. (3.33)
where X, Y ∈ Z. One can consider using rather the hexagonal packing geometrical coordinates
given by:
(Xg, Yg) = (X,
√
3
2
Y ) for Y even. (3.34)
(Xg, Yg) = (X +
1
2
,
√
3
2
Y ) for Y odd. (3.35)
Figure 3.10: example of conﬁguration of branching network on 2d triangular lattice. We have the
lattice sites that are in the conﬁning domain in black and those out of the conﬁning domain in grey.
The polymer chain bonds are in red and their orientation in blue.
3.4.2.2 3d triangular lattice
We consider the 3d triangular lattice with a size N ×N ×N sites on which we form the three
dimensional networks. Each lattice point have 12 nearest-neighbours. This high coordination
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number enable to maximize the approximation of a 3d space. The monomers or bonds of the
chains occupy the lattice bonds. So each monomer of the chain has 12 possible directions. The
3d triangular lattice is formed of layers of square lattices in parallel planes and is formed by a
closest cubic packing of spheres [94]. The 3d triangular lattice is obtained by considering the
two primary unit vectors xˆ and yˆ specifying the x and y axes of each square lattice and adding
to them a primary axis along a unit vector zˆ which is at an angle of 2pi/3 from both x and
y. The distance between two adjacent planes is
√
2/2. These planes support two consecutive
layers of square lattices. The three dimensional triangular lattice ensure the same distance
between nearest-neighbours and beside the fact that this 3d lattice give good approximation of
the 3d shape, it also allows to mimic the branching of actin ﬁlaments at 60◦ angle.
We have 6 basis unit vectors xˆ, yˆ, zˆ, uˆ, vˆ, wˆ on the 3d triangular lattice which are deﬁned as
xˆ = ±(1, 0, 0)
yˆ = ±(0, 1, 0)
zˆ = ±(−1
2
,−1
2
,
√
2
2
)
uˆ = ±(xˆ+ zˆ) = ±(1
2
,−1
2
,
√
2
2
)
vˆ = ±(yˆ + zˆ) = ±(−1
2
, 1
2
,
√
2
2
)
wˆ = ±(xˆ+ yˆ + zˆ) = ±(1
2
, 1
2
,
√
2
2
)
. (3.36)
Each lattice point position P on the lattice is represented by its integer coordinates (X, Y, Z)
where X, Y, Z ∈ Z and the integer coordinates of the nearest neighbours of P are:
{(X ± 1, Y, Z), (X, Y ± 1, Z), (X, Y, Z ± 1),
(X ± 1, Y, Z ± 1), (X, Y ± 1, Z ± 1), (X ± 1, Y ± 1, Z ± 1)} (3.37)
The nearest neighbours of the origin (X, Y, Z) = (0, 0, 0) for example are:±(1, 0, 0), ±(0, 1, 0), ±(0, 0, 1),±(1, 0, 1), ±(0, 1, 1), ±(1, 1, 1) (3.38)
The corresponding cartesion position vector of P from the origin of the lattice O is given by:
−→
OP = (Xc, Yc, Zc) = Xxˆ+ Y yˆ + Zzˆ. (3.39)
meaning that: 
Xc = X − 12
Yc = Y − 12
Zc =
Z√
2
(3.40)
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3.4.2.3 Algorithm
The two chemical potential ﬁelds z and ζ (z associated to actin monomers and responsible for
ﬁlaments elongation and ζ associated to Arp2/3 protein and responsible for branching ) ensure
respectively the elongation and the branching of the polymer ﬁlaments. Each monomer of the
chains occupy the lattice bonds with size the unit length of the lattice. Bonds are oriented in
any of the possible directions of the lattice (6 possible directions on 2d triangular lattice, 12
on 3d triangular lattice and 14 possible direction on the cubic-plus-diagonal lattice) and this
allow monomers to connect successively with their nearest neighbour in particular orientation
and form directed ﬁlaments. Monomers that are in the conﬁning region can branch on existing
linear ﬁlaments at 60◦ angle and form tree-like structure without loop. We show an example of
network conﬁguration in Figure 3.10.
The knowledge of the position of each monomer or bonds on the lattice and of the basis minimal
vectors helps to convert the integer lattice into Cartesian coordinates. We deﬁne a conﬁning
region L that have a size D, on the lattice which we compare with the persistence length `p of
actin ﬁlament. All the essential parameters such the fugacity, the Boltzmann weight associated
to the bond bending and the one associated to junctions are computed. Only monomers that
are inside the conﬁning region are activated. The possible bond orientations or basis vectors
allow us to check whether the new bonds that connect to a polymer chains is inside the conﬁn-
ing region or not.
The fugacities z(r, nˆ) and ζ(r, nˆ1, nˆ2) associated, respectively, to ﬁlaments elongation and
branching controls the spherical region boundary limit. This limit is obtained by setting the
fugacities to 0 for ﬁlament length L ≥ D and this is translated into the following boundary
conditions:
z(r, nˆ) = z0 ×
1, if r ∈ L and r + `nˆ ∈ L0, otherwise (3.41)
and
z˜(r, nˆ) = z0 ×
1, if r ∈ L and r − `nˆ ∈ L0, otherwise (3.42)
ζ(r, nˆ1, nˆ2) = ζ0 ×

1, if r ∈ L and r + `nˆ1 ∈ L
and r + `nˆ2 ∈ L
0, otherwise
(3.43)
and
ζ˜(r, nˆ1, nˆ2) = ζ0 ×

1, if r ∈ L and r − `nˆ1 ∈ L
and r − `nˆ2 ∈ L
0, otherwise
(3.44)
We check if r − rc and r + `nˆ − rc are positions inside the conﬁning region then the fugacities
are diﬀerent of 0. rc is the position of the center of the sphere.
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We proceed by solving recursively the non-linear integral equation (3.16) and equation (3.17).
To start the recursion, we assign initial guesses to Ψ and Φ which we call respectively Ψ0 and
Φ0 living on the lattice. Ψ0 and Φ0 are function of position r and direction nˆ. nˆ can be any
the 6 directions if it on 2d triangular lattice or one of the 12 directions if 3d triangular lattice
and r is any geometrical monomer point position on the deﬁned lattice.
Either we have no bond, i.e no ﬁlament formation, and then Ψ(r, nˆ) and Φ(r, nˆ) are set to 1 or
bonds are formed and then Ψ(r, nˆ) and Φ(r, nˆ) are locally calculated as follow.
 Calculation of new Ψ on the lattice:
Ψ is calculated at each position r and orientation nˆ. The ﬁlaments can grow from any monomer
point of the lattice as long as this monomer is inside the conﬁning region. So a Monomer at
position r connect with a monomers at position r1 = r + `nˆ where ` is the lattice unit length
and we choose to set it to 1. nˆ is one of the 6 (2d triangular lattice), 12 (3d triangular lattice)
or possible directions. The monomer or bond at positions r1 and orientation nˆ1 branches with
with the bond at position r1 and orientation nˆ2 on the lattice and form a tree-like ﬁlament or a
junction. Each of the monomers then reaches respectively the monomers or bonds at positions
r2 and r3. We write this description as follow:
→ r1
↗ r2 = r1 + `nˆ1↘ r3 = r1 + `nˆ2. (3.45)
A new Ψ on the lattice as function of position r and direction nˆ is then computed itteratively.
For the ﬁrst iteration (iteration=1) we have:
Ψ(r, nˆ) = 1 +
∑
nˆ1
w0(nˆ, nˆ1)z(r, nˆ1)Ψ0(r1, nˆ1)
+
∑
nˆ1
∑
nˆ2
ξ(nˆ, nˆ1, nˆ2)ζ(r, nˆ1, nˆ2)Ψ0(r2, nˆ1)Φ0(r3, nˆ2).
(3.46)
Then, the solution for quantity Ψ for all networks conﬁguration on the lattice is obtained.
and we check if the obtained solution converge. The convergence criterion is that |Ψ−Ψ0|
Ψ
must
approach some small number (typically we choose 10−6). If the convergence criteria is not
satisﬁed, the newly calculated Ψ become the old Ψ and then the iteration continues until we
get a convergent solution for Ψ.
 The computation of Φ(r, nˆ) is similar to the computation of Ψ(r, nˆ) with a minor diﬀer-
ence:
In the current case the monomers binding and branching works as follow:
r → r1 = r − `nˆ (3.47)
→ r1
↗ r2 = r1 + `nˆ1↘ r3 = r1 − `nˆ2. (3.48)
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And then calculate Φ(r, nˆ) for the ﬁrst itteration as:
Φ(r, nˆ) = 1 +
∑
nˆ1
w0(nˆ, nˆ1)z˜(r, nˆ1)Ψ˜0(r1, nˆ1)+∑
nˆ1
∑
nˆ2
ξ(nˆ, nˆ1, nˆ2)ζ˜(r, nˆ1, nˆ2)Ψ0(r2, nˆ1)Φ0(r3, nˆ2).
(3.49)
Here also, the equation is iterated until we get the convergent solution for Φ.
After obtaining the convergent solution for Ψ and Φ, we compute the grand partition function,
the spatial density distributions and the nematic order ﬁeld for diﬀerent type of networks, typed
according to their stiﬀness and their structures.
3.5 Conclusion
Actin ﬁlaments are the most abundant of the cell cytoskeleton. They self-organise into a va-
rieties of high order structures in order to insure the cell mechanical stability. One of these
high order structure is the branching actin networks obtained via the Arp2/3 proteins complex
which span the internal space of the cell with speciﬁc orientational alignment and allows the
cell to deform its shape in order to probe its environment or to move. However the structure,
spatial organization and ordering is strongly correlated to the eﬀect of conﬁnement that the
cell membrane introduce. This correlation is not very well explored and understood especially
for branching actin networks. It has been the aim of this chapter to develop a model and a
numerical tool in order to investigate and quantify the eﬀect of conﬁnement on the actin net-
works structure and properties.
We have extended the grand canonical monomer ensemble formalism to branching semiﬂexible
cytoskeletal networks in conﬁning regions. Using this formalism we have been able to deﬁne a
grand canonical partition function for the networks with parameters that mimic the the forma-
tion of linear ﬁlaments and the branching mechanism. We have conveniently deﬁned non-linear
integral equations relating the quantities Ψ and Φ to the grand canonical partition that we have
deﬁned. We used the grand canonical canonical partitions function to derive the expressions
for the density, number and order distributions of ﬁlament segments and junctions. We found
that the densities are also dependent of the quantities Ψ and Φ. We have next introduce a
computational technique that enabled us to solve self-consistently the non-linear integral equa-
tions. We used the numerical solutions for Ψ and Φ to compute the grand canonical partition
function, densities, the average number of polymerisation and the order parameter ﬁelds.
In the chapter that follows, we discuss the results and make quantitative predictions of the
eﬀect of conﬁnement on the behaviour, structure, orientational ordering, conformation and
spatial organization of branching actin cytoskeletal networks ( under cellular conﬁnements).
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Chapter 4
Densities proﬁles and ordering of
ﬁlaments of branching actin networks in
conﬁning cells
4.1 Introduction
In this chapter we present the results of our models for branching actin cytoskeletal networks
conﬁned in ﬁnite geometrical regions in the absence of excluded volume eﬀect between ﬁlament
segments. We neglect also the interactions between the chains and the conﬁning region. The
results consist of the proﬁles of the density distributions of networks ﬁlaments segments, their
polarisations, the radial order parameter ﬁelds of these ﬁlaments and their degree of polymeri-
sation inside the conﬁning regions, which results we obtained from numerical computation.
The density is one of the physical measures that allows the quantiﬁcation of the concentra-
tion of physical structures inside a geometrical region. It is often used in equilibrium polymer
physics to measure the local average distribution and the number or degree of polymerization
of conﬁned polymers ﬁlaments relatively to the conﬁning membrane surface allowing to investi-
gate the change in their structure, conformation and their physical properties under the eﬀect
of the conﬁning region boundary [1, 2, 98, 99]. The conformation and structure of growing
actin branching ﬁlamentous networks are often controlled or constrained by the cell geometri-
cal boundary because living cells sizes and the persistence length of actin ﬁlaments are of the
same order of magnitude [45, 46, 49, 92, 100]. Many theoretical studies and coarse-grained
computer simulations have been conducted to investigate the eﬀects of conﬁnement on the be-
haviour, conformations and properties of individual or networks of linear semiﬂexible polymers
[13, 40, 54, 57, 101104] and these studies have been very useful for understanding some of the
physical properties and behaviour of linear actin ﬁlaments and other semiﬂexible biopolymers
(such as DNA and microtubules) under cellular conﬁnement. Experimental studies on animal
64
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living cells using super-resolution microscopy enabled to investigate the density distribution
of actin ﬁlaments relative to the cell membrane [93, 98, 99]. Joanny et al. [99] calculated the
density proﬁles and showed that ﬁlaments of actin networks are asymmetrically distributed
inside the cell with a high density close to the cell membrane making up the actin cortex [99].
Other autors reported also that long semiﬂexible ﬁlaments and thus actin networks made up
of long linear actin ﬁlaments are under a strong conﬁnement eﬀect due to the ﬁnite size of the
cell[13, 34, 73]. However cell cytoskeletal actin ﬁlaments are found in higher order structures
inside the cell. Imaging of the interior of living eukaryotic cells using electron and ﬂuorescence
microscopy has shown a highly branched and dense actin structures in the vicinity of the cell
membrane [34, 85, 86, 105107]. But for our knowledge there is no model that has been devel-
oped to explore quantitatively the eﬀects of cell membrane conﬁnement on the structure, the
spatial organization and ordering of branching actin networks (with branching occuring via the
Arp2/3 protein complex) in thermodynamics equilibrium.
When polar or oriented semiﬂexible chains or their networks are conﬁned inside a sphere of
size much smaller than their persistence length, they locally arrange themselves into orien-
tationally ordered structures [13, 41, 108]. The knowledge of the average density and order
parameter ﬁeld proﬁles of the segments of branching actin networks conﬁned in a ﬁnite re-
gion with size comparable to the persistence length of actin ﬁlaments can allow us to quantify
the eﬀect of conﬁnement on these actin networks with regard to their topologies or architecture.
In our model we are able to construct diﬀerent types of networks of semiﬂexible (actin) ﬁl-
aments by varying the parameters z and ζ corresponding to networks dominated by short actin
ﬁlaments, networks dominated by long linear actin ﬁlaments and branched networks by varying
the parameters z and ζ. We implement the model numerically with the numerical method pre-
sented in section 4 of Chapter 3. The numerical implementation permit to compute the density
distributions and the order parameter ﬁelds of the segments of ﬁlaments that make them up
the branching actin networks conﬁned in cells with various geometries. We also calculate also
the average degree of polymerisation of ﬁlaments and the polarization proﬁles of the networks.
To facilitate the numerical implementation, we choose to conﬁne the branching actin networks
inside cell that have symmetric geometries such as cell with spherical shape, cubic shape, square
or equilateral triangle shape (for 2d networks) and then measure the proﬁles of the networks
in these various geometries. However we focus on the results for networks conﬁned in spherical
cells that have rigid walls.
In the second section of the present chapter, we deﬁne the domain of validity of our model. It
corresponds to domain in which our numerical results are still convergent even in the absence
of the conﬁnement eﬀects on the networks. We next present in the third section the results of
the radial order parameter ﬁelds, average density proﬁles and the degree of polymerization of
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actin chain segments of the diﬀerent conﬁned structural networks that we have modelled. To
investigate how the conﬁned branching actin networks respond to any kind of perturbation, we
introduce an external ﬁeld in the system analogous to the magnetized system. The result of
this is presented in the fourth section. Finally we conclude
4.2 Domain of validity of the model
We make sure that our model and numerical results are still valid in the absence of conﬁnement
by deﬁning a domain of validity that corresponds to the limit beyond which the numerical re-
sults or solutions for unconﬁned semiﬂexible or actin ﬁlaments networks of the model diverge.
For a network free of any conﬁnement constraint, the centre of mass of the network is transla-
tionally and rotationally invariant. Ψ and Φ are in this case not dependant of the position and
orientation vectors, r and nˆ which means Ψ and Φ are constant. Using the normalized discrete
equations (3.46) and (3.49), we see that the constant values of Ψ0 and Φ0 must satisfy
Ψ0 = 1 + z0Ψ0 + ζ0Ψ
2 (4.1)
Φ0 = 1 + z˜0Φ0 + ζ˜0Ψ0Φ0 (4.2)
The existence of the solutions is obtained only for values of ζ0 and z0 for which the discriminant
of equation (4.1) is positive
(1− z0)2 ≥ 4ζ0 (4.3)
This condition applies also for the equation (4.2).
The single physical solution of that quadratic equation is
Ψ0 =
1
2ζ0
(
1− z0 −
√
(1− z0)2 − 4ζ0
)
and (4.4)
Φ0 =
1
1− z0 − ζ0Ψ0 . (4.5)
The densities of ﬁlaments and branches in unconﬁned conditions where the chain segments are
growing and branching on a lattice of sites N is then deﬁned as:
%0,f =
ndz0Ψ0 (1 + Ψ0)
1 + ndz0NΨ0
(4.6)
which leads to the number of ﬁlaments and branches as
N0,f = 1 + Ψ0 (4.7)
N0,b =
ζ0
z0
n2dΨ
2
0 (4.8)
Obtaining the domain of the validity allows us to make the best choice of ζ0 and z0 values for
the numerical computation. We thus use ζ0 and z0 values that fall in the domain deﬁned by
equation (4.3). So the results we obtain are within the deﬁned domain.
In the following section we show the results and make predictions on the physical properties and
structural behaviour of networks that can be formed in the validity domain that we deﬁned.
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4.3 Result and discusions
We model two (2d) and three dimensional (3d) branching actin networks conﬁned in a spherical
cell. Let us recall the modelling method and the important parameters that we use to build
our model.
The network chains and branching point occupy a 2d triangular lattice for 2d networks and a
3d triangular lattice for 3d networks. The network segments are the same size and equal to
one lattice bond length which we choose to be 1. The spherical conﬁning cell with diameters
D comparable to the persistence length of actin ﬁlaments is thus deﬁned in the lattice frame.
Figure 4.1 shows the proﬁle of the spherical conﬁning region in the absence of any chain. The
typical persistence length of an unconﬁned actin ﬁlament is ( `p ∼ 17.7µm) [45]. We choose
the conﬁning region diameter such that `p/D ∼ 17.7/D ∼ 1.2. We deﬁne the conﬁning region
such that the ratio `p/D ∼ 1.2 (stiﬀ networks). In our model the persistence length of a
ﬁlament is expressed in term of the bending energy between adjacent bonds of the ﬁlaments.
So we conﬁne the 2d networks in spherical cell with the ratio `p/D = 60/50 ∼ 1.2 and the
corresponding bending modulus used in Boltwmann weight factor associated to the bending
stiﬀness between chain segments (2.41) is ε = 8.15/kBT . For 3d networks we choose the ratio
`p/D = 30/25 ∼ 1.2 and the corresponding value of ε is 8.124/kBT . We set the parameter
ξ0 and ξ1 used in the equation (3.23) deﬁning the Boltzmann weight associated to branching
points equal to 1. The chemical potential ﬁeld parameter z0 associated to actin monomer
activities, acts as an external ﬁeld on chain segments and ensure the linear chain elongation as
it increases in one hand and on the order hand it creates the conﬁning eﬀect on the networks
and thus control the geometry of the conﬁning region. In the meanwhile under the action of the
fugacity ζ0 associated to the binding proteins (Arp2/3 protein complex), new ﬁlaments can grow
branching oﬀ from existing one, at 60◦ angle and as we increases the value of ζ0, the conﬁned
linear chains become more and more branched thus forming a branched network. Therefore
we can vary ζ0 and z0 in order to grow networks with various structures and architectures.
From here the average density distribution of segments and branching points, the degree of
polymerization and the radial order parameter ﬁeld of conﬁned branching semiﬂexible chain
can be determined to describe the branching actin network behaviour, the conformation of
chains making up the networks, their spatial organisation, orientational ordering and thus the
networks equilibrium properties.
4.3.1 Density proﬁles
To investigate the eﬀect that the conﬁning cell membrane or wall has on the structural prop-
erties of conﬁned branching networks, we compute the total density as function of the polymer
segments (monomers) local positions r (r = (x, y) for 2d networks and r = (x, y, z) for 3d)
inside the conﬁning domain following the self-consistent numerical scheme that we describe in
section 3.4.1 of Chapter 3 of this thesis. Recall that we recursively solve the non-linear inte-
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gral equation for Ψ(r, nˆ) and Φ(r, nˆ) (equations (3.46) and (3.49)) in a self-consistent manner
and we use their convergent solution to compute relevant quantities including the total density
%(r) =
∑
nˆ %(r, nˆ) where %(r, nˆ) is the probability or a density of ﬁnding a chain segment at a
position r and orientation nˆ inside the conﬁning region and is given by equation (3.29). The
average density of ﬁlament segments of the networks inside the conﬁning domain is normalised
and summed to obtain the average number or degree of polymerisation of ﬁlament segments
〈N〉 given by 〈N〉 = ∑r %(r).
The variation of z0 and ζ0 allow to obtain diﬀerent type of conﬁned networks of ﬁlaments,
diﬀerent in term of their structures. As we vary the two parameters value, we can grow a
network dominated by short linear ﬁlaments of length L = 〈N〉 < D with few branching, a
network dominated by long linear ﬁlaments of length L > D with few branching, a networks
with comparable length scales which constituted of linear ﬁlaments of length L ∼ D ∼ `p with
signiﬁcant number of branching points or a branched networks which is obtained for a large
enough values of z0 and ζ0 such that (1− z0)2 ∼ 4ζ0.
We thus do the computation and present the proﬁles for four types of networks that we describe
above. Each of these networks is modelled in 2d and 3d triangular lattices and conﬁned in spher-
ical cell with rigid membrane or wall. The numerical results show distinct diﬀerences between
the density distribution proﬁles of ﬁlament segments of these diﬀerent networks. However the
results for networks modelled in 2d and 3d are similar.
Figure 4.1: Proﬁle of the circular conﬁning region in the absence of any actin polymer chain.
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4.3.1.1 2d networks
Networks dominated by short linear ﬁlaments (L < D )
We present here the proﬁles of the average density of ﬁlament segments of the network domi-
nated by short linear chains modelled on two dimensional lattice. It is obtained for ζ0 close to
zero and small z0 ((1 − z0)2 > 4ζ0 ∼ 0). Figure 4.2 and Figure 4.3 are the three dimensional
plots of the density proﬁles. We plot the three dimensional shape to show the shape of the
spherical cell while conﬁning a speciﬁc type of network.
Figure 4.2: The graph is the three dimensional plot of the density proﬁle of the actin networks
dominated by short ﬁlaments (L < D) with little branching conﬁned in sphere. This type of network
is modelled in 2d and obtained for growth or chain elongation parameter z0 = 0.5 values, and for the
branch formation parameter ζ0 = 0.001. We observe a convex-shaped density distribution of the chain
segments with a plateau towards the middle of the sphere.
Stellenbosch University  https://scholar.sun.ac.za
CHAPTER 4. DENSITIES PROFILES AND ORDERING OF FILAMENTS OF BRANCHING
ACTIN NETWORKS IN CONFINING CELLS 70
Figure 4.3: Three dimensional plots of the density proﬁles of network segments for ζ0 = 0.001 and
values, z0 = 0.6. Here we still have the networks dominated by short ﬁlaments (L < D). However the
ﬁlaments are longer and a high concentration of chain segments is observed in the middle of the sphere
(higher than the one we have obtained in Figure 4.2). We observe a distribution of ﬁlament segments
with higher density in the centre of spherical conﬁning cell.
We can see more clearly the distribution of the chain segments of the networks by plotting its
density proﬁle through the centre of the sphere. Figure 4.4 and Figure 4.5 are the proﬁles of the
networks through the centre of the sphere. Because we have a symmetric conﬁning region, the
plots in x, y or z direction of the density proﬁles for networks modelled on 2d or 3d triangular
lattices are the same.
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Figure 4.4: Plot of the densty proﬁle of segments through the centre of the sphere in x direction
of the network dominated by short linear ﬁlaments (L < D) modelled on 2d triangular lattice. The
ﬁlaments elongation and branching parameter values are z0 = 0.5 and ζ0 = 0.001. The inset is a
cartoon representing the spherical geometry conﬁning the network of actin ﬁlaments in red on the
graph and it is there to illustrate the type of the networks for which the this density proﬁle is obtained.
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Figure 4.5: Plot of the densty proﬁle of segments throught the centre of the sphere in x direction
of the network dominated by short linear ﬁlaments (L < D) modelled on 2d triangular lattice. The
proﬁle of the network we show is obtained for ﬁlaments elongation and branching parameter values
z0 = 0.6 and ζ0 = 0.001.
Stellenbosch University  https://scholar.sun.ac.za
CHAPTER 4. DENSITIES PROFILES AND ORDERING OF FILAMENTS OF BRANCHING
ACTIN NETWORKS IN CONFINING CELLS 72
The density proﬁles of conﬁned networks dominated by short ﬁlaments show that the ﬁlaments
are much denser towards the centre of the sphere. This is explained by the fact that for
semiﬂexible polymers or for actin ﬁlament shorter than the conﬁning sphere diameter (L < D),
most chain or chain segments move toward the centre of the sphere to seek more available volume
to orient and translate comfortably and thus maximize their number of accessible conformations
[41, 54, 55, 61]. Consequently, the structure and spatial organisation of network of short
actin ﬁlaments are weakly inﬂuenced by the conﬁning eﬀect that the cell membrane introduce
[43, 55, 75, 103] .
The networks with comparable length scales (L ∼ D ∼ `p)
The networks with comparable length scales are formed at points (ζ0 , z0) values for which
most of the linear ﬁlaments are either of length comparable to the size of the conﬁning region
L ∼ D ∼ `p or the branching become signiﬁcant. At these points, we start observing a small
indent in the middle of the proﬁle suggesting a decrease of the number of segments in the middle
of the sphere leading to inhomogeneities in the density distribution of network segments, see
Figure 4.6 for three dimensional plots of the density proﬁle and 4.7 for the proﬁle of the segments
of the networks with comparable length scales through the middle of the sphere. For our model,
the inhomogeneous distribution stands for the high distribution of ﬁlament or ﬁlament segments
of the actin networks at the vicinity of the conﬁning cell membrane or wall while low near the
center of the conﬁning cell.
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Figure 4.6: Three dimensional plot of the density proﬁle of the segments of the networks in which
the length of the ﬁlaments are comparable to the seize of the conﬁning region (L ∼ D). We plot this
density proﬁle for ζ0 = 0.001 and z0 = 0.69. The small dip in the middle of the density proﬁle suggessts
a decrease of segment distribution in the centre of the sphere.
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Figure 4.7: Density proﬁle through the centre of the sphere in x direction of the segments of the
networks in which the length of the ﬁlaments are equal to the seize of the conﬁning region (L ∼ D).
We plot this density proﬁle for ζ0 = 0.001 and z0 = 0.69. The small dip in the middle of the density
proﬁle suggessts a decrease of segment distribution in the centre of the sphere. The inset is a cartoon
representing the spherical geometry conﬁning the network of actin ﬁlaments in red on the graph and
it is there to illustrate the type of the networks for which the this density proﬁle is obtained.
This inhomogeneity may be due to the fact that the ﬁlaments no longer have freedom to orient
and self-organize freely inside the conﬁning cell because the ﬁlament lengths reach the size of
the conﬁning cell. So the ﬁlaments of the networks formed at these at this points (ζ0 ,z0) start
feeling the eﬀect of conﬁnement that the cell membrane introduce. The available accessible
conformation and orientation for these ﬁlaments start reducing, so they start bending in order
to minimize the free energy of the system [43, 60, 109, 110].
Networks dominated by long linear ﬁlaments (L > D)
The actin networks dominated by long linear ﬁlaments are obtained for (1 − z0)2 > 4ζ0 with
large value of z0 while the degree of branching parameter ζ0 is kept at very small values (ζ0 close
to 0) meaning that we have very few branching of ﬁlaments. We present here the density proﬁle
of this type of networks and we show this proﬁle on three dimensional graph in Figure 4.8. We
plot also the proﬁle of the network through the centre of the sphere in x direction on Figure
4.9. The density proﬁle shows that under the eﬀect of conﬁnements the conﬁned branching
networks dominated by long linear ﬁlaments are inhomogeneously distributed. We observe a
high average density distribution of chains or chain segments at the periphery of the conﬁning
cell while the density becomes low in the centre of the conﬁning region. Many studies suggest
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that when long linear semiﬂexible polymer ﬁlaments are conﬁned in a ﬁnite geometry with size
smaller than their persistence lengths or smaller than their unconﬁned sizes, they are strongly
aﬀected by the presence of the conﬁning membrane. This reduces their available conﬁgurations
and they bend and occupy the periphery of the conﬁning cell membrane thus minimizing the
free energy of the system [41, 62, 75, 111].
Figure 4.8: Three dimensional plot of the density proﬁle of the segments of the networks dominated
by long linear ﬁlaments with little branching. The length of the ﬁlaments in this networks are greater
than the seize of the conﬁning region (L > D). We plot this density proﬁle for ζ0 = 0.001 and z0 = 0.75.
We observe a huge decrease of the average density of segments in the middle of the spheres while the
proﬁle shows a high density distrisbution at the periphery of the conﬁning spherical cell.
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Figure 4.9: Graph of the density proﬁle of the segments of the networks dominated by long linear
ﬁlaments with few branching through the centre of the sphere in x direction. The length of the linear
ﬁlaments are greater than the seize of the conﬁning region (L > D). We plot this density proﬁle for
ζ0 = 0.001 and z0 = 0.75. We observe a huge decrease of the average density of segments in the middle
of the spheres while the proﬁle shows a high density distribution at the periphery of the conﬁning
spherical cell. The inset is a cartoon representing the spherical geometry conﬁning the network of
actin ﬁlaments in red on the graph and it is there to illustrate the type of the networks for which the
this density proﬁle is obtained. It shows the ﬁlaments of the networks wrapped around the cell. This
drawing becomes more understandable when we look at the radial order parameter ﬁeld proﬁle of this
type of networks in the Figure 4.23.
Branched networks
To obtain a branched network we choose z0 and ζ0 for which (1−z0)2 ∼ 4ζ0. The density proﬁle,
Figure A.3 or Figure 4.11, of the system of branched networks shows an inhomogeneous density
distribution proﬁle of ﬁlaments of the network with a high density of segments close to the
cell membrane or cell wall. Increasing of the branching parameter ζ0 increases the number of
branching points especially at the vicinity of the cell membrane leading to the inhomogeneous
distribution of ﬁlaments that we observe.
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Figure 4.10: Three dimensional plot of the density proﬁle of the segments of the branched networks.
It is obtained for (1−z0)2 ∼ 4ζ0. We plot this density proﬁle for ζ0 = 0.06 and z0 = 0.516. We observe
a huge decrease of the average density of segments in the middle of the spheres while the proﬁle shows
a high density distribution at the periphery of the conﬁning spherical cell.
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Figure 4.11: Graph of the density proﬁle of the segments of a branched network through the centre
of the sphere in x direction. It is obtained for (1−z0)2 ∼ 4ζ0. We plot this density proﬁle for ζ0 = 0.06
and z0 = 0.516. The proﬁle shows a high increase of the average density of segments as we go from
the centre to the periphery of the conﬁning spherical cell suggesting an inhomogeneous distribution of
chain segments of the branched conﬁned networks. The inset is a cartoon representing the spherical
geometry conﬁning the network of actin ﬁlaments in red on the graph and it is there to illustrate
the type of the networks for which the this density proﬁle is obtained. It shows the ﬁlaments of the
networks that are highly branched at the vicinity of the cell and pointing straight to the cell membrane
and with very few bent ﬁlaments at the edge. This drawing becomes more understandable when we
look at the radial order parameter ﬁeld proﬁle of this type of networks in the Figure 4.25.
4.3.1.2 3d networks
In this section we plot the proﬁles of the 3d networks modelled on the 3d triangular lattice.
Their density proﬁles are similar to the density proﬁles of the networks that are modelled on
2d triangular lattice (3d networks). So the observation and arguments we made in the case of
the 2d networks are also valid for these 3d networks. So in the following we plot the graphs for
the diﬀerent type of networks that we modelled on the 3d triangular lattice.
Networks dominated by short linear ﬁlaments (L < D)
Figure 4.12 and Figure 4.13 represent the three dimensional plots and the proﬁles through the
centre of the density of branching actin networks dominated by short linear ﬁlaments modelled
on the 3d triangular lattice.
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Figure 4.12: The graph is the three dimensional plot of the density proﬁle of 3d actin networks
dominated by short ﬁlaments (L < D) with few branching conﬁned in sphere. It is obtained for growth
or chain elongation parameter z0 = 0.31 values, and for the branch formation parameter ζ0 = 0.001.
We observe a convex-shaped density distribution of the chain segments with a plateau in the middle
of the sphere.
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Figure 4.13: Plot of the density proﬁle of segments through the centre of the sphere in x direction
of the 3d network dominated by short linear ﬁlaments (L < D) modelled on 3d triangular lattice.
The ﬁlaments elongation and branching parameter values are z0 = 0.31 and ζ0 = 0.001. The inset is
a cartoon representing the spherical geometry conﬁning the network of actin ﬁlaments in red on the
graph and it is there to illustrate the type of the networks for which the this density proﬁle is obtained.
Networks dominated by long linear ﬁlaments
Figure 4.14 are Figure 4.15 represent the three dimensional plots and the proﬁles through the
centre of the density of actin chain segments of the networks dominated by long linear ﬁlaments.
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Figure 4.14: Three dimensional plot of the density proﬁle of the segments of the networks dominated
by long linear ﬁlaments with few branching. The length of the ﬁlaments in this networks are greater
than the seize of the conﬁning region (L > D). We plot this density proﬁle for ζ0 = 0.00001 and
z0 = 0.71. We observe a huge decrease of the average density of segments in the middle of the spheres
while the proﬁle shows a high density distrisbution at the periphery of the conﬁning spherical cell.
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Figure 4.15: Graph of the density proﬁle of the segments of the networks dominated by long linear
ﬁlaments with few branching through the centre of the sphere in x direction. The length of the linear
ﬁlaments are greater than the size of the conﬁning region (L > D). We plot this density proﬁle
for ζ0 = 0.00001 and z0 = 0.71. We observe a huge decrease of the average density of segments
in the middle of the spheres while the proﬁle shows a high density distribution at the periphery of
the conﬁning spherical cell. The inset is a cartoon representing the spherical geometry conﬁning the
network of actin ﬁlaments in red on the graph and it is there to illustrate the type of the networks
for which the this density proﬁle is obtained. It shows the ﬁlaments of the networks wrapped around
the cell. This drawing becomes more understandable when we look at the radial order parameter ﬁeld
proﬁle of this type of networks in the Figure 4.29.
Branched networks
We remark that in 3d, a very small increase of ζ0 from ζ0 ∼ 0 to ζ0 > 0 while z0 > 0 leads
to a highly branched networks. Figure 4.16 and Figure 4.17 represent the three dimensional
plots and the proﬁles through the centre of the density of actin chain segments of the branched
networks.
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Figure 4.16: Three dimensional plot of the density proﬁle of the segments of the branched networks.
It is obtained for (1−z0)2 ≥ 4ζ0 . We plot this density proﬁle for ζ0 = 0.0049 and z0 = 0.5. We observe
a huge decrease of the average density of segments in the middle of the spheres while the proﬁle shows
a high density distribution at the periphery of the conﬁning spherical cell.
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Figure 4.17: Graph of the density proﬁle of the segments of a branched network through the centre of
the sphere in x direction. It is obtained for (1− z0)2 > 4ζ0. We plot this density proﬁle for ζ0 = 0.0049
and z0 = 0.5. The proﬁle shows a high increase of the average density of segments as we go from
the centre to the periphery of the conﬁning spherical cell suggesting an inhomogeneous distribution of
chain segments of the branched conﬁned networks. The inset is a cartoon representing the spherical
geometry conﬁning the network of actin ﬁlaments in red on the graph and it is there to illustrate
the type of the networks for which the this density proﬁle is obtained. It shows the ﬁlaments of the
networks that are highly branched at the vicinity of the cell and pointing straight to the cell membrane.
This drawing becomes more understandable when we look at the radial order parameter ﬁeld proﬁle
of this type of networks in the Figure 4.31.
The knowledge of the average density distribution permit to calculate the total mean number
of ﬁlaments segments 〈N〉 that make up the diﬀerent type of actin networks that we study.
4.3.1.3 Tables of the average number density for some ζ0 and z0 values for 2d
and 3d networks
The total average degree of polymerization or number of the segments 〈N〉 of the diﬀerent type
of networks that we modelled are summarized in the following tables.
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z0
ζ0 0.15 0.13 0.1 0.05 0.01 0.005 0.001 0.0005 0.0
0.143 50.522133 48.831915 4.624645 1.97 1.311589 1.292229 1.286047 1.285854 1.285790
0.927797 0.845215 0.714108 0.342226 0.019454 0.004929 0.000198 0.000050 0.0
0.2074 107.56 49.903545 5.137452 2.145977 1.504501 1.485928 1.480002 1.479817 1.479756
0.950333 0.909478 0.693967 0.302480 0.016024 0.004047 0.000162 0.000041 0.0
0.30451 113.2225 95.000 50.311434 2.807552 1.944647 1.921190 1.913722 1.913488 1.913411
0.941123 0.90133 0.868432 0.298036 0.015020 0.003786 0.000152 0.000038 0.0
0.485825 − − − 50.496638 3.860215 3.779904 1.913722 1.913488 1.913411
− − − 0.736603 0.022776 0.005728 0.000152 0.000038 0.0
0.6681 − − − 155.1111 50.128394 21.601760 15.321 10.896127 10.889906
− − − 0.40100 0.193685 0.028055 0.00234 0.000266 0.0
0.6894 − − − 445.2333 200.3455 50.510584 40.005 16.167672 16.140957
− − − 0.22200 0.10012 0.058259 0.001 0.000455 0.0
0.697 − − − 500.3533 432.0021 153.12 50.487543 50.312257 50.255180
− − − 0.13222 0.112344 0.00588 0.002428 0.000602 0.0
Table 4.1: For each couple of points (ζ0, z0), we calculate the total average number of bonds 〈N〉 and
the ratio r of the number of bonds that are involved in branching points over the total number of the
bonds of the networks modelled in 2d. The ﬁrst values in each cell stand for 〈N〉 and the second values
are r . The bold values are the values at which we start observing the inhomogeneity in the networks
either because the the degree of branching has increased and thus the branching start increasing at the
cell periphery or the ﬁlaments are at transition points values (ζ0, z0) which correspond to the points for
which L = 〈N〉 = D.
z0
ζ0 0.08 0.07 0.06 0.05 0.01 0.005 0.001 0.0005 0.0
0.143 25.522133 12.831915 8.624645 5.97 4.311589 2.292229 1.286047 1.285854 1.285790
0.927797 0.845215 0.714108 0.342226 0.019454 0.004929 0.000198 0.000050 0.0
0.2074 70.3445 24.903545 5.137452 2.145977 1.504501 1.485928 1.480002 1.479817 1.479756
0.94332 0.909478 0.693967 0.30241 0.01601 0.00403 0.000162 0.000041 0.0
0.30451 40.1223 35.9932 25.3111 12.8075 11.94469 1.92150 1.91371 3 1.913411
0.93222 0.81010 0.868432 0.298036 0.015020 0.003786 0.000152 0.000038 0.0
0.485825 100.1234 83.932 46.3343 24.496638 3.860215 3.779904 1.913722 1.913488 1.913411
0.89012 0.74222 0.72002 0.736603 0.022776 0.005728 0.0152 0.0038 0.0
0.6681 − − − − 25.128394 11.601760 11.0012 10.896127 10.889906
− − − − 0.193685 0.0680515 0.05 0.00266 0.0
0.6894 − − − − 52.4567 24.510584 17.4563 16.167672 16.140957
− − − − 0.06113 0.05825 0.00222 0.000455 0.0
0.697 − − − − 85.2232 46.2178 24.487543 24.712257 25.255180
− − − − 0.0442 0.02333 0.00242 0.00062 0.0
Table 4.2: For each couple of points (ζ0, z0), we calculate the total average number of bonds 〈N〉 and
the ratio r of the number of bonds that are involved in branching points over the total number of the
bonds of the networks modelled in 3d. The ﬁrst values in each cell stand for 〈N〉 and the second values
are r . The bold values are the values at which we start observing the inhomogeneity in the networks
either because the the degree of branching has increased and thus the branching start increasing at the
cell periphery or the ﬁlaments are at transition points values (ζ0, z0) which correspond to the points for
which L = 〈N〉 = D.
As mentioned previously, networks of cytoskeletal actin ﬁlaments can spatially arranges them-
selves into varieties of orientationally ordered structures under the eﬀect of cell membrane
conﬁnement [13]. Using our model, we quantify not only the eﬀect of conﬁnement on the struc-
ture and conformations of branching actin networks by computing their density proﬁles in the
conﬁning geometrical regions, but we also compute the radial order parameter ﬁeld proﬁles of
the diﬀerent networks that we modelled. In what follows we recall the deﬁnition of the ra-
dial order parameter ﬁeld and present the order proﬁles that we get for the diﬀerent types of
networks that we have modelled.
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4.3.2 Radial order parameter ﬁeld proﬁles
We quantitatively investigate the eﬀect of conﬁnement on ordering or alignment of the ﬁlaments
of branching actin networks with various topology by computing the radial order parameter
ﬁeld ( given by equation ((4.9)) for 3d networks and by equation ((4.10)) for 2d networks)
for the diﬀerent actin networks for which the density proﬁles have been shown in the sections
above. The radial order parameter ﬁeld Q(r) is deﬁned for networks modelled in 3d as:
Q(r) =
∑
nˆ
1
2
(1− 3(uˆ · nˆ)2)%(r, nˆ) (4.9)
and for networks modelled in 2d as:
Q(r) =
∑
nˆ
1
2
(1− 2(uˆ · nˆ)2)%(r, nˆ) (4.10)
where uˆ is the radial unit vector deﬁned by the positions of the bonds of the ﬁlaments in the
conﬁning region by uˆ = r/|r| with its origin in the centre of the conﬁning sphere, r the local
position of the chain segments inside the conﬁning region and nˆ their orientations. According
to our deﬁnition of the order parameter ﬁeld, if the segments of the actin networks align along
the radial vector (uˆ ‖ n ), we get a negative order parameter ﬁeld (Q(r) < 0), if the segments
align perpendicular to it (uˆ ⊥ n), we get a positive order ﬁeld (Q(r) > 0) and if the segments
of the networks are isotropically oriented, the order parameter ﬁeld have value 0 (Q(r) = 0).
Therefore, the radial order parameter ﬁeld distribution equal to 0 corresponds to a perfectly
isotropic networks inside the conﬁning region and positive radial order parameter ﬁeld proﬁles
points out the parallel alignment of the ﬁlaments to the conﬁning cell membrane whereas nega-
tive radial order parameter ﬁeld means the ﬁlaments are perpendicular or are pointing straight
to the cell membrane.
Similar order parameter ﬁeld have been previously used to investigate the ordering of linear
semiﬂexible chains conﬁned in a slit [57]. The proﬁle of the order parameter we deﬁne serve
thus as a quantitative measure of the alignment of the ﬁlaments of the networks with respect
to the cell membrane or to the conﬁning region boundary, at thermodynamics equilibrium.
In the following, we present the radial order parameter ﬁeld proﬁles for the networks mod-
elled in 2d and those modelled in 3d which show a similar results. Depending on the type
and structure of the networks, We observe three main conﬁnement regimes: we have weak,
strong and strong-resistant conﬁnement. We predict from our model that at thermodynamic
equilibrium, the networks of long linear actin ﬁlaments are aﬀected by the strong conﬁnement,
while the the networks of short ﬁlaments are weakly inﬂuenced by the eﬀect of conﬁnement
[13, 43, 54, 56, 57, 103, 109]. The branched networks though subjected to a strong conﬁnement,
exhibit a high resistance to the eﬀect of conﬁnement. We have also the order proﬁles for the
transition or crossover networks which is made up of actin ﬁlaments of length similar to the
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size of the spherical conﬁning region.
4.3.2.1 2d networks
Networks dominated by short linear ﬁlaments (L < D)
Figure 4.18 and Figure 4.19 represent the three dimensional plots of the radial order parameter
ﬁeld proﬁles and the proﬁles through the centre of the sphere of the 2d actin networks dominated
by short ﬁlaments. The order proﬁle shows that the network chain segments that are near the
centre of the sphere are isotropically distributed while the segments close to the cell boundary
have preference of aligning parallel to the cell wall. This conﬁrm the argument that networks
of semiﬂexible or actin ﬁlaments with lengths shorter than the conﬁning region size are under
weak conﬁnement eﬀect [43, 103] and are free to orient and translate and thus align relatively
to the conﬁning membrane as they prefer.
Figure 4.18: Three dimensional plot of the radial order parameter ﬁeld proﬁle of the 2d actin networks
dominated by short ﬁlaments (L ≤ D) with few branching under sperical conﬁnement. It is obtained
for growth or chain elongation parameter z0 = 0.5 values, and for the branch formation parameter
ζ0 = 0.001. The graph shows a positive order parameter proﬁle at the vicinity of the spherical cell
indicating a parallel alignment of segments that are close to the wall while the order proﬁle toward the
centre of the cell is 0. This indicates that the ﬁlaments are isotropically distributed in the middle of
the sphere.
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Figure 4.19: Plot of radial order parameter ﬁeld proﬁle of segments throught the centre of the sphere
in x direction of 2d networks dominated by short linear ﬁlaments (L ≤ D ) modelled on 2d triangular
lattice. The ﬁlaments elongation and branching parameter values are z0 = 0.5 and ζ0 = 0.001. The
inset is a cartoon representing the spherical geometry conﬁning the network of actin ﬁlaments in red
on the graph and it is there to illustrate the type of the networks for which the radial order parameter
ﬁeld proﬁle is obtained.
We are now going to present the order proﬁle of the networks composed of ﬁlaments of length
similar to the conﬁning region.
The networks with comparable length scales (L ∼ D ∼ `p)
In Figure 4.20 we have the three dimensional plot of the order proﬁle and Figure 4.21 the order
proﬁle through the centre of the sphere of the networks with comparable length scales. At
the edge of the conﬁning sphere, we observe a parallel alignment of chain segments with the
spherical conﬁning cell membrane or wall. As we move toward the middle of the sphere, we see
that the ﬁlament segments align radially or perpendicular to the conﬁning wall, while in the
the middle of the sphere, we have an isotropic distribution of actin ﬁlaments segments. At this
state, the networks start feeling the inﬂuence of strong cell membrane conﬁnement.
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Figure 4.20: Three dimensional plot of the radial order parameter ﬁeld proﬁle of the networks with
comparable length scales (L ∼ D ∼ `p). The proﬁle we present here obtained for z0 = 0.69 and
ζ0 = 0.001. The order ﬁeld is positive at the very edge of the cell, negative as we move towards the
centre and 0 in the middle.
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Figure 4.21: Plot of radial order parameter ﬁeld proﬁle of segments throught the centre of the sphere
in x direction of the networks with comparable length scales (L ∼ D ∼ `p). The proﬁle we present
is obtained for z0 = 0.69 and ζ0 = 0.001. The inset is a cartoon representing the spherical geometry
conﬁning the network of actin ﬁlaments in red on the graph and it is there to illustrate the type of the
networks for which the radial order parameter ﬁeld proﬁle is obtained.
Next we present the order parameter proﬁles for networks dominated by long linear ﬁlaments
L > D.
Networks dominated by long linear ﬁlaments L > D
Here we show the results of the model for branching actin networks dominated by long linear
ﬁlament conﬁned in a spherical region. The results show positive radial order parameter ﬁeld
proﬁles of the networks dominated by long linear ﬁlaments at the periphery of the cell, see
Figures 4.22 for the graph plotted in three dimension and Figure 4.23 for the proﬁle of the
networks through the centre of the sphere.
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Figure 4.22: The graph of the three dimensional plot of the order parameter ﬁeld proﬁle of 2d networks
dominated by long linear ﬁlaments L > D. The graph is obtained for z0 = 0.75 and ζ0 = 0.001. The
order parameter ﬁeld is positive at the periphery of conﬁning region while 0 in the centre of the sphere.
This indicates that long linear ﬁlaments bend and wrap around the cell while the few shorter ﬁlaments
that are in the middle of the cell are isotropically distributed.
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Figure 4.23: Plot of radial order parameter ﬁeld proﬁle of segments through the centre of the sphere
in x direction. This graph of the of 2d networks dominated by long linear actin ﬁlaments is obtained
for z0 = 0.75 and ζ0 = 0.001. The inset is a cartoon representing the spherical geometry conﬁning the
network of actin ﬁlaments in red on the graph and it is there to illustrate the type of the networks for
which the radial order parameter ﬁeld proﬁle is obtained.
The density proﬁles of this type of networks shows a high concentration of chains segments at
the periphery of the cell and low towards the centre of the conﬁning sperical region (Figure 4.8
and 4.9 or 4.14 and 4.15). So most ﬁlaments of the networks are located at the cell periphery and
aligned parallel to the cell wall. In fact semiﬂexible polymers lose their accessible conformations,
when conﬁned to ﬁnite regions (here sphere) of the same size or of size greater than their
persistence lengths [41, 54, 75]. So to minimize the free energy of the network system, under the
eﬀect of conﬁnement, bend and wrap around the conﬁning cell membrane or wall [41, 43, 62, 75].
The results from our model therefore are in agreement with previous studies. Branching actin
networks dominated by long linear ﬁlaments are subjected to strong conﬁnement regime when
conﬁned in geometries with sizes smaller than their persistence lengths.
We have also obtained the order parameter proﬁles for branched actin networks and we present
it the section that follows.
Branched networks
The order parameter ﬁeld proﬁles for 2d branched networks are plotted in three dimension on
Figure A.4 and the proﬁle through the centre of the sphere in Figure 4.25). We have a negative
proﬁle of the networks with very small positive values at the periphery of cell while 0 in the
middle of the sphere. We predict that the ﬁlaments align perpendicularly (pointing radially
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straight) to the cell wall. We have previously seen that the density distribution of segments of
branched actin networks is very high at the cell periphery and low toward the centre (Figure A.3
and 4.16 or 4.11 and 4.17). We argue that this density may be due to the increasing of branching
of ﬁlaments at the cell periphery under the eﬀect of conﬁnement giving to the networks a highly
branched architecture. Tree-like networks of semiﬂexible ﬁlaments are highly stiﬀ [84, 85, 112]
and diﬃcult to bend. The strong conﬁnement eﬀect from the rigid cell membrane on branched
actin networks is thus cancelled by the stiﬀness induced by the branching via Arp2/3 protein
complex. So branched networks of actin or semiﬂexible ﬁlaments we modelled, resist the strong
conﬁnement eﬀects. However for two dimensional branched networks we observe few ﬁlaments
that bent at the cell periphery.
Figure 4.24: Radial order parameter ﬁeld proﬁle of 2d branched networks plotted in three dimension.
The proﬁle we show is obtained for z0 = 0.516 and ζ0 = 0.06. We have negative order parameter ﬁeld
with very small positive values at the vicinity of the cell. This indicate that ﬁlaments of segments of
the branched networks align perpendicular or point straight to the conﬁning. Only very few ﬁlament
bent. The chain segments are isotropically distributed in the middle of the sphere.
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Figure 4.25: Plot of radial order parameter ﬁeld proﬁle of 2d branched networks segments through
the centre of the sphere in x direction. The graph is obtained for z0 = 0.516 and ζ0 = 0.06. The inset
is a cartoon representing the spherical geometry conﬁning the network of actin ﬁlaments in red on the
graph and it is there to illustrate the type of the networks for which the radial order parameter ﬁeld
proﬁle is obtained.
We obtained similar results of the order parameter ﬁeld proﬁles for the diﬀerent types of branch-
ing actin networks modelled in 3d.
4.3.2.2 3d networks
The discussion we made for the results in the case of 2d networks are also valid for the case of the
3d networks except a slight diﬀerence we observe between the order proﬁles of conﬁned branched
networks modelled in 3d and the conﬁned 2d branched networks. The order parameter for 3d
branched networks is totally negative (meaning all ﬁlaments of the 3d networks are aligned
perpendicular i.e point straight to the cell wall, Figure 4.31 ) while for 2d networks there are
few ﬁlaments that bent at the vicinity of the spherical conﬁning cell, see Figure 4.25.
Networks dominated by short linear ﬁlaments (L < D)
Figure 4.26 and Figure 4.27 represent the three dimensional plots and the proﬁles through
the centre of the radial order parameter ﬁeld of actin networks dominated by short ﬁlaments
modelled on the 3d triangular lattice.
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Figure 4.26: Three dimensional plot of the radial order parameter ﬁeld proﬁle of the 3d actin networks
dominated by short ﬁlaments (L ≤ D) with few branching under sperical conﬁnement. It is obtained
for growth or chain elongation parameter z0 = 0.31 values, and for the branch formation parameter
ζ0 = 0.001. The graph shows a positive order parameter proﬁle at the vicinity of the spherical cell
indicating a parallel alignment of segments that are close to the wall while the order proﬁle toward the
centre of the cell is 0. It indicates that the ﬁlaments are isotropically distributed in the middle of the
sphere.
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Figure 4.27: Plot of radial order parameter ﬁeld proﬁle of segments through the centre of the sphere
in x direction of 3d networks dominated by short linear ﬁlaments (L ≤ D). The ﬁlaments elongation
and branching parameter values are z0 = 0.31 and ζ0 = 0.001. The inset is a cartoon representing
the spherical geometry conﬁning the network of actin ﬁlaments in red on the graph and it is there to
illustrate the type of the networks for which the radial order parameter ﬁeld proﬁle is obtained.
Networks dominated by long linear ﬁlaments L > D
In Figure 4.28 and Figure 4.29, we have the three dimensional plots and the proﬁles through
the centre of the radial order parameter ﬁeld of 3d actin networks dominated by long linear
ﬁlaments.
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Figure 4.28: The graph of the three dimensional plot of the order parameter ﬁeld proﬁle of 3d networks
dominated by long linear ﬁlaments L > D. The graph is obtained for z0 = 0.71 and ζ0 = 0.00001.
The order parameter ﬁeld is positive at the periphery of conﬁning region while 0 in the centre of the
sphere. This indicates that long linear ﬁlaments bend and wrap around the cell while the few shorter
ﬁlaments that are in the middle of the cell are isotropically distributed.
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Figure 4.29: Plot of radial order parameter ﬁeld proﬁle of segments through the centre of the sphere
in x direction. This graph of the of 3d networks dominated by long linear actin ﬁlaments is obtained
for z0 = 0.71 and ζ0 = 0.00001. The inset is a cartoon representing the spherical geometry conﬁning
the network of actin ﬁlaments in red on the graph and it is there to illustrate the type of the networks
for which the radial order parameter ﬁeld proﬁle is obtained.
Branched networks
Figure 4.30 are Figure 4.31 represent the three dimensional plots and the proﬁles through the
centre of the radial order parameter ﬁeld of of the branched actin networks modelled on the 3d
triangular lattice.
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Figure 4.30: Radial order parameter ﬁeld proﬁle of 3d branched networks plotted in three dimensions.
The proﬁle we show is obtained for z0 = 0.5 and ζ0 = 0.0049. We have negative order parameter ﬁeld
at the vicinity of the cell and 0 order close and in the middle of the conﬁning sphere. This indicate
that all ﬁlaments of 3d branched networks align perpendicular or point straigh to the conﬁning sphere.
The chain segments are isotropically distributed in the middle of the sphere.
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Figure 4.31: Plot of radial order parameter ﬁeld proﬁle of 3d branched networks segments through
the centre of the sphere in x direction. The graph is obtained for z0 = 0.5 and ζ0 = 0.0049. The inset
is a cartoon representing the spherical geometry conﬁning the network of actin ﬁlaments in red on the
graph and it is there to illustrate the type of the networks for which the radial order parameter ﬁeld
proﬁle is obtained.
In the section that follows we present a phase diagram that shows the domains of the diﬀerent
networks that we have studied above, according to their properties.
4.3.3 Phase Diagrams (ζ0, z0)
We have sumarized all the results above on a phase diagrams (ζ0, z0) for 2d networks and for 3d
networks. On this phase diagrams we present three diﬀerent domains for (ζ0, z0) corresponding
to the domains of the networks dominated by short ﬁlaments with few branching, network
dominated by long linear ﬁlaments and branched networks. The points of (ζ0, z0) for which we
obtain the networks with comparable length scales (L ∼ D ∼ `p) are used to draw the lines
separating the domains of the three types of networks.
To obtain the graph of the phase diagrams Figure 4.32 for 2d networks and Figure 4.33 for 3d
networks, we have computed the average densities and the order parameters ﬁelds for many
points (ζ0, z0) that are in the domain of validity of our model given by the equation (4.3). The
density and order ﬁeld proﬁles we obtained at these points allowed us to partition the validity
domain into three distinct zones which corresponds to the three diﬀerent types of networks that
we have studied above.
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The phase diagram is presented as follows: the networks formed in the yellow dots zone are ob-
tained for small value of z0 > 0 while ζ0 ∼ 0 and the properties of the branching networks that
are formed correspond to those dominated by short linear ﬁlaments which are homogeneously
distributed inside the conﬁning cell with parallel alignment preference.
The density proﬁles of networks segments we have obtained for points in the black triangle zone
shows a high density distribution of chain segments the conﬁning cell periphery while low in
the centre of the spherical region with a positive order ﬁeld proﬁle at the cell periphery. These
properties correspond to the networks dominated by long linear chains with little branching,
inhomogeneously distributed inside the conﬁning region and isotropic distribution of segment
in the centre.
Curvature of the density near
centre
average order parameter
> 0 > 0 black triangles
> 0 < 0 red square
< 0 > 0 yellow dots (circles)
Table 4.3: Summary of the description of the phase diagrams
The points (ζ0, z0) in the red squares zone on the phase diagram satisfy (1 − z0)2 ' 4ζ0. This
zone corresponds to conﬁned branched networks which segment density proﬁles show an inho-
mogeneous distribution of ﬁlament segments with negative order parameter ﬁelds.
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Figure 4.32: Phase diagrams (ζ0, z0) for 2d networks. It shows the domains of the three studied
type of networks. The number densities of ﬁlaments segments are plotted as we vary the ﬁlament
elongation parameter z0 and the branching parameter ζ0. On this phase diagram, the yellow dots zone
corresponds to the domain of the branching networks that are dominated by short actin ﬁlaments with
few branching. The black triangle domain is mainly composed of long linear actin chains formation
with few branching. In the red squares domain, we have very branched networks. The points of the
line separating the diﬀerent domain correspond to (ζ0, z0) values for which we obtain the transition
networks. The blue zone indicate the domain in which our numerical result is valid (domain of validity)
given by the equation (4.3).
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Figure 4.33: Phase diagrams (ζ0, z0) for 3d networks. It shows the domains of the three studied
types of networks. The number densities of ﬁlaments segments are plotted as we vary the ﬁlament
elongation parameter z0 and the branching parameter ζ0. On this phase diagram, the yellow dots zone
corresponds to the domain of the branching networks that are dominated by short actin ﬁlaments with
few branching. The black triangle domain is mainly composed of long linear actin chains formation
with few branching. In the red squares domain, we have very branched networks. The points of the
line separating the diﬀerent domain correspond to (ζ0, z0) values for which we obtain the transition
networks. The blue zone indicate the domain in which our numerical result is valid (domain of validity)
given by the equation (4.3).
In summary, the knowledge of the densities and the radial order parameter ﬁelds proﬁles of the
networks we have modelled enabled us to classify these networks into diﬀerent types (typed
according to their behaviour, structure, topology, spatial and orientational organization and
thus according to their properties ) and then locate them on the phase diagram.
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The actin ﬁlaments of the conﬁned branching networks that we have modelled are polarized i.e
oriented. So in the presence of an external ﬁeld in oriented or polar conﬁned neworks system,
one can expect to see a change in the networks behaviour and oriention either spontaneously or
linearly. In the next section we wish to investigate how the conﬁned branching actin networks
that we modelled respond to perturbation.
We notice that the free energies show no noticeable discontinuties when crossing between regions
on the diagram. Crossing the solid black line is deﬁned by a deﬁnite change of sign of the density
curvature in the centre. Since the cells are not homogeneous with order parameter varying along
the radius, and the cell is ﬁnite, this is not a classical phase transition, but more like a cross-over
between regimes of fundamentally diﬀerent occupation of ﬁlaments inside the cell.
4.3.4 Response of conﬁned branching actin Networks to
perturbation
Analogously to the approach used for calculation of the magnetization m in the case of the
Ising model, we introduce a new ﬁeld in our system that imposes a preferential direction to the
segments or ﬁlaments of the conﬁned branched network and we measure the response of the
network that we call vorticity V . In this case we redeﬁne the fugacity z(r,n) to be
z′(r,n) = z(r, nˆ)eηBˆ·(nˆ×uˆ) (4.11)
where η is analogous to the ﬁeld h in the Ising model and V analogous to m. V is given by
V =
1
Z
δZ
δη
|η=0= 〈 ˆ[B · (nˆ × uˆ)〉 (4.12)
where uˆ is the radial unit vector taken from the of the sphere and Bˆ the unit vector indicating
the orientation of the ﬁeld η.
We plot the vorticity as function of η and we found out that for diﬀerent values of the stiﬀness
ζ0 of the networks, the networks respond linearly without breaking of the symmetry, see Figure
4.36. We plot also the diﬀerent curve of V (η) corresponding to diﬀerent values of the growth
factor z0, see Figure 4.37 . We have obtained in that case also a linear response of the system.
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Figure 4.34: Plot of the polarization for the ﬁeld
η = 0. It shows the direction in which the networks
grow in the absence of external ﬁeld. The networks
grow from the centre towards the boundary of the
conﬁning cell.
Figure 4.35: The polarization of the branching
networks in the presence of the external ﬁeld, with
η = 0.4. We observe that the networks grow in the
orientation of the external ﬁeld.
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Figure 4.36: Plot of the response of the networks as function of η and
for three diﬀerent growth parameter z0 values, ζ0 being ﬁxed at 0.1. The
sharp changes in the curves is correspond to the value η for which our
numerical calculation diverges.
Figure 4.37: Plot of the response of the networks as function of η
and for three diﬀerent stiﬀness ζ0 values, z0 being ﬁxed at 0.2. The
sharp changes in the curves is correspond to the value η for which our
numerical calculation diverges.
We observe a linear response of the branching actin network in the presence of an external ﬁeld,
see Figure 4.36 and 4.37, a result which is not very interesting as we expected. However the
proﬁle of the polarisation vector of the networks shows that the chain segments of the branching
networks grow radially in the absence of external ﬁeld, while in the presence of an external ﬁeld
with orientation along the magnetic ﬁeld vector B ( which we have chosen to be along the y
axis for 3d networks), ﬁlament segments align in the direction of the ﬁeld, see Figure 4.34 and
4.35.
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4.4 Conclusion
Using the four main parameters, namely the persistence length of actin ﬁlament `p, the con-
ﬁning region diameter D, the ﬁlament elongation parameter z0 and the ﬁlament branching
parameter ζ0, we have been able to construct various types of conﬁned 2d and 3d branching
actin networks (where the branching mimic the dendritic branching of actin ﬁlaments inside
living eukaryotic cell via Arp2/3 protein complex) with various topologies and structure and
predict some of their physical properties and structures when subjected to conﬁnement. We
got similar results for 2d and 3d networks.
The computation of the average density distribution of ﬁlament segments of the networks al-
lowed us to make quantitative predictions of the eﬀect of cell membrane conﬁnement on the
structure, conformation and behaviour of the actin networks. We showed that the networks of
actin ﬁlaments made up mainly of long linear ﬁlaments and the branched networks are inho-
mogeneously distributed inside the cell whith a high density at the cell periphery [13, 98, 99].
This is due to the loss of available accessible conformations of the ﬁlaments of the networks
as they grow and become longer than the conﬁning cell size [41]. We computed also the or-
der parameter ﬁeld that allowed us to predict the inﬂuence of the conﬁnement on the spatial
organization and alignment of the diﬀerent actin networks that we have grown. The order
parameter ﬁeld proﬁle showed that networks dominated by long linear ﬁlaments experience
strong conﬁnement eﬀect. They bent and wrap around the cell to minimize the free energy
of the system [41, 43, 61, 109, 110]. Whereas the branched networks, though they experience
a strong conﬁnement eﬀect do not bent. They rather point straight or perpendicular to the
cell membrane or wall. This may be due to the high stiﬀness rate that branching via Arp2/3
protein complex introduce in the network system [71].
We calculated also the degree of polymerisation of the networks inside the spherical conﬁning
region as the values of change. We have next summarized our ﬁnding on a phase diagram for
networks modelled in two dimension and for networks in 3d.
To see how the branching networks that we grow react to an external ﬁeld similar to introducing
magnetization in the case of Ising model, we remark that the network response which we name
networks vorticity is linear. However the polarization of the networks shows that the introduc-
tion of the external ﬁeld align the ﬁlaments of the networks in the direction of the ﬁeld. Our
model can be tested experimentally use all the parameters we deﬁned above and also the using
the average number of segments that we have obtained. We argue that our results mimic very
well the properties and behaviour of actin networks via which they ensure cell function and me-
chanical stability. Fluorescent imaging of cells is able to inform one about ﬁlament density and
it is also possible to gain orientational data (Tsugawa et al. [35] showed this for microtubules).
We note that colleagues in Stellenbosch can conﬁne cells using ﬁbronetin substrates [113]. In
principle, these tools can be combined to produce data relevant to our results.
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We have also looked at the branching actin networks conﬁned in cells with other geometries,
namely cubic cell for 3d networks, square ,rectangular and triangular cells for networks mod-
elled in 2d. The results we got are similar to the results we have obtained for networks conﬁned
in spherical geometry, see Appendix A2. The quantitative results from our models shows that
regardless to the geometry of the conﬁning region, the cell membrane or wall induces strong
conﬁnement constraints on branching cytoskeletal actin networks to control their conforma-
tions, their spatial organisation, orientational ordering, behaviour, conformation and this with
respect of networks structures and architectures.
We study in the next chapter the properties of conﬁned branching actin networks in which pair
interactions between network chain segments are non negligible.
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Chapter 5
Self-consistent and mean ﬁeld theory for
conﬁned branching cytoskeletal networks
5.1 Introduction
In living cells, the function of biomacromolecules constituting the cell cytoskeleton is dictated by
their structure, conformation, spatial organisation, orientational ordering and physical prop-
erties which, in turn, are considerably modiﬁed in geometrically conﬁned or crowded spaces
[1316]. The knowledge of the structural and thermodynamic properties of conﬁned semiﬂexi-
ble cytoskeletal ﬁlaments and their networks are of interest in medicine, in biotechnology and
even in industrial applications.
For that, in Chapter 2 and Chapter 3 of this thesis we model the linear actin ﬁlaments and
branching actin networks in conﬁning region by considering that they are in the grand canonical
monomer ensemble representation. In these models, we consider that the polymer chains are
only subject to a backbone interaction which consist of the conﬁning external ﬁelds z and ζ.
Recall that actin ﬁlament inside the cell constitute an inhomogeneous networks [93, 98, 99] and
the ﬁelds z and ζ, in our model induce the inhomogeneity (ﬁlaments elongation, branching and
pruning) in the network system and they control also the geometry of the conﬁning region.
However natural or biological semiﬂexible polymers exhibit intra-chain interactions [98] and we
should include these interactions. Two semiﬂexible polymers chains may appear to be similar
on the macroscale, but a small diﬀerence in interactions between the segments of these chains
may give rise to a great diﬀerence in their behaviour when conﬁned in ﬁnite region. it is of
great importance to understand how the presence of the interactions between the segments
constituting the actin chains give rise to changes in the thermodynamic properties, behaviour
and conformations of linear actin polymer chains and their branching networks inside conﬁning
regions.
In the present chapter, we aim to include in our model an interaction potential that takes
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care of or that mimics these intra- semiﬂexible chain interactions. So beside the external ﬁelds
z and ζ, we consider that there is an attractive interactions between any pair of monomers
or segments of the actin polymer ﬁlaments. It is not obvious to directly derive and compute
the relevant quantities such as the grand canonical partition function and thus of the densities,
number of chain segments and the order ﬁeld of the interacting monomer-based model that we
build due to the fact that the interaction between segments introduce a correlation between
each segment with the rest of the segments of the chain. It is a complex system and is similar to
many-body problem. There exist methods that are commonly used is such situation such as the
mean ﬁeld theory to make the problem tractable or simpler. The mean ﬁeld theory is a method
in which the interaction of all the other individual particles (segments or monomers) with any
given individual particle is approximated by a single averaged eﬀect allowing to simplify the
many-body problem into a one-body problem.
We implement the mean ﬁeld technique by introducing a Hubbard-Stratonovich (H-S) trans-
formation to convert the many interacting chain segments system into a statistical mean ﬁeld-
theorical model [69, 81] for which there exist approximation techniques that facilitate the com-
putation of the relevant physical quantities. The theoretical handling of these ﬁeld-theoretic
polymeric model has been made possible by the development of the self-consistent ﬁeld the-
ory (SCFT) using statistical physics tools (Edward 1965, de Gennes, 1969 [69]). This the-
ory has been widely and successfully used to understand and predict the properties of (con-
ﬁned) inhomogeneous polymer systems and also their microscopic conformations and behaviour
[14, 44, 67, 114116]. So, using the mean ﬁeld approximation or SCFT also known as saddle
point approximation, we envisage to compute the density of conﬁned actin network ﬁlament
segments, their order parameter ﬁeld and their degree of polymerisation in the presence of the
mutual monomers interactions.
In the ﬁrst section of this chapter, we redeﬁne the grand canonical partition functions for
a system of conﬁned linear actin ﬁlaments and for a system of conﬁned branching cytoskeletal
networks in the presence of monomer mutual interactions. Using the H-S transformations we
express these grand partition functions as functional integrals of only chemical potential and
auxiliary ﬁelds. In the second sections we compute the average density distributions of the
chain segments of the conﬁned branching networks using the SCFT approach. This also enable
the computation of the average number of chain segments and their radial order parameter
ﬁelds. In the ﬁnal section, we present the results and make predictions.
5.1.1 The grand canonical partition of conﬁned actin polymers in
the presence of mutual monomer interactions
We wish to investigate the eﬀect of the mutual monomer interactions on the structure, spatial
organisation, ordering, conformation and the properties of conﬁned actin networks in thermo-
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dynamic equilibrium.
So, taking into account the mutual interaction or the excluded volume eﬀects on the segments of
the conﬁned actin chains, we deﬁne the grand canonical partition function ﬁrst for the conﬁned
linear actin polymer chains under conﬁnement and after we extend this deﬁnition to conﬁned
branching networks which is made up of both linear and branched ﬁlaments.
5.1.2 Conﬁned linear actin polymer chain
Recall that the linear actin chain is formed and embedded inside the conﬁning domain by a
chemical potential ﬁeld that ensures the monomer activity, called fugacity z which acts as an
external ﬁeld and allows the linear elongation of the ﬁlament and also controls the conﬁning
geometry. This ﬁeld is function of the positions and orientations of bonds of the chains. Since
the actin ﬁlament is semiﬂexible, there exist a Boltzmann weight w associated to the bending
stiﬀness between the chain bonds and is function of the positions and the angular orientations
of the bonds. As a reminder, we rewrite here the deﬁnition of z and w. They are given by:
z(r, nˆ) = z0θ(r, nˆ) (5.1)
for the calculation of Ψ where
θ(r, nˆ) = z0 ×
1, if r ∈ L and r + `nˆ ∈ L0, otherwise (5.2)
and
w(nˆ, nˆ′) =
w0
Nw e
β nˆ·nˆ′ . (5.3)
where
Nw =
∑
nˆ′
w(nˆ, nˆ′) (5.4)
We now deﬁne an interacting potential V (r, r ′) between any pair monomers or segments at any
positions r and r ′ of the chain. So, in the presence of interactions, the grand canonical partition
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function of the single semiﬂexible linear (actin) chain becomes:
Z = 1 +
∫
d3r1d
2nˆ1 z(r1, nˆ1)+∫ ∫
d3r1d
2nˆ1d
3r2d
2nˆ2 z(r1, nˆ1)w(nˆ1, nˆ2)z(r2, nˆ2)e
−βV (r1−r2)+∫ ∫ ∫
d3r1d
2nˆ1d
3r2, d
2nˆ2d
3r3d
2nˆ3 z(r1, nˆ1)w(nˆ1, nˆ2)z(r2, nˆ2)
× w(nˆ2, nˆ3)z(r3, nˆ3)e−β(V (r1−r2)+V (r2−r3)+V (r1−r3))+∫ ∫ ∫ ∫
d3r1d
2nˆ1d
3r2d
2nˆ2d
3r3d
2nˆ3d
3r4d
2nˆ4 z(r1, nˆ1)w(nˆ1, nˆ2)z(r2, nˆ2)
× w(nˆ2, nˆ3)z(r3, nˆ3)w1(nˆ3, nˆ4)z(r4, nˆ4)
× e−β(V (r1−r2)+V (r2−r3)+V (r3−r4)+V (r1−r3)+V (r1−r4)+V (r2−r4))+
. . .+
∫
. . .
∫
d3r1d
2nˆ1d
3r2d
2nˆ2 . . . d
3rNd
2nˆN z(r1, nˆ1)w1(nˆ1, nˆ2)z(r2, nˆ2)
× . . . w(nˆN−1, nˆN)z(rN , nˆN)e−β(V (r1−r2)+...+V (rN−1−rN )) + . . . .
(5.5)
Where we have illustrated the Boltzmann weight factor associated to the interaction between
any pair of segments (i, j) of the chain by e−βV (ri−rj).
We can rewrite it as
Z = 1 +
∞∑
N=1
∫
. . .
∫
d3r1d
2nˆ1d
3r2d
2nˆ2 . . . d
3rN−1d2nˆN−1d3rNd2nˆN z(r1, nˆ1)w(nˆ1, nˆ2)
× z(r2, nˆ2) . . . w(nˆN−1, nˆN)z(rN , nˆN)e− 12β
∑N
i
∑N
j V (ri−rj).
(5.6)
Where the factor (1/2) in the expression of the segment-segment interaction weight e−
1
2
β
∑N
i
∑N
j V (ri−rj)
is there to correct the double counting of each pair of segments of the chain in the double sum.
Next, we deﬁne the grand canonical partition functions to the branching networks.
5.1.3 Conﬁned branching actin networks
As we described previoviously in Chapter 3, to form the branching networks, we include in the
conﬁned linear chain system, the parameter ξ and ζ associated to the stiﬀness between segments
that connect to the branching points and to the activity of the branching points. ζ(r, nˆ) is the
chemical potential ﬁeld or fugacity that mimic the activity of the branching or binding proteins
(Arp2/3 protein complex) and is given by:
ζ(r, nˆ, r ′, nˆ′) = δ(r − r ′)ζ(r, nˆ, nˆ′) (5.7)
where
ζ(r, nˆ, nˆ′) = ζ0 ×

1, ifr ∈ L and r + `nˆ ∈ L
and r + `nˆ′ ∈ L
0, otherwise
(5.8)
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The Boltzman weight ξ(nˆ, nˆ′, nˆ′′) (nˆ, nˆ′and nˆ′′) are the orientations of the segments that meet
at branching points) associated to the bending stiﬀness between segments that meet at the
branching points is:
ξ(nˆ, nˆ′, nˆ′′) =
Nw
Nξ w(nˆ, nˆ
′)× e
(
−ξ0(nˆ·nˆ′′−cosα)2−ξ1(nˆ′·nˆ′′−cosα)2
)
. (5.9)
The grand canonical partition function for the branching networks in the presence of the mutual
monomer or segments of the network interaction is given by:
Z = 1 +
∫
d3r1d
2nˆ1 z(r1, nˆ1)+∫ ∫
d3r1d
2nˆ1d
3r2d
2nˆ2 z(r1, nˆ1)w(nˆ1, nˆ2)z(r2, nˆ2)e
−βV (r1−r2)+∫ ∫ ∫
d3r1d
2nˆ1d
3r2, d
2nˆ2d
3r3d
2nˆ3 z(r1, nˆ1)w(nˆ1, nˆ2)z(r2, nˆ2)
× w(nˆ2, nˆ3)z(r3, nˆ3)e−β(V (r1−r2)+V (r2−r3)+V (r1−r3))+∫ ∫ ∫ ∫
d3r1d
2nˆ1d
3r2d
2nˆ2d
3r3d
2nˆ3d
3r4d
2nˆ4 z(r1, nˆ1)w(nˆ1, nˆ2)z(r2, nˆ2)
× w(nˆ2, nˆ3)z(r3, nˆ3)w1(nˆ3, nˆ4)z(r4, nˆ4)
× e−β(V (r1−r2)+V (r2−r3)+V (r3−r4)+V (r1−r3)+V (r1−r4)+V (r2−r4))+
. . .+
∫
. . .
∫
d3r1d
2nˆ1d
3r2d
2nˆ2 . . . d
3rNd
2nˆN z(r1, nˆ1)w1(nˆ1, nˆ2)z(r2, nˆ2)
× . . . w(nˆN−1, nˆN)z(rN , nˆN)e−β(V (r1−r2)+...+V (rN−1−rN ))+∫ ∫ ∫
d3r1d
2nˆ1d
3r2d
2nˆ2d
3r3d
2nˆ3 z(r1, nˆ1)ξ(nˆ1, nˆ2, nˆ3)ζ(r2, nˆ2, r3, nˆ3)
× e−β(V (r1−r2)+V (r2−r3)+V (r1−r3))+∫ ∫ ∫ ∫
d3r1d
2nˆ1d
3r2d
2nˆ2d
3r3d
2nˆ3d
3r4d
2nˆ4 z(r1, nˆ1)ξ(nˆ1, nˆ2, nˆ3)ζ(r2, nˆ2, r3, nˆ3)
w(nˆ2, nˆ4)z(r4, nˆ4)e
−β(V (r1−r2)+V (r2−r3)+V (r3−r4)+V (r1−r3)+V (r1−r4)+V (r2−r4))+∫ ∫ ∫ ∫ ∫
d3r1d
2nˆ1d
3r2d
2nˆ2d
3r3d
2nˆ3d
3r4d
2nˆ4d
3r5d
2nˆ5 z(r1, nˆ1)ξ(nˆ1, nˆ2, nˆ3)
× ζ(r2, nˆ2, r3, nˆ3)w(nˆ2, nˆ4)z(r4, nˆ4))w(nˆ3, nˆ5)z(r5, nˆ5)e−β(V (r1−r2)+V (r2−r3)+...+V (r4−r5))+∫ ∫ ∫ ∫ ∫
d3r1d
2nˆ1d
3r2d
2nˆ2d
3r3d
2nˆ3d
3r4d
2nˆ4d
3r5d
2nˆ5 z(r1, nˆ1)ξ(nˆ1, nˆ2, nˆ3)
× ζ(r2, nˆ2, r3, nˆ3)ξ(nˆ2, nˆ4, nˆ5)ζ(r4, nˆ4, r5, nˆ5)e−β(V (r1−r2)+V (r2−r3)+...+V (r4−r5)) + . . .
(5.10)
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We rewrite (5.10) as:
Z = 1 +
∞∑
N=1
(∫
. . .
∫
d3r1d
2nˆ1d
3r2d
2nˆ2 . . . d
3rN−1d2nˆN−1d3rNd2nˆN z(r1, nˆ1)w(nˆ1, nˆ2)
× z(r2, nˆ2) . . . z(rN−1, nˆN−1)w(nˆN−1, nˆN)z(rN , nˆN)e− 12β
∑N
i
∑N
j V (ri−rj)
+
∫
. . .
∫
d3r1d
2nˆ1d
3r2d
2nˆ2d
3r3d
2nˆ3d
3r4d
2nˆ4 z(r1, nˆ1)ξ(nˆ1, nˆ2, nˆ3)ζ(r2, nˆ2, r3, nˆ3)
× w(nˆ2, nˆ4)z(r4, nˆ4) . . . z(rN−1, nˆN−1)w(nˆN−1, nˆN)z(rN , nˆN)e− 12β
∑N
i
∑N
j V (ri−rj)
+
∫
. . .
∫
d3r1d
2nˆ1d
3r2d
2nˆ2d
3r3d
2nˆ3d
3r4d
2nˆ4d
3r5d
2nˆ5d
3r6d
2nˆ6
z(r1, nˆ1)ξ(nˆ1, nˆ2, nˆ3)ζ(r2, nˆ2, r3, nˆ3)ξ(nˆ2, nˆ4, nˆ5)ζ(r4, nˆ4, r5, nˆ5)w(nˆ4, nˆ6)
× z(r6, nˆ6) . . . z(rN−1, nˆN−1)w(nˆN−1, nˆN)z(rN , nˆN)e− 12β
∑N
i
∑N
j V (ri−rj) + . . .
+
∫
. . .
∫
d3r1d
2nˆ1d
3r2d
2nˆ2d
3r3d
2nˆ3d
3r4d
2nˆ4d
3r5d
2nˆ5 z(r1, nˆ1)ξ(nˆ1, nˆ2, nˆ3)
× ζ(r2, nˆ2, r3, nˆ3)ξ(nˆ2, nˆ4, nˆ5)ζ(r4, nˆ4, r5, nˆ5) . . . ξ(nˆN−3,nN−1, nˆN)
×ζ(rN−1, nˆN−1, rN , nˆN)e− 12β
∑N
i
∑N
j V (ri−rj)
)
(5.11)
The grand partition function given by (5.8) can not be computed easily in order to calculate
the relevant quantities that will enable us to ﬁnd the eﬀect of conﬁnement on the branching
networks in the presence of mutual monomers interactions. So, in the current situation, we use
the mean ﬁeld-theorical approach to make the problem tractable.
5.1.4 Expression of the grand partition in term of a mean ﬁeld
The self-consistent procedure or technique consist of considering the average value of total pair
interactions acting on any individual segment of the chain(s) as an external ﬁeld φ(r) created
by the other segments of the chain. The H-S transformation is one of the technique use in the
mean ﬁeld theory to decouple these mutual interactions between the chain segments. In this
theory, we can express the term that stands for the pair interactions of the chain segments in the
deﬁnition of the grand canonical partition function as functional of the auxiliary ﬁeld φ(r). For
that we need to write the weight of the interacting potential in term of the microscopic chain
segment density ρ(r) (ρ(r) allows to write the double sum over the pair interactions in term of
integrals or in continuous form while keeping the spatial correlation between chain segments.)
ρ(r) =
∑
k
δ(r − rk) (5.12)
as:
e−
1
2
β
∑
i
∑
j V (ri−rj) = e−
1
2
β(
∫
d3r
∫
d3r′ρ(r)V (r−r′)ρ(r′)) (5.13)
Equation (5.13) is equivalent to the following Gaussian integral equation (H-S transformation):
e−
1
2
β(
∫
d3r
∫
d3r′ρ(r)V (r−r′)ρ(r′)) = Nφ
∫
Dφe−
1
2
β(
∫
d3r
∫
d3r′φ(r)V −1(r−r′)φ(r′))+i
∫
d3rφ(r)ρ(r) (5.14)
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where φ(r) is the mean ﬁeld and Nφ the normalisation factor. Replacing equation (5.12) in
equation (5.14), we may rewrite the term ei
∫
d3rφ(r)ρ(r) as:
ei
∫
d3rφ(r)ρ(r) =
∏
k
eiφ(rk) (5.15)
So the grand canonical partition functions for Conﬁned linear actin chain becomes
Z = Nφ,1
∞∑
N=0
∫
Dφ
∫
d3r1d
2nˆ1d
3r2d
2nˆ2 . . . d
3rNd
2nˆN z(r1, nˆ1)e
ıφ(r1)w(nˆ1, nˆ2)
× z(r2, nˆ2)eıφ(r2) . . . w(nˆN−1, nˆN)z(rN , nˆN)eıφ(rN )e− 12β(
∫
d3r
∫
d3r′φ(r)V −1(r−r′)φ(r′)).
(5.16)
and the grand canonical partition function for conﬁned branching actin network is:
Z = Nφ,2
∞∑
N=0
∫
Dφ
(∫
. . .
∫
d3r1d
2nˆ1d
3r2d
2nˆ2 . . . d
3rN−1d2nˆN−1d3rNd2nˆN
eıφ(r1)z(r1, nˆ1)w(nˆ1, nˆ2)e
ıφ(r2)z(r2, nˆ2) . . . e
ıφ(rN−1)z(rN−1, nˆN−1)w(nˆN−1, nˆN)
× eıφ(rN )z(rN , nˆN) +
∫
. . .
∫
d3r1d
2nˆ1d
3r2d
2nˆ2d
3r3d
2nˆ3d
3r4d
2nˆ4
eıφ(r1)z(r1, nˆ1)ξ(nˆ1, nˆ2, nˆ3)e
ıφ(r2)ζ(r2, nˆ2, r3, nˆ3)e
ıφ(r3)w(nˆ2, nˆ4)
× eıφ(r4)z(r4, nˆ4) . . . eıφ(rN−1)z(rN−1, nˆN−1)w(nˆN−1, nˆN)eıφ(rN )z(rN , nˆN)
+
∫
. . .
∫
d3r1d
2nˆ1d
3r2d
2nˆ2d
3r3d
2nˆ3d
3r4d
2nˆ4d
3r5d
2nˆ5d
3r6d
2nˆ6
eıφ(r1)z(r1, nˆ1)ξ(nˆ1, nˆ2, nˆ3)e
ıφ(r2)
× ζ(r2, nˆ2, r3, nˆ3)eıφ(r3)ξ(nˆ2, nˆ4, nˆ5)eıφ(r4)ζ(r4, nˆ4, r5, nˆ5)eıφ(r5)w(nˆ4, nˆ6)
× eıφ(r6)z(r6, nˆ6) . . . eıφ(rN−1)z(rN−1, nˆN−1)w(nˆN−1, nˆN)z(rN , nˆN)eıφ(rN ) + . . .
+
∫
. . .
∫
d3r1d
2nˆ1d
3r2d
2nˆ2d
3r3d
2nˆ3d
3r4d
2nˆ4d
3r5d
2nˆ5
eıφ(r1)z(r1, nˆ1)ξ(nˆ1, nˆ2, nˆ3)e
ıφ(r2)ζ(r2, nˆ2, r3, nˆ3)e
ıφ(r3)ξ(nˆ2, nˆ4, nˆ5)e
ıφ(r4)
ζ(r4, nˆ4, r5, nˆ5)e
ıφ(r5) . . . ξ(nˆN−3,nN−1, nˆN)
×eıφ(rN−1)ζ(rN−1, nˆN−1, rN , nˆN)eıφ(rN )
)
e−
1
2
β(
∫
d3r
∫
d3r′φ(r)V −1(r−r′)φ(r′)).
(5.17)
Where Nφ,1 and Nφ,2 are the normalization factor and
∫
Dφ the functional integration over the
external ﬁeld φ.
In the section that follows we use the grand partition function for conﬁned branching networks
with mutual interacting segments, that we have obtained to derive the densities distributions
of the ﬁlaments segments and consequently deduce the resulting non linear integral equations.
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5.2 Density distributions
We are now in the mean-ﬁeld space and we wish to compute the density distributions of the
segments of the actin ﬁlaments. As deﬁned previously the total density of ﬁlaments segments
composing the actin networks conﬁned in a ﬁnite region is given by:
%(r, nˆ) = %z(r, nˆ) + 2%ζ(r, nˆ). (5.18)
Where
%z(r, nˆ) =
z(r, nˆ)
Z
δZ
δz(r, nˆ)
(5.19)
is the average density distribution of the ﬁlaments segments not involved in branching points
and
%ζ(r, nˆ) =
ζ(r, nˆ′, nˆ′′)
Z
δZ
δζ(r, nˆ′, nˆ′′)
(5.20)
the average density distribution of branching points. Let rewrite the grand partition function
for conﬁned branching network as function of a functional F (φ(r)) as
Z =
∫
Dφ e−F (φ) (5.21)
where
F (φ) = − lnNφ,2 − ln
( ∞∑
N=0
(∫
. . .
∫
d3r1d
2nˆ1d
3r2d
2nˆ2 . . . d
3rN−1d2nˆN−1d3rNd2nˆN
× eıφ(r1)z(r1, nˆ1)w(nˆ1, nˆ2)eıφ(r2)z(r2, nˆ2) . . . eıφ(rN−1)z(rN−1, nˆN−1)w(nˆN−1, nˆN)
× eıφ(rN )z(rN , nˆN) +
∫
. . .
∫
d3r1d
2nˆ1d
3r2d
2nˆ2d
3r3d
2nˆ3d
3r4d
2nˆ4
eıφ(r1)z(r1, nˆ1)ξ(nˆ1, nˆ2, nˆ3)e
ıφ(r2)ζ(r2, nˆ2, r3, nˆ3)e
ıφ(r3)w(nˆ2, nˆ4)e
ıφ(r4)z(r4, nˆ4)
× . . . eıφ(rN−1)z(rN−1, nˆN−1)w(nˆN−1, nˆN)eıφ(rN )z(rN , nˆN)
+
∫
. . .
∫
d3r1d
2nˆ1d
3r2d
2nˆ2d
3r3d
2nˆ3d
3r4d
2nˆ4d
3r5d
2nˆ5d
3r6d
2nˆ6
eıφ(r1)z(r1, nˆ1)ξ(nˆ1, nˆ2, nˆ3)e
ıφ(r2)ζ(r2, nˆ2, r3, nˆ3)
eıφ(r3)ξ(nˆ2, nˆ4, nˆ5)e
ıφ(r4)ζ(r4, nˆ4, r5, nˆ5)e
ıφ(r5)w(nˆ4, nˆ6)e
ıφ(r6)
× z(r6, nˆ6) . . . eıφ(rN−1)z(rN−1, nˆN−1)w(nˆN−1, nˆN)z(rN , nˆN)eıφ(rN ) + . . .
+
∫
. . .
∫
d3r1d
2nˆ1d
3r2d
2nˆ2d
3r3d
2nˆ3d
3r4d
2nˆ4d
3r5d
2nˆ5
eıφ(r1)z(r1, nˆ1)ξ(nˆ1, nˆ2, nˆ3)e
ıφ(r2)ζ(r2, nˆ2, r3, nˆ3)e
ıφ(r3)ξ(nˆ2, nˆ4, nˆ5)e
ıφ(r4)
ζ(r4, nˆ4, r5, nˆ5)e
ıφ(r5) . . . ξ(nˆN−3,nN−1, nˆN)
×eıφ(rN−1)ζ(rN−1, nˆN−1, rN , nˆN)eıφ(rN )
))
+
1
2
β
∫
d3r
∫
d3r ′φ(r)V −1(r − r ′)φ(r ′).
(5.22)
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and for linear conﬁned actin chains we have:
Z =
∫
Dφe−F1(φ) (5.23)
Where
F1(φ) = − ln
(
Nφ,1
∞∑
N=0
∫
Dφ
∫
d3r1d
2nˆ1d
3r2d
2nˆ2 . . . d
3rNd
2nˆNz(r1, nˆ1)
×eıφ(r1)w(nˆ1, nˆ2)z(r2, nˆ2)eıφ(r2) . . . w(nˆN−1, nˆN)z(rN , nˆN)eıφ(rN )
)
+
1
2
β
∫
d3r
∫
d3r ′φ(r)V −1(r − r ′)φ(r ′).
(5.24)
The grand partition functions for both linear ﬁlaments and branched networks are complex
expression. In order to calculate the functional derivative of Z, we need to ﬁnd an analytical
expression for the functional integral over φ (equations (5.21) and (5.23)) which is not a Gaus-
sian which is thus hard to do. SCFT or mean-ﬁeld approximation also known as saddle point
approximation method is a suitable analytical techniques that we use in order to approximate
the grand partition function. It consist to an assumption that there exist a single ﬁeld φ = φ0
(especially in the grand canonical ensemble) that contribute most to the value of the grand
partition function. So we can treat φ0 as a local minima of F , meaning that we can expand the
functional F (φ) around φ0 leading to a Gaussian integrals of equation (5.22) (the expression of
the grand partition function for conﬁned branching actin network) and of (5.24) (the expression
of the grand partition function for conﬁned linear actin ﬁlament) which after computation give
for branching network:
Z˜ = e−F˜ (φ0)
√
2pi
F˜ ′′(φ0)
∼ e−F˜ (φ0) (5.25)
where F˜ is F at φ(r) = φ0(r) = φ0.
For conﬁned single linear chain:
Z˜ = e−F˜1(φ0)
√
2pi
F˜ ′′1 (φ0)
∼ e−F˜1(φ0) (5.26)
where F˜1 is F1 at φ(r) = φ0(r) = φ0.
This approximation method has a great advantage that it allows to obtain the relevant infor-
mations about the physics of the system of study. It is thus commonly and successively used
to facilitate the computation of the average ﬁeld in inhomogeneous complex polymer systems
mainly in the grand canonical ensemble.
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Using the equation (5.25) and (5.26), we calculate the average density distribution of the actin
segments of the branching networks % or of branching points %ζ and the average density of
segments that are not involved in branching points %z. Following the same calculation scheme
of the functional derivative as in the Appendix A.1, we obtain:
%˜z(r, nˆ) =
Φ(r, [φ0(r)], nˆ)z(r, nˆ)e
iφ0(r)Ψ(r, [φ0(r)], nˆ)(
1 +
∫
d3rd2nˆzeiφ0Ψ(r, [φ0(r)], nˆ)
) (5.27)
and
%˜ζ(r, nˆ) =
Φ(r, [φ0(r)], nˆ)ζ(r, nˆ)e
iφ0(r)Ψ(r, [φ0(r)], nˆ)Ψ(r, [φ0(r)], nˆ)(
1 +
∫
d3rd2nˆzeiφ0Ψ(r, [φ0(r)], nˆ)
) (5.28)
Where Ψ(r, [φ0(r)], nˆ) and Φ(r, [φ0(r)], nˆ) are given by the following non-linear integral equa-
tions:
Ψ(r, nˆ) = 1 +
∫
r,nˆ′
d3r ′d2nˆ′w(nˆ, nˆ′)eiφ0(r)z(r, nˆ)Ψ(r, nˆ′)+∫
r′,nˆ′
∫
r′′,nˆ′′
d3r ′d2nˆ′d3r ′′d2nˆ′′ξ(nˆ, nˆ′, nˆ′′)ζ(r ′, nˆ′, r ′′, nˆ′′)ei(φ0(r
′)+φ0(r′′))Ψ(r′, nˆ′)Ψ(r ′′, nˆ′′) (5.29)
and
Φ(r, nˆ) = 1 +
∫
r,nˆ′
d3r ′d2nˆ′z˜(r, nˆ)eiφ0(r)w(nˆ, nˆ′)Ψ(r, nˆ′)+∫
r′,nˆ′
∫
r′′,nˆ′′
d3r ′d2nˆ′d3r ′′d2nˆ′′ξ(nˆ,n′,n′′)ζ˜(r ′,n′, r ′′, nˆ′′)ei(φ0(r
′)+φ0(r′′))Ψ(r ′,n′)Φ(r ′′, nˆ′′). (5.30)
One of the remaining task in the calculation of the density distributions is to ﬁnd the mean-ﬁeld
φ0. φ0 is a minimum of F so:
δF (φ)
δφ
|φ=φ0 = 0 (5.31)
Equation (5.31) is the fundamental equation of the mean-ﬁeld approximation. We calculate the
functional derivative of F with respect to φ (in the way as calculating the functional derivative
of Z) and take φ = φ0 We obtain:
δF˜ (φ)
δφ
|φ=φ0 =
∫
d3r ′V −1(r − r ′)φ0((r))
− i
(
Φ(r, [φ0(r)], nˆ)z(r, nˆ)e
iφ0(r)Ψ(r, [φ0(r)], nˆ)(
1 +
∫
d3rd2nˆzeiφ0Ψ(r, [φ0(r)], nˆ)
) +
2
Φ(r, [φ0(r)], nˆ)ζ(r, nˆ)e
iφ0(r)Ψ(r, [φ0(r)], nˆ)Ψ(r, [φ0(r)], nˆ)(
1 +
∫
d3rd2nˆzeiφ0Ψ(r, [φ0(r)], nˆ)
) ) .
(5.32)
We see that the second term on right hand is equal to the total average density distribution of
ﬁlament segments %(r)], nˆ). So equation (5.31) becomes∫
d3r ′V −1(r − r ′)φ0((r))− i%˜(r, nˆ)) = 0 (5.33)
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which is a very well known equation called Poisson-Boltzmann equation. We then ﬁnd φ0 to
be :
iφ0(r) =
∫
d3r ′V (r − r ′)%˜(r, nˆ)). (5.34)
So we can now replace the mean ﬁeld φ0 in all the equations where it is used by its equivalent
expression. We consider β to be equal to 1. The grand canonical partition function and the
integral equations are thus rewritten as functional of the total density distribution %˜(r, nˆ)) for
the numerical implementation.
5.2.1 Numerical solving of the non-linear functional integral
equation of Ψ and Φ
We wish to compute self-consistently Ψ and Φ in order to calculate the grand canonical partition
functions, the average densities, the degree of polymerization and the order parameter ﬁelds
of conﬁned actin ﬁlament and branching networks were the excluded volume eﬀect between
chain segments is present. We model the actin chains and the conﬁning region on triangular
lattices (2d for 2d networks and 3d for 3d networks). So we rewrite here the non-linear integral
equation given by equations (5.29) and (5.30) in the simpliﬁed discrete form and we replace the
mean-ﬁeld iφ by its equivalent expression (given by equation (5.34) ) which is function of the
total average density of segments of the conﬁned branching network as:
Ψ(r, [%], nˆ) = 1 +
∑
nˆ′
d3r′w(r, nˆ, r ′, nˆ′)z(r, nˆ′)e
∫
d3r′%˜(r)V (r−r′)Ψ(r, nˆ′)+∑
nˆ′
∑
nˆ′′
d3r ′d3r ′′ξ(r, nˆ,n′,n′′)ζ(r ′,n′,n′′)e2
∫
d3r′%˜(r′,nˆ′)V (r−r′)Ψ(r ′,n′)Ψ(r ′′, nˆ′′) (5.35)
and
Φ(r, [%˜], nˆ) = 1 +
∑
nˆ′
d3r′w(r, nˆ, r ′, nˆ′)z˜(r, nˆ′)e
∫
d3r′%˜(r)V (r−r′)Ψ(r, nˆ′)+∑
nˆ′
∑
nˆ′′
d3r ′d3r ′′ξ(r, nˆ,n′,n′′)ζ˜(r ′,n′,n′′)e2
∫
d3r′%˜(r′,nˆ′)V (r−r′)Ψ(r ′,n′)Φ(r ′′, nˆ′′). (5.36)
where
ζ(r ′, nˆ′, nˆ′′) = ζ0 ×

1, if r ′ ∈ L and r ′ − `nˆ′ ∈ L
and r ′ − `nˆ′′ ∈ L
0, otherwise
(5.37)
Thus Ψ and Φ are functionals of the total density and consequently is the grand partition
function.
We use the same numerical procedure that we present in Chapter 3 for non-interacting net-
work ﬁlament segments, to solve the non-linear functional integral equation for Ψ(r, [%˜], nˆ) and
Φ(r, [%˜], nˆ) given by equations (5.35) and (5.36), except that in the current case, beside the
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self-consistent choice of initial guess of Ψ and Φ, we also choose an initial guess for the total
density % which we also choose self-consistently in order to enable convergence of our numerical
solution.
We are now going to present and discuss the numerical results of the model.
5.3 Results and discussion
For our numerical calculations we have chosen the following site-to-site interaction potential
V (r, nˆ, r ′, nˆ′) = V0nˆ · nˆ′δ|r−r′|=1. (5.38)
which we term polarising potential since we have chosen it to be function of both the position
and the orientations of the chain segments (V (r−r ′)→ V (r, nˆ, r ′, nˆ′)). We have for V0 < 0 the
interaction favour the alignments of adjacent segments (like ferromagnetic interactions) and for
V0 > 0 the interaction favor opposite polarization.
We have obtained the density proﬁles and radial order ﬁeld proﬁles of the three structural and
architectural types of networks namely networks of actin dominated by short linear ﬁlaments
with few branching, network dominated by long linear ﬁlaments and the highly branched net-
works under conﬁnement and in the presence of the excluded volume eﬀect between monomer
segments.
We have also computed the average number density of the ﬁlament segments. We got similar
results for networks conﬁned in various geometries (cube, triangle, square, rectangle and sphere)
and the results for 3d networks (networks modelled on 3d triangular lattice) and 2d networks
(networks modelled on 2d triangular lattice) are similar. However the results we present here
are for networks modelled on 2d triangular lattice and conﬁned to a spherical geometry. We use
the same parameter values that we use in Chapter 4 of this thesis (lattice is of size 100× 100,
the ratio of the persistence length and the diameter of the sphere `p/D = 1/2).
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5.3.1 Branched networks
5.3.1.1 Short-range aligning interactions (V0 < 0)
  
Figure 5.1: Graph of the density proﬁle of the branched actin networks
conﬁned in a spherical cell without any mutual monomers interactions,
V0 = 0.0. z = 0.516 and ζ = 0.06. The density proﬁle shows a deﬂection
near the centre of the sphere meaning that the ﬁlament segments of the
network inside the conﬁning sphere are inhomogeneously distributed.
We have a hight density at the cell periphery and a low distribution as
we go from the vicinity of the cell to the middle of the cell. The inset is
a cartoon representing the spherical geometry conﬁning the network of
actin ﬁlaments in red on the graph and it is there to illustrate the type
of the networks for which the this density proﬁle is obtained.
  
Figure 5.2: Graph of the radial order parameter ﬁeld proﬁle of the
branched actin networks conﬁned in a spherical cell without any mutual
monomers interactions, V0 = 0.0. z = 0.516 and the branching parame-
ter ζ = 0.06. The order parameter ﬁeld proﬁle shows that the ﬁlament
branch and align radially to the cell wall i.e they point perpendicular
to the cell wall or membrane. The inset is a cartoon representing the
spherical geometry conﬁning the network of actin ﬁlaments in red on
the graph and it is there to illustrate the type of the networks for which
the this density proﬁle is obtained.
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Figure 5.3: Graph of the density proﬁle of the branched actin net-
works conﬁned in a spherical cell in the presence of attractive mutual
monomers interaction potential with strength V0 = −1, z0 = 0.516 and
ζ0 = 0.06. The deﬂection in the middle of the proﬁle of the density has
decreased meaning that in the presence of the small attractive inter-
actions between monomers, the ﬁlaments concentrated initially close to
the cell membrane attract each other and start becoming homogeneously
distributed.
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Figure 5.4: Graph of the radial order ﬁeld proﬁle of the branched
actin networks conﬁned in a spherical cell in the presence of attractive
mutual monomers interactions, V0 = −1. The ﬁlament elongation pa-
rameter z = 0.515 and the branching parameter ζ = 0.06. The order
parameter ﬁeld proﬁle becomes positive on average. The graph shows
that the ﬁlaments of branched networks close to the cell membrane have
preference of aligning parallel to the cell wall as we introduce a small
attractive interaction while the ﬁlaments near the centre stay radial or
perpendicular to the wall. This proﬁle is similar to the proﬁle of the
networks with comparable length scales (L ∼ D ∼ `p).
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Figure 5.5: Graph of the density proﬁle of the branched actin networks conﬁned in a spherical cell
at high attractive interaction strength |V0|, V0 = −5. The ﬁlament elongation parameter z = 0.516
and the branching parameter ζ = 0.06. Here the density proﬁle of ﬁlament segments of the branched
networks becomes relatively ﬂat near the centre of the spherical cell at high attractive interaction
potential strength.
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Figure 5.6: Graph of the radial order ﬁeld proﬁle of the branched
actin networks conﬁned in a spherical cell at high attractive interaction
strength |V0|, V0 = −5. The ﬁlament elongation parameter z = 0.515
and the branching parameter ζ = 0.06. The order parameter ﬁeld proﬁle
become on average positive at the cell periphery and isotropic in the
middle of the conﬁning cell meaning that ﬁlaments close to the cell
membrane or wall wrap arround the cell edges.
Stellenbosch University  https://scholar.sun.ac.za
CHAPTER 5. SELF-CONSISTENT AND MEAN FIELD THEORY FOR CONFINED
BRANCHING CYTOSKELETAL NETWORKS 124
5.3.1.2 Interactions for V0 > 0
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Figure 5.7: Graph of the density proﬁle of the branched actin networks
conﬁned in a spherical cell in the presence of repulsive interaction with
strength V0 = 0.00098. The ﬁlament elongation parameter z = 0.516
and the branching parameter ζ = 0.06. At this value of interaction
strength V0 > 0, the ﬁlament segments of the branched networks start
becoming more concentrate near the centre of the sphere while less close
to cell wall. This suggest that the ﬁlaments or the ﬁlament segments
repel from the cell membrane and occupy the middle of the sphere.
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Figure 5.8: Graph of the radial order ﬁeld proﬁle of the branched
actin networks conﬁned in a spherical cell as we increase the interac-
tion strength V0 > 0, V0 = 0.00098. The ﬁlament elongation parameter
z = 0.515 and the branching parameter ζ = 0.06. At this value inter-
action strength, the order parameter ﬁeld proﬁle become positive near
the centre and stay negative close the cell membrane. So, the ﬁlament
segments that are near the centre align parallel to the membrane while
those close to membrane stay perpendicular to the cell membrane.
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Figure 5.9: Graph of the density proﬁle of the branched actin networks
conﬁned in a spherical cell in the presence of interaction with strength
V0 = 0.001. The ﬁlament elongation parameter z = 0.516 and the
branching parameter ζ = 0.06. At this value of interaction strength, the
ﬁlament segments of the branched networks show a high concentration
of the ﬁlament segments near the centre of the sphere while very little
close to cell wall. This suggest that most of the conﬁned ﬁlaments or
the ﬁlament segments of the network occupy the middle of the sphere.
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Figure 5.10: Graph of the radial order ﬁeld proﬁle of the branched
actin networks conﬁned in a spherical cell as we increase the repulsive
interaction strength, V0 = 0.001. The ﬁlament elongation parameter
z = 0.515 and the branching parameter ζ = 0.06. At this value of
interaction strength V0 > 0, the order parameter ﬁeld proﬁle become
on average positive. It indicates that the ﬁlament segments at high
concentration near the centre are aligned parallel to the membrane only
very few stay perpendicular or radial to the cell membrane.
The ﬁrst remark is that, whether V0 > 0 or V0 < 0, the proﬁles of the order parameters that
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we have obtained show that, the conﬁned branched actin networks in general align parallel to
the cell wall.
For V0 > 0 interaction, the density and order proﬁles show that, the ﬁlaments of the branched
networks repel from the cell membrane or wall by bending and they occupy the space near
the centre of the sphere. So one can predict that there the conﬁning cell exert a repulsive
force on the branched networks since the branched networks grow and point straight to the
cell membrane. The repulsive force that the interaction potential creates sum up with the cell
membrane repulsive force and cause the branched networks (which show strong resistance to
the eﬀect of conﬁnements in the absence of any kind of mutual interaction) to bend and causing
the branched networks to move away from the wall and concentrate near the centre of the cell.
While for V0 < 0 interaction potential, the proﬁles of the average density and the order param-
eter ﬁeld of the networks show that, ﬁlaments become more concentrated near the centre as we
increase the strength of the interaction and they have preference of aligning parallel to the cell
membrane near its edges. The proﬁles of the networks we observe are thus similar to the the
proﬁles of the networks dominated by short ﬁlaments.
In the section that follows we investigate the eﬀect of the two type of interactions (repulsive
and attractive) on the branching networks dominated by long linear ﬁlaments.
5.3.2 Networks dominated by long linear ﬁlaments
5.3.2.1 Short-range aligning interactions (V0 < 0)
We observe that in the presence of attractive mutual interaction potential between segments of
the branching networks dominated by long linear ﬁlaments and for small value of the interaction
strength (|V0| ≤ 1), the order parameter proﬁle shows that the ﬁlaments or segments near the
centre start aligning perpendicular to the cell wall or membrane while the segments that are
close to the cell membrane keeps their parallel alignment and this proﬁle is similar to the the
proﬁle of the networks with comparable length scales (L ∼ D ∼ `p). This may be due to the
fact that the short-range aligning interaction cause long linear ﬁlaments to shrink.
For |V0| > 1, the density proﬁles is convex-shaped with a plateau near the centre of the sphere
and it shows that the ﬁlaments of the networks are mostly located near the centre of the spherical
cell as we increase the interaction strength and the ﬁlaments have preference of aligning parallel
to the membrane or wall of the conﬁning cell. Again, we see that this behaviour of the networks
is similar to the behaviour of the network dominated by short ﬁlaments with no interactions
between ﬁlament segments.
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Figure 5.11: Graph of the density proﬁle of the branching actin net-
works dominated by long linear ﬁlaments conﬁned in a spherical cell
without any mutual monomers interactions, V0 = 0. z = 0.75 and
ζ = 0.0016. The density proﬁle shows a deﬂection near the centre of
the sphere meaning that the ﬁlament segments of the network inside
the conﬁning sphere are inhomogeneously distributed. We have a hight
density at the cell periphery and a low distribution as we go from the
vicinity of the cell to the middle of the cell. The inset is a cartoon repre-
senting the spherical geometry conﬁning the network of actin ﬁlaments
in red on the graph and it is there to illustrate the type of the networks
for which this density proﬁle is obtained.
  
Figure 5.12: Graph of the radial order paramenter ﬁeld proﬁle of the
branching actin networks dominated by long linear ﬁlaments conﬁned
in a spherical cell without any mutual monomers interactions, V0 =
0. z = 0.75 and ζ = 0.001. The order parameter ﬁeld is positive at
the periphery of conﬁning region while 0 in the centre of the sphere.
This indicates that long linear ﬁlaments bend and wrap around the
cell while the few shorter ﬁlaments that are in the middle of the cell
are isotropically distributed. The inset is a cartoon representing the
spherical geometry conﬁning the network of actin ﬁlaments in red on
the graph and it is there to illustrate the type of the networks for which
the this density proﬁle is obtained.
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Figure 5.13: Graph of the density proﬁle of the branching actin net-
works dominated by long linear ﬁlaments conﬁned in a spherical cell in
the presence of attractive monomers interactions potential with strength
V0 = −1. z = 0.75 and ζ = 0.001. The deﬂection in the middle of the
proﬁle of the density has decreased meaning that the networks segments
are becoming homogeneously distributed inside the cell.
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Figure 5.14: Graph of the radial order ﬁeld proﬁle of the branched
actin networks conﬁned in a spherical cell at high attractive interaction
strength |V0|, V0 = −1. z = 0.75 and ζ = 0.001. The order parameter
ﬁeld proﬁle near the centre of the sphere becomes negative while positive
near the cell wall indicating that there is a competition between parallel
and perpendicular alignment of the ﬁlaments. This proﬁle is similar to
the proﬁle of the networks with comparable length scales (L ∼ D ∼ `p).
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Figure 5.15: Graph of the density proﬁle of the branching actin net-
works dominated by long linear ﬁlaments conﬁned in a spherical cell in
the presence of attractive monomers interactions potential with strength
V0 = −5. z = 0.75 and ζ = 0.001. The proﬁle of the density of segments
shows that the network segments becomes more dense near the centre
of the cell. This proﬁle is similar to the density proﬁle of the networks
dominated by short ﬁlaments.
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Figure 5.16: Graph of the radial order ﬁeld proﬁle of the branched
actin networks conﬁned in a spherical cell at high attractive interaction
strength |V0|, V0 = −5. z = 0.75 and ζ = 0.001. The order parameter
ﬁeld proﬁle is positive close to spherical cell wall or membrane and 0
near the centre indicating that ﬁlament segments near the cell membrane
align parallel to the membrane and those near the centre are isotropically
distributed.
5.3.2.2 Repulsive interactions (V0 > 0)
We observe no signiﬁcant change or no diﬀerences between the proﬁles of the networks domi-
nated by long linear ﬁlaments for no mutual interactions between segments and their proﬁles
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in the presence of repulsive interaction potential, by comparing Figure 5.11 and Figure 5.12,
Figure 5.17 and Figure 5.18. This may be due to the force created by the interactions in the
network system in order to bend the long linear ﬁlaments and keep them wrapped around the
cell in the cell periphery.
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Figure 5.17: Graph of the density proﬁle of the branched actin net-
works conﬁned in a spherical cell at high attractive interaction strength
|V0|, V0 = 0.001. The ﬁlament elongation parameter z = 0.75 and the
branching parameter ζ = 0.001. Here the density of ﬁlament segments
of the branched networks is convex-shaped at high short-range aligning
interaction.
20 40 60 80 100
x
50
100
150
(x,L/2)
Figure 5.18: Graph of the density proﬁle of the branching actin net-
works dominated by long linear ﬁlaments conﬁned in a spherical cell in
the presence of attractive monomers interactions potential with strength
V0 = 0.001. z = 0.75 and ζ = 0.001. The order parameter ﬁeld proﬁle is
positive. This shows that the long linear ﬁlaments with actin monomers
mutual interactions stay wrapped around the cell. We predict that this
is due to the fact that, the repulsive forces between monomers sum up
to the repulsive force from the cell membrane to keep the long linear
ﬁlaments of the networks bent in order to minimize the free energy of
the system.
We present next the eﬀect of the excluded volume eﬀect on networks dominated by short
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ﬁlaments.
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5.3.3 Networks dominated by short ﬁlaments
5.3.3.1 Short-range aligning interactions (V0 < 0)
  
Figure 5.19: Graph of the density proﬁle of networks dominated by
short ﬁlaments conﬁned in a spherical cell without any mutual monomers
interactions i.e here we set the interacting potential to 0 (V0 = 0). z =
0.5 and ζ = 0.001. We have relatively ﬂat average density distribution
of network segments near the centre of the spherical cell. The inset is
a cartoon representing the spherical geometry conﬁning the network of
actin ﬁlaments in red on the graph and it is there to illustrate the type
of the networks for which the this density proﬁle is obtained.
Figure 5.20: Graph of the radial order ﬁeld proﬁle of networks dom-
inated by short ﬁlaments conﬁned in a spherical cell without any mu-
tual monomers interactions i.e here we set the interacting potential to
0 (V0 = 0). The ﬁlament elongation parameter z = 0.515 and the
branching parameter ζ = 0.06. The order parameter ﬁeld proﬁle shows
that the ﬁlaments that are close to the cell wall are aligned parallel to
it while those near the centre of the conﬁning sphere are isotropically
distributed.
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Figure 5.21: Graph of the density proﬁle of networks dominated by
short ﬁlaments conﬁned in a spherical cell in the presence of V0 < 0 mu-
tual monomers interactions with V0 = −5. z = 0.5 and ζ = 0.001.
We have convex-shaped average density distribution of the network
segments. There is no signiﬁcant change compared to the case of no
monomers mutual interactions.
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Figure 5.22: Graph of the radial order ﬁeld proﬁle of networks dom-
inated by short ﬁlaments conﬁned in a spherical cell in the presence of
attractive mutual monomers interactions with V0 = −5. The ﬁlament
elongation parameter z = 0.515 and the branching parameter ζ = 0.06.
The order parameter ﬁeld proﬁle shows that the ﬁlaments that are close
to the cell wall are aligned parallel to it while the ﬁlaments close to the
centre are isotropically distributed. The networks is thus not inﬂuenced
by the presence of the V0 < 0 interaction between ﬁlaments segments.
There is no signiﬁcant change in the proﬁle of the networks dominated by shorts ﬁlaments.
This indicate that the eﬀect from the cell membrane are short range. Unless the ﬁlament are in
contact with the membrane they don't ﬁll conﬁning membrane eﬀects conﬁrming the fact that
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the spatial organization of the networks dominated by short ﬁlaments are weakly inﬂuenced by
the conﬁnement eﬀect.
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5.3.3.2 V0 > 0 interactions (V0 > 0)
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Figure 5.23: Graph of the density proﬁle of networks dominated by short ﬁlaments conﬁned in a
spherical cell in the presence of repulsive mutual monomers interactions with V0 = 13. z = 0.5 and
ζ = 0.001. We have homogeneous average density distribution proﬁle of the network segments. There
is no signiﬁcant change compare to the case of no mutual interaction.
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Figure 5.24: Graph of the radial order ﬁeld proﬁle of networks dominated by short ﬁlaments conﬁned
in a spherical cell in the presence of V0 > 0 mutual monomers interactions with V0 = 13. The ﬁlament
elongation parameter z = 0.515 and the branching parameter ζ = 0.06. The order parameter ﬁeld
proﬁle shows that the ﬁlaments that are close to the cell wall are aligned parallel to it while the
ﬁlaments close to the centre are isotropically distributed.
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We remark that the conﬁnement eﬀects on networks dominated by short ﬁlaments do not change
in the presence of the excluded volume eﬀects between the chain segments.
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5.4 Conclusion
The conﬁned semiﬂexible polymers with mutual interactions between chain segments have been
widely modelled and theory and simulations are developed in order to investigate how the
conﬁnement inﬂuence the thermodynamic properties and behaviour of these ﬁlaments in the
presence of of the excluded volume eﬀect [14, 44, 67, 73, 81, 114118]. However none of them
has clearly investigated what are the conﬁnement eﬀects on the spatial organization, orienta-
tional ordering and conformation of branching actin networks with mutual chains monomers
interactions. In this chapter we have modelled the branching actin networks under conﬁnement
in the presence of mutual actin monomers interaction at thermodynamic equilibrium in the
grand ensemble. Using the SCFT approximation, we have been able to establish a relationship
between the mean ﬁeld and the total density of ﬁlament segments. This allowed the numerical
implementation of the non-linear integral equations which couple with the density of the ﬁla-
ments. From there we have computed the density proﬁles and order parameters ﬁelds which
shows that in the presence of V0 > 0 mutual interaction potential between monomers of the
actin ﬁlaments, the rigid conﬁning cell membrane strongly inﬂuence the branched networks by
bending its ﬁlaments while it has no eﬀect on networks dominated by long linear ﬁlaments and
on the networks dominated by short ﬁlaments. We argued that this may be due to the fact that
the repulsive potential from the networks add up to the one of the cells membranes in order to
bend the branching ﬁlaments and the long linear ﬁlaments while they have no eﬀects on the
short ﬁlaments because of their small sizes. While short-range aligning interaction potential
(V0 < 0) induce change in the structural organization of the ﬁlaments of branched networks
and the networks dominated by long linear ﬁlaments which then adopt the networks dominated
by short ﬁlaments behaviour.
These quantitative predictions enhance our understanding of how the Arp2/3-based branched
actin networks with excluded volume eﬀect between network segments self-organize spatially
and how they align in inside living eukaryotic cells under the eﬀect of cell membrane con-
ﬁnement. This might help to understand some of the physiological processes or mechanical
phenomena of cells in which branching actin networks are involved. This model is also impor-
tant for authors that are thinking of conceiving artiﬁcial living cells [119] for medical purposes
since one has to identify the structural properties of each component of a living tissue cell and
their and role in the cell functions.
In the next chapter, we aim to look at the contribution of the structural properties of branching
actin cytoskeletal networks under the cell membrane conﬁnement to the elastic properties and
stability of the cell.
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From structural equilibrium properties of
actin networks to the elastic stability of
cells
6.1 Introduction
Eukaryotic cells of living tissues are susceptible to physical deformations while maintaining
their cellular integrity and function [120]. For example, cells that form epithelial tissues cover-
ing the internal and external surfaces of organs such as skin cells or intestines can exhibit elastic
behaviour under a wide variety of circumstances as they interact with their substrates or with
neighbouring cells. The elastic properties of cells is important in wound healing as well as im-
mune suppression in tumours and in regulating the forces between tissues cells [120122]. The
ability of the cell to resist deformation and to change shape during movement is mainly ensured
by the elasticity of actin cytoskeletal networks, the major constituents of the cell cytoskeleton.
There are a variety of actin networks. These diﬀerences are observed in their architectures
and structures. Actin-related binding proteins and the cell membrane conﬁnement eﬀect on
actin ﬁlaments' spatial organisation and orientation are responsible of these diﬀerences in actin
networks architectures and structure [123]. The cell membrane conﬁnes the cytoskeletal net-
work and controls its growth, its structural and its mechanical behaviour. In turn cytoskeletal
ﬁlaments especially actin ﬁlament networks provide the cells with its mechanical stability and
organization [124]. The macroscopic mechanical properties and shape of the cell and its inter-
action with its neighbouring cells depend mostly on the architecture, structure and elasticity
of actin networks [17, 123, 125129].
Researches suggests that the stability of normal motile cells and their elastic shape changes
to internally and externally generated force is closely related to the coupling between the
cell-sized conﬁnement and spatial and orientational ordering of branching actin cytoskeleton
[13, 89, 104, 130], branching obtained via the Arp2/3 protein complex. Branching actin cy-
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toskeleton is thus essential for understanding cells and tissue mechanical function.
The biological importance of knowing how tissue cells keep their mechanical integrity and func-
tion at cellular length scale as well as the challenges of understanding how these functions
relates to the structure and architectures of system of self-organizing networks, we believe is
best illustrated by the study of the structural and elastic properties of branching actin net-
works inside conﬁning regions. While the structure and physical properties of biological cells
must ultimately be described by the known laws of chemistry and physics, how to theoretically
establish a quantitative relationship between the networks structural properties and the cell
mechanical properties is still not well explored. The aim of our model is to help to elucidate
and make quantitative predictions on structural and elastic contribution of the actin cytoskele-
ton to the elastic properties of the cell and of a collection of cells (Tissues). What are the forces
that branching cytoskeletal networks contribute to ensure the mechanical stability of the cell
at thermodynamics equilibrium is one of the question that we will treat in course of this chapter.
In the ﬁrst section of this chapter, we would like to know if branching actin networks growing
inside cells cells that have rigid wall (case of plant cells) in two dimensions (Figure 6.1), are
stable against compressive and stretching forces. So, we investigate on the stability of the grow-
ing and branching networks of actin ﬁlaments inside conﬁning region. This stability implies
also the stability of our conﬁning cytoskeletal networks model. We then determine the elastic
properties of the networks conﬁned in the two dimensional cell or box by calculating the forces
exerted between two neighbouring cells with rigid movable membrane or wall separating them.
We compute also the Young modulus of the networks as function of the the stiﬀness of the
networks.
In the second section we investigate the energy cost for conﬁned branching networks and for
conﬁning semi-ﬂexible membrane to keep the system in thermodynamic equilibrium. This al-
lows us to conﬁrm the elastic stability of actin networks inside cells with elastic membrane. We
also explore the relationship between the network structures and the cell membrane elasticity
by measuring the density and order ﬁeld proﬁles.
In the third section, we consider two neighbouring cells with an elastic membrane separat-
ing them and we investigate the stability of the networks again stretchering or compression
forces. We measure also the force exerted between the two cells and the young modulus of the
networks . We have also looked at the stability of a collection of cells.
In the fourth and last section we investigate the stability of the cell against shear. We also
look at the structure of the networks as we shear the conﬁning region with a rigid membrane.
Computational and theoretical approaches are used to help capture the physics that we have
outlined above.
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6.2 Stability and force balance of branching actin
networks conﬁned by rigid cell wall
In this section we ﬁrst investigate the stability of branching actin ﬁlamentous networks inside
conﬁning regions. We also calculate the forces exerted by these networks.
We model a system of two equal-sized cells with rigid walls that are in contact with each other
and inside each of them grow a two dimensional (2d) actin cytoskeletal networks, Figure 6.1.
2d modelling of cytoskeletal networks is very relevant for plant cells. In fact, beside the fact
that plant cells possess a very rigid wall and some with a rectangular shape, over ninety percent
of the cytoplasm of plant cell is occupied by a very large vacuole leaving the cytoskeleton in a
very thin space [18, 131].
Both cells contain identical networks and are separated by a rigid membrane.
We apply small perturbation on the partition membrane which serves as a piston between
the two cells. The displacement of the partition stretches the left hand cell aﬃnely while
compressing the right hand cell, Figure 6.2. In what follows, we compute the new grand
partition function of the system of the two cells allowing us to calculate the Gibbs free energy.
Figure 6.1: 2D Depiction of branched actin networks (in red) growing inside two square-shaped cells
separated by a rigid wall or membrane. Actin ﬁlament ﬁlaments segment occupy the two triangular
lattice. The black dots are the sites of the lattice and they indicate the position of the networks
segments. The dots in grey are the lattice sites that are not occupied. The wall of the cells are in
green.
6.2.1 Stability: Calculation of the Gibbs free energy
Here, the stability of conﬁned branched cytoskeletal networks is discussed. Branched actin
networks are formed at the leading edge of the cell and due to it their highly dense structure and
branched architecture and their spatial organisation is strongly inﬂuenced by the conﬁnement
eﬀect from the cell membrane. It is thus useful to investigate the stability of such networks.
To determine the stability of the actin networks under conﬁnement, we compute the Gibbs free
energy of the system in Figure 6.2. The Gibbs free energy G is the thermodynamic potential
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Figure 6.2: Movable partition membrane. It can be interpreted as a piston between separating the
content of the two cells. Small displacement of this partition compresses the cytoskeletal networks at
the right hands while the networks in the left cell ﬁlls the larger volume.
energy which measures the stability of a system. We check whether a small perturbation or
displacement of the interface raises or lowers the free energy of the network system. In the
present context, if the free energy is increased by the perturbation, the network system is
stable. If the free energy is lowered by the perturbation, the network system is inherently
unstable and will change the cell morphology. To calculate the Gibbs free energy we need to
calculate the grand partition function of the system, the density distributions of actin networks
and the average number density of ﬁlament segments. The grand partition Z function of the
system of the two cells is given by the product of the partition function of the cell in left hand
side Z(L+δ) and the partition of the cell on right hand side Z(L−δ) of the Figure 6.2, where the
grand canonical partition function of each cell is the same as the one we de deﬁne in Chapter
3 of this thesis for branching networks.
Z = Z(L+ δ)× Z(L− δ) (6.1)
Where we write in shorthand notation
Z(L+ δ) = 1 +
∫
x,y,nˆ
z(x, y, nˆ, δ)Ψ(x, y, nˆ, δ), (6.2)
Z(L− δ) = 1 +
∫
x,y,nˆ
z(x, y, nˆ,−δ)Ψ(x, y, nˆ,−δ) (6.3)
Z(L+ δ) = 1 +
∫
x,y,nˆ
z(x, y, nˆ, δ)Ψ(x, y, nˆ, δ) (6.4)
and we deﬁne z to be:
z(x, y, nˆ, δ) = z0Θ(L+ δ − x, nˆ)Θ(L− y, nˆ)Θ(x, nˆ)Θ(y, nˆ) (6.5)
and
z(x, y, nˆ,−δ) = z0Θ(L− δ − x, nˆ)Θ(L− y, nˆ)Θ(x, nˆ)Θ(y, nˆ), (6.6)
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which gives the conﬁnement.
Let us now compute the Gibbs free energy of the network system as function of the displacement
of the partition membrane δ. It is the sum of the Gibbs free energy of the stretched cell and
the one of the compressed cell. It is given by:
G(δ) = G(L+ δ) +G(L− δ) = µ(N−δ +Nδ) (6.7)
where
Nδ =
∫ L
0
∫ L
0
dx dy%(x+ δ, y) (6.8)
and
N−δ =
∫ L
0
∫ L
0
dx dy%(x− δ, y) (6.9)
are the average numbers of segments of the network, %(x+ δ, y) and %(x− δ, y) are the average
density distributions of cytoskeletal ﬁlament segments conﬁned inside respectively the stretched
and compressed cells. µ is the chemical potential. The average number of segments and the
density distributions are obtained by adjusting the chemical potential activities, z0 for ﬁlament
elongation and ζ0 for ﬁlament branching.
We plot the numerical calculation of G(δ) as function of the displacement δ, Figure 6.3. We see
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Figure 6.3: Plot of the Gibbs free energy of the system of branching cytoskeletal networks under
compressive strains. We have obtained this graph for the ratio between the persistence length of the
ﬁlaments and the square side length `p/L = 1.2, z0 = 0.54 and ζ0 = 0.064. We observe an the increase
of Gibbs free energy meaning that the system is stable against compressions.
that the Gibbs free energy of the system increases as we increase the stretching and compressive
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strain. The strong compression of the networks in the right cell raises the free energy in order
to keep the system in thermodynamic equilibrium. Cytoskeletal networks that grow in cells
that have rigid walls are thus stable against compressive forces. This result has been reported
also for the case of spherical conﬁned polymer networks where they showed that the stability
of proteinic macromolecules noticeably increases under strong conﬁnement, compared to that
in bulk [19, 132]. This result also conﬁrms the stability of our model.
It is also essential to know how much force each cell can exerts or contributes in order to ensure
the stability of the cell within the tissue. So we aim to in what follow we compute the the
compressive forces exerted by each cell and then deduce the force diﬀerence between tissue
cells. We compute also the networks elastic response or Young modulus.
6.2.2 Competition between compressed and the stretched networks
Using the relationship between the partition function and the pressure exerted by a system of
networks in the grand canonical ensemble (6.10), we compute the diﬀerence in force between
the two cells and the Young modulus of the branching actin networks. This lead to the char-
acterization of the elastic properties of branched actin networks in conﬁned regions.
〈P 〉V = kBT lnZ. (6.10)
Where P is the pressure in the network system and V the volume. For 2d systems, we talk
about area A of the system instead of the volume V . For a network in square cell of side length
L, the force exerted by the network system is given by:
F (L) = 〈P 〉A
L
. (6.11)
We compute numerically the compressive and stretching forces exerted respectively by com-
pressed and stretched cells as function of the applied strain. We then compute the diﬀerence
between the two forces as follows:
DF (δ) = F (L+ δ)− F (L− δ) = kBT
(
ln(Z(L+ δ))
L+ δ
− ln(Z(L− δ))
L− δ
)
. (6.12)
We have also computed the diﬀerence in forces that are exerted between these two perturbed
cellular networks and plotted it on the graph of Figure 6.4. It shows that the compressed cell
or networks exert higher force in order to bring the system back to its equilibrium position at
δ = 0, a kind of spring elastic behaviour as spring always go back to its equilibrium position
when it is subjected to stretching or to compression. This result conﬁrm also the stability of
the network system.
Moreover, it is also important to be able to quantify the ability of the networks to help the cell
resists mechanical cues. For that we measure the elastic response or Young bending modulus
of the networks.
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Figure 6.4: Plot of the diﬀerence in force between compressed and stretched cell as function strain
δ. The networks behave like spring under compression.
6.2.3 Young modulus
We would like to know how well the cystoskeletal network system stand up to tension which
the cell membrane is permanently subjected to. So we measure the Young modulus of the
networks as function of the network stiﬀness (the branching parameter ζ) for stain going to 0.
The Young modulus E is given by:
E = −∂DF (δ)
∂δ
|δ=0. (6.13)
The Young modulus increases linearly with about 7% as we increase ζ from 0. However ζ
is increased in the limit of the model validity domain ((1− z0)2 ≥ 4ζ0) which is the limit
beyond which our numerical calculation diverges. This means that the networks in this case
respond aﬃnely to compressive stresses. Recall that the increase of ζ, increases the branching
of cytoskeletal ﬁlaments. Though, the increasing of the elastic modulus is not large, it shows
that branching increases the stiﬀness of the networks and thus the ability of the networks
to withstand the strain This result allows us to conﬁrm the stability of our model. We can
now extend it to the case of cell with semi-ﬂexible walls or membranes in order to mimic the
mechanical behaviour of cells that have semi-ﬂexible membranes.
6.3 Networks growing inside cells with elastic membrane
Living cells especially in animals have elastic membranes which allow them to cope with the
mechanical or elastic behaviour of the cytoskeletal networks to change shape in order to adapt
to their environment. However, normal cells seek to keep their volume conserved, unless it is
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Figure 6.5: Plot of the young modulus of the networks, showing a slow variation as we increase the
branching strength ζ. E(ζ) varies about 7% from 0.0512 to 0.0530.
an invasion due to a tumour (cancer) [87, 133138]. To take into account this aspect of normal
cells in our model, we consider a cell that have a rectangular shape made of membrane that can
bend in one direction and we investigate on how to make a choice of the elastic bending mod-
ulus of the membrane such that cells of our model will not expand or shrink inﬁnitely. Recall
that in our model we are trying to mimic and determine the structure and elastic properties
of cells in an equilibrium state that have already establish mature branched actin networks in
their interior.
In this section we ﬁrst investigate the thermodynamic equilibrium of conﬁned branching cy-
toskeletal networks and we explore the relationship between the structure and architecture of
the networks and the elastics properties of the conﬁning cell as one compresses or stretches
it. Secondly we investigate on the stability of the conﬁned networks against the compression
from neighbouring cell and we compute the pressures or forces transmitted across the elastic
cell membranes. Thermodynamic equilibrium calculations under the grand canonical ensemble
are done in order to achieve this, as previously.
6.3.1 Energy cost for the cytoskeletal networks and for the cell
membrane
We compute the work done by the cytoskeletal networks and the cell membranes in order to
minimize the energy cost for the equilibrium of the system. It represents the work required
during a reversible thermodynamic process or the energy cost for the system, to give the cell
its ﬁnal volume or shape (i.e the cell is brought out of equilibrium) while keeping on average, a
constant pressure in the system. The choice of the bending modulus of the membrane is very
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important for the energy cost to be minimized. It means that we need to determine the range
of the value of the bending modulus for which the free energy of the system is minimum or
for which the work done by both the networks and the elastic membrane is maximum without
inducing signiﬁcant change in the membrane curvature. For that, we introduce a perturbation
leading the cell membrane to bend in x directions and get a convex shape in the two directions,
Figure 6.6. This is a very simpliﬁed version of what might occur, when a cell starts growing in
a tissue. We also want to check wheter such deformation is stable with respect to neighbouring
cells.
We measure numerically the work done by the conﬁned system as function of the amplitude
of the membrane curvature. The shape of the bent side is parametrised by 1d curve h(y) such
that the bent side is ﬁxed at its end point i.e h(L) = 0 = h(0) and h′′(L) = 0 = h′′(0). The free
Figure 6.6: The wall of the cell in the x directions are semi-ﬂexible. State A: cell in the unperturbed
state. state B: cell in the perturbed state.
energy of the system can be seen as the workWh done by the cell system during the deformation
and is given by the relation in equation (6.10):
Wh = 〈P 〉V = kBT lnZ (6.14)
Where Z is the annealed average of the grand partition function Z(L + h(y)) over all possible
conﬁgurations of h as:
Z =
∫
h
DhZ(d+ h(y))P [h] (6.15)
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Where
∫
h
Dh, P [h] is the distribution function associated to h(y) and is given by:
P [h] = N e−κ2
∫ L
0 dy(h
′′(y))2 (6.16)
where N is the normalization factor and κ the membrane bending modulus.
Z(L+ h(y)) = 1 +
∫
z(x, y, nˆ, h(y))Ψ(x, y, nˆ, h(y)) (6.17)
and
z(x, y, nˆ, h(y)) = z0Θ(d+ h(y)− x, nˆ)Θ(L− y, nˆ)Θ(x, nˆ)Θ(y, nˆ) (6.18)
We do not use the functionals, we rather make the following choice for h(y) for our numerical
computation:
h(y) = h0 sin
(pi
L
y
)
(6.19)
where h0 represents the amplitude of the deformation. We plot the work as function of the
curvature amplitude. We see that, as we make the membrane stiﬀ enough by increasing its
bending modulus, the maximum work of the networks is quickly reached without inducing a
large change in the membrane curvature, see Figure 6.7. This means that the minimal free
energy of the conﬁned system or the minimum energy cost required to keep or bring the system
in equilibrium, is obtained for large value of bending modulus ( for our model, κ ≥ 100). We
can then argue that for cells and their networks to keep their thermodynamic equilibrium, cells
membranes need to be stiﬀ enough. It is necessary to have a stiﬀ membrane in order to maintain
the equilibrium and ﬁnite cell size. This allow us to make good choice of the bending modulus
of the cell membrane for our further calculations. And then look at the density and orientation
or order proﬁles of actin networks at this cell as the cell membrane bends and increase the cell
volume.
Next we explore the relationship between the structure and architecture of the conﬁned branched
networks and the elastic properties of the cell. For that we plot the density and order proﬁles
of the networks and we analyse our observations.
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Figure 6.7: Graphs showing the work done by the branching actin networks and the cell membrane.
The result is obtained for `p/L = 1.2, z0 = 0.5 and ζ0 = 0.06. As we increase the value of κ, the
work done by both the network and the membrane quickly reach the maximum without inducing
signiﬁcant change in the cell membrane curvature. So the minimum energy cost for which the cell stay
at equilibrium is obtained for large value of bending modulus κ.
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Figure 6.8: This is the density proﬁle of the
networks through the centre of the cell for h0 = 0,
κ = 100, `p/L = 1.2, z0 = 0.5 and ζ0 = 0.06.
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Figure 6.9: Order ﬁeld of the networks for h0 =
0, κ = 100, `p/L = 1.2, z0 = 0.5 and ζ0 = 0.06.
6.3.2 Conﬁned network structure and cell membrane elasticity
We investigate here the relationship between the structural and elastic properties of the cells.
We have density and the order parameter ﬁelds through the middle of the cell for diﬀerent
values of h0 at ﬁxed κ = 100, `p/L = 1.2, z0 = 0.5 and ζ0 = 0.06. The proﬁles allow predictions
of how the networks structure and architecture couple with the cell membrane elasticity to lead
to the emergent mechanical properties of tissue cells. The ﬁlaments grows inside cell that
have a rectangular shape. Figure 6.8 to Figure 6.19 shows the structure of the networks and
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Figure 6.10: density proﬁle of the networks for
h0 = 1, κ = 100, `p/L = 1.2, z0 = 0.5 and
ζ0 = 0.06.
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Figure 6.11: Order ﬁeld of the networks for
h0 = 1, κ = 100, `p/L = 1.2, z0 = 0.5 and
ζ0 = 0.06.
20 40 60 80 100
x
0.05
0.10
0.15
ρ(x,L/2)
ρ(x,L/2)
ρ(L/2,y)
Figure 6.12: density proﬁle of the networks for
h0 = 5, κ = 100, `p/L = 1.2, z0 = 0.5 and
ζ0 = 0.06.
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Figure 6.13: Order ﬁeld of the networks for
h0 = 5, κ = 100, `p/L = 1.2, z0 = 0.5 and
ζ0 = 0.06.
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Figure 6.14: density proﬁle of the networks for
h0 = 10, κ = 100, `p/L = 1.2, z0 = 0.5 and
ζ0 = 0.06.
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Figure 6.15: Order ﬁeld of the networks for
h0 = 10, κ = 100, `p/L = 1.2, z0 = 0.5 and
ζ0 = 0.06.
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Figure 6.16: density proﬁle of the networks
for h0 = 15, κ = 100, `p/L = 1.2, z0 = 0.5 and
ζ0 = 0.06.
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Figure 6.17: Order ﬁeld of the networks for
h0 = 15, κ = 100, `p/L = 1.2, z0 = 0.5 and
ζ0 = 0.06.
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Figure 6.18: density proﬁle of the networks for
h0 = 20, κ = 100, `p/L = 1.2, z0 = 0.5 and
ζ0 = 0.06.
20 40 60 80 100
x
-200
-150
-100
-50
Q(x,L/2),Q(L/2,y)
Q(x,L/2)
Q(L/2,y)
Figure 6.19: Order ﬁeld of the networks for
h0 = 20, κ = 100, `p/L = 1.2, z0 = 0.5 and
ζ0 = 0.06.
the alignment of the network ﬁlament segments relative to the cell walls.
For small h0, we observe a network dominated by linear ﬁlaments with high anisotropy in the
middle of the cell meaning the order parameter ﬁeld proﬁles through the centre (in x and y
directions) are non-zero in the middle of the cell. This may be due to the non assymmetry of
the rectangular shape.
The order proﬁle through the middle in the y direction shows that the ﬁlament align perpen-
dicular to the cell membrane in the y direction while the order parameter through the middle
in x direction shows that ﬁlaments align parallel to the cell wall in x direction. We observe also
a higher density of ﬁlament segments along y direction with slight homogeneity in the density
distribution. This may be explained by the fact that the long ﬁlament that are formed seek to
align along the longer directions of the conﬁning region in order to minimize the system free
energy.
We observe that, as we increase the amplitude of the curvature h0, the cell becomes more sym-
metric. The ﬁlaments then grow and is highly branched at the cell periphery while isotropic
near the centre of the cell. The inhomogeneous density proﬁle that we have obtained shows
this observation.
So the order and the density proﬁles plotted above give us informations about the interplay
between the ﬁlament architecture and structure and the cell membrane elasticity. The cell
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membrane elasticity favour the branching inducing changes in the structure and architecture
of the ﬁlaments of the networks. The change in the structure and architecture of the networks
in turn allows the cell to change or to take a desired shape. However the stiﬀness of the cell
membrane allows the cell to always keep its size ﬁnite.
As predicted previously, the orientation of network segments is induced by the conﬁnement
eﬀect that the cell membrane introduce. Results show a strong competition between the stiﬀ-
ness of the branched networks and the cell membrane stiﬀness even in the case of cell with rigid
membrane. It is thus important to study the stability of tissue cells with semiﬂexible membrane
against compression and it is the content of our next subsection.
6.3.3 Stability of cell with elastic membrane in the tissues against
compression
We consider a tissue or a collection of cells and we want to study the stability of a cell and
their conﬁned branching networks against compressive forces. Examples of epithelial tissue
under external load show that the tissue may locally respond to the load by either expanding
(stretching) or shrinking (compression) or both at the same time. Each cell of the tissue thus
contributes to the tissue mechanical behaviour.
For the cell to respond to the mechanical cue or to move, actin monomers under the action of
the Arp2/3 protein complex, form orientationally ordered and branched structures at the cell
periphery. Are these networks and their conﬁning cells stable against compression within the
tissue?
We study two cases of elastic deformation of the tissue cell due to compression.
6.3.3.1 Case 1: tissue cells bulging in opposite directions along x axis
In this case, we consider a very simple example of a collection of cells in which some cells grows
against their neighbour cells forming a sheet or tissue of alternating expanded-compressed cells.
We want to check wheter such deformation is stable with respect to neighbouring cells.
We consider Figure 6.20 A)and we introduce perturbations which leads cells to bend in x
directions and then get a convex shape, as shown by Figure 6.20 C). Figures 6.21 to Figure
6.24 are respectively the shapes and density proﬁles of the stretched and the compressed cell.
We calculate numerically the Gibbs free energy as a function the amplitude h0 of the membrane
curvature and the plot is presented is Figure 6.25. The increase in the Gibbs free energy shows
that in the present case of study, the system is stable against compression or stretching. Are
tissues cells still stable is they are all compressed in the same direction?
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Figure 6.20: Tissue cells conﬁning branching cytoskelatal networks: A) in unperturbed state, B) in
perturbed state causing the membranes to bent in the two opposit directions of x about h(y) leading to
the increase of the size of a cell against its neighbour, C) Two neighbouring deformed cells: stretched
cell and compressed cell
Figure 6.21: Shape of the cell with no network
or chains.
Figure 6.22: Shape of the compressed cell with
no chains, the cell is compressed by neighbour
cells leading it to take a concave shape.
6.3.3.2 Case 2: tissue cells bulging in the same direction along x axis
Here, all the cells of the tissue are deformed or bent in the same direction. Figure 6.26 is a
cartoon of deformation of cell or a collection of cells or tissue and Figure 6.27 and Figure 6.28
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Figure 6.23: Proﬁle in the presence of ﬁlaments
in the convex cell. The graph is a three dimen-
sional representation of the density proﬁle of the
convex cell.
Figure 6.24: The graph is obtained for a con-
cave cell in the presence of ﬁlaments inside the
cell. It is a three dimensional representation of
the average density proﬁle of segments.
-15 -10 -5 5 10 15
h0
1 ×106
2 ×106
3 ×106
4 ×106
G(h0)
Figure 6.25: Graph of the Gibbs free energy as a function of the amplitude of the bending curvature.
The graph shows an increase of the free energy as we increase the perturbation. So this type of
deformation applied to of cell conﬁning the branching networks does not impact on the stability of the
cell and their networks within the tissue. Here `p/L = 1.2, z0 = 0.5 and ζ0 = 0.06, κ = 100
shows respectively the proﬁle of the deformed cell and the density proﬁle of ﬁlaments segment
distribution in tree dimensional representation.
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We numerically compute the Gibbs free energy of the system and plot it as function of the
amplitude of the perturbation, Figure 6.29. The total Gibbs free energy is the sum of the free
energy from all cells of the tissue.
Figure 6.26: Depiction of a collection of cells in which branching cytoskelatal ﬁlament network is
conﬁned: A) unperturbed state, B) Cell are bent in the same direction under a compressive force.
We have observed in both studied cases that the deformations applied to the conﬁning cells of
the collection of cells are not inﬂuenced by the cells stability. We thus can conclude that our
theoretical model suggest the stabity for tissue cells against compression.
In the next part we are concerned about the pressure balance and the forces that the net-
works and the cell membranes contribute in order to ensure the stability of tissue cells under
compression.
So, in this part we determine the pressure balance between two neighbouring cells of a tissue
for the two cases studied above. We also measure the diﬀerence in force between two deformed
cells of the tissue as function of the amplitude of the membrane curvature h(y), for a given
ﬁxed bending modulus of the membrane. We ﬁnish with the young modulus of the networks
which we calculate as function of the networks stiﬀness parameter ζ (which increase increases
the degree of branching).
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Figure 6.27: The bent cell shape with no chains.
density proﬁles.pdf
Figure 6.28: The density proﬁle in three dimen-
sional representation for `p/L = 1.2, z0 = 0.5 and
ζ0 = 0.06, κ = 100
6.3.4 Forces and pressure balance
We investigate how conﬁned branched networks and the cell membrane contribute to control
the elastic properties of the cells in order for it to keep its size ﬁnite.
In order to get this information, we measure the pressure and force balance between two cells
conﬁning the branched cytoskeletal networks of the tissue under compression, see depiction in
C) of Figure 6.20, where one cell is under compression force (right cell) and the other under
stretching force (left cell). The system parameter values are chosen here for the numerical
calculation to be: `p/L = 1.2, z0 = 0.5 and ζ0 = 0.06, κ = 100.
6.3.4.1 Case 1
The total areas Asc and Acc for respectively the stretched (convex shape) and compressed cells
(concave) 6.20 are:
Asc = L
(
d+ 4
h0
pi
)
(6.20)
and
Acc = L
(
d− 4h0
pi
)
(6.21)
The pressures excerted in each of them is given by:
Psc(h) = 〈PL〉 = kBT ln(Z(d+ h(y)))
L(d+ 4h0
pi
)
(6.22)
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Figure 6.29: We plot the Gibbs free energy of the system of tissue cell bent or deformed in the same
direction as function of the amplitude of the bending curvature. The graph shows that the cells are
stable against the type of deformation. This calculation is obtained for `p/L = 1.2, z0 = 0.5 and
ζ0 = 0.06, κ = 100
and
Pcc(h) = 〈PR〉 = kBT ln(Z(d− h(y)))
L(d− 4h0
pi
)
(6.23)
The diﬀerence in force is given by:
DF (δh) = L(Psc − Pcc) (6.24)
We observed that there is a mechanical balance between the stretched and compressed cell. We
predict that, for a tissue under external compressive and stretching forces, branching cytoskele-
tal networks and the cell membrane via their elasticity allows the compressed cells to push
against the stretched cell in order for the cells to keep their elastic stability. This suggests that
the pressure excerted and thus the elasticity of the branching networks matches the cell mem-
brane stiﬀness and this allows the cell to keep its elastic equilibrium which is very important
to keep the cell's mechanical integrity. Our results is in aggrement with the previous studies
on the matter [139]
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Figure 6.30: The graphs of pressure in the
stretched cell Psc and Pcc the pressure in the com-
pressed cell. We obseve that, while the pressure is
decreasing inside the stretched cell, it is highly in-
creasing inside the compressed. This ensure the
elastic stability of cells under compression with
the tissue.
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Figure 6.31: Diﬀerence in force between the
compressed and stretched cell as function of h.
It becomes non linear as the membrane curva-
ture increases. The non aﬃne response of the
networks due to the eﬀect of the membrane elas-
ticity with. However, the compressed networks
exhibit an elastic spring-like behaviour.
6.3.4.2 Case 2 (6.26)
Here we compute numerically the pressure exerted by a system of tissue cells that is deformed
by all bending in the same direction. The cell are of the same size and this type of deformation
have no change in the area of the cell. The average pressure 〈Ptotal〉, here is given by the sum
of pressure from each cell of the collection. For a number N of cells, since cells are of the same
size (A = L ∗ d), P is given by
P (h) = 〈Ptotal〉 = NkBT ln(Z(d+ h(y)))
A
(6.25)
We plot the pressure as function of the bending amplitude, Figure 6.32. We observe that as
the amplitude of the deformation increases, the total pressure of the system decreases. This
result may be explained by a low contribution of both the networks and the cell membranes
to the system energy as the deformation amplitude increases. In our understanding this will
avoid tissue cells to bulge indeﬁnitely and get out of equilibrium since the deformation favor
the ﬁlaments growth and branching only in one direction.
We are not sure why the pressure in Figure 6.32 6.32 decreases (slightly), and we guest it
requires further investigation to understand this.
To achieve this study of the elastic properties of tissue cells and their conﬁned networks under
compression, we calculate the Young modulus of the networks.
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Figure 6.32: Total pressure exerted by a collection of N cells deformed in the same direction. The
pressure decreases as the curvature of the bending amplitude increases. This can be explained by the
fact that the bending of the cells in the same direction favour the network growth and branching in
the direction which may lead to a non reversible deformation of the tissue. The decrease in system free
energy thus pressure allows the tissue cells and their tissues to keep a ﬁnite size or shape.
6.3.5 The Young modulus of the networks
We have calculated numerically the young modulus of the netorks under compression and we
plot it on Figure 6.33 As the stiﬀness of the networks increases, the Young modulus of the
networks also increases in order to allow the cell to resist to large stretching or compression.
These results are very important and enable one to have and idea of what the conﬁned cy-
toskeletal networks contribute to the elasticity of cells and their tissues.
6.4 Are our tissue cells stable against shear?
Here we investigate on the stability of the tissue cell conﬁning branching actin networks against
shear. Can we indeﬁnitely shear eukaryotic cells within a tissue?
To answer this question we model the shearing of a cell with square shape and rigid wall
conﬁning the branching cytoskeletal networks. Figure 6.34 shows a cartoon of tissue cell under
shear deformation.
Graphs from Figure 6.35 to Figure 6.38 present, respectively, the proﬁles of the square shape
cell in unperturbed state versus the shape of the cell under shear and the ﬁlaments segments
density proﬁles inside non sheared cell versus sheared cell. The proﬁles of the density are ob-
tained for `p/L = 1.2, z0 = 0.5 and ζ0 = 0.06. We ﬁrst measure the free energy of a system of
sheared cell numerically as function of the shear angle and then we do analytical calculations
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Figure 6.33: Graph of the Young modulus of the network system (Figure 6.20 C)). The graph shows
a slow variation of the the Young modulus for the degree of branching parameter ζ between 0 and 0.06.
Beyong ζ = 0.06 the Young modulus increases strongly and non aﬃnely , suggesting that beyond this
value there is an excess branching of ﬁlaments making the networks very stiﬀ. So this strong increase
come from the increase of the networks stiﬀness. And beyond ζ = 0.063 there is a failure in our
networks system, leading to divergence of our model. The non aﬃne increase of the Young modulus
may be due to the elastic behaviour of the cell membrane.
Figure 6.34: Depiction of the conﬁned branching cytoskeletal networks inside square cell under shear
strain
to understand our ﬁndings better.
6.4.1 numerical results
We compute numerically the Gibbs free energy for two diﬀerent conﬁning geometry of cells
under shear: we model a 2d networks conﬁned in a cell with square shape and a 2d networks
in a cell with rectangular shape. The reason for modelling the networks in diﬀerent geometry
is that we want to make sure that the geometry of the cell does not inﬂuence the result that
we obtain.
We plot the free energy for both square and the rectangular cells under shear. The following
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Figure 6.35: Proﬁle of the non deformed square
cell with no chains
Figure 6.36: Proﬁle of the shear square cell
(rhombus cell) with no chains
Figure 6.37: Three dimensional-representation
or plot of the density proﬁle of ﬁlament segments
conﬁned in square cell, `p/L = 1.2, z0 = 0.5 and
ζ0 = 0.06.
Figure 6.38: Three-dimensional representation
of the density proﬁle of ﬁlament segments con-
ﬁned in square cell under shear, `p/L = 1.2,
z0 = 0.5 and ζ0 = 0.06.
graphs in Figure 6.39 are plot of the free energy for sheared square and sheared rectangular
cells that we have obtained from our numerical calculations.
This result suggest that eukaryotic cells are stable again shear up to a critical shear strain
or angle of about pi/6. Above this value of the strain, we observe the instability in the cell
mechanical response. We wish to understand the origin of the instability around this point. So
we choose to plot the density and order ﬁeld proﬁle of ﬁlament segments along the diagonals
of the cell with square shape in order to explore the stucture and spatial arrangement of the
ﬁlaments as one shears the cell.
The plot of Figure 6.40 and Figure 6.41 allows us to predict that as we shear the cell ﬁla-
ments prefer to occupy the longer diagonal and the remaining along the short diagonal bend in
order to minimize the system free energy.
To conﬁrm our predictions, we do analytical calculations in the following part and compare
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Figure 6.39: Graph of the free energy from numerical calculations for `p/L = 1.2, `p/d = 1.4 for
square and rectangular cell, z0 = 0.5 and ζ0 = 0.06. As the shear strain increases, the free energy show
the stability of the conﬁned actin networks up to a value of strain of pi/6. It means that there exists a
transition between the stability and the instability of the cell at shear angle pi/6
it with the numerical result. We wish to calculate analytically the critical shear angle above
which the semi-ﬂexible ﬁlament networks under conﬁnement become unstable .
6.4.2 Analytical model and calculation of the free energy of
conﬁned semiﬂexible polymer ﬁlaments under shear
To start, we consider a semi-ﬂexible ﬁlament of length Lc pinned at both ends by compressive
forces, Figure 6.42.
We use the Kratky and Porod model for semi-ﬂexible ﬁlament called worm-like chain to model
the chain. It is a continuum model in which the polymer chain is parametrised by a space curve
r(s). The Hamiltonian of the system of the chain is given by:
H[r(s)] =
kb
2
∫ Lc
0
ds
(
d2r(s)
ds2
)2
. (6.26)
where kb is the bending modulus of the ﬁlament.
To calculate the free energy of the system, we need to calculate the constrained partition
function. The constrained partition function is the probability that the ends of the ﬁlament
of contour length Lc is separated by the vector R = r(Lc) − r(0). Under a compression force
at the end of the ﬁlament, the ﬁlament can deform and take various conﬁgurations. We deﬁne
here the partition function associated to the conﬁguration in which the end-to-end distance of
the ﬁlament is equal to x where x = R/Lc.
Z = N
∫
Dre−βH[r]. (6.27)
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Figure 6.40: we plot the proﬁle of the average density of segments along the
long diagonal versus short diagonal of the sheared square cell for `p/L = 1.2,
z0 = 0.5 and ζ0 = 0.06. The graph in blue respectively red dots are the proﬁles
of the segments density distribution along the long diagonal respectively the short
diagonal. We see an heterogeneous and high density of ﬁlament segments along
the longer diagonals while the segment density is low along the shorter diagonals.
ﬁlaments are more dense close to the cell wall due to the ﬁlaments branching
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Figure 6.41: The graph in blue respectively red are order parameter ﬁeld proﬁles
along the long respectively short diagonal. The order proﬁles show that ﬁlament
branches and point perpendicular to the cell wall.
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Figure 6.42: Depiction of semiﬂexible ﬁlament pinned at both ends along the diagonal of sheared
square by compressive force due to the applied shear force f , Lc is the contour length of the chain
Where N is the normalization factor and β = 1/kBT .
To calculate this partition function and get interesting physics that we want, we need to consider
the constraint of ﬁlament rigid local inextensibility:(
dr(s)
ds
)2
= 1. (6.28)
and the constraint that the ﬁlament is in the conﬁgurations where the space-curve start at 0
and end at x:
x =
r(Lc)− r(0)
Lc
. (6.29)
which serve as boundary conditions. The local in-extensibility approach deﬁned above make
the integral in equation (7.63) hard to solve. To simplify this integral in order to make it
analytically tractable, we use a mean ﬁeld approach that consist of converting the rigid local
in-extensibility constraint into global constraint which is:
〈|dr(s)/ds|〉 = 1. (6.30)
Z then becomes:
Z = N
∫
Dre−βH[r]δ(〈(dr(s)/ds)2〉 − 1). (6.31)
As proved in Ref [140, 141], the partition function depends only on the parameter t given by:
t =
βkb(1− x2)
2Lc
. (6.32)
so that:
Z(t) = N
∫
dφeitφ
( √
iφ
sin
√
iφ
) d
2
. (6.33)
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where φ is an auxilliary ﬁeld.
The integral in 3D is performed numerically and the interpolation gives the partition function
Z of the form:
Z(t) = e−pi
2t− 1
pit (6.34)
This allows then to calculate the free energy F for the system. It is given by:
F = kBT lnZ(t). (6.35)
As function of ﬁlament extension, we have in the absence of any compressive force:
F (x) =
βkbpi
2(1− x2)
2Lc
+
2Lc
pikbβ(1− x2) (6.36)
The ﬁrst term in the free energy is the energetic contribution due to the ﬁlament bending and
the second term is the cotribution from both energetic and entropic eﬀect.
In the presence of a constant compressive force f , this force does the work fLcx to move the ends
of the ﬁlament parallel toR. This cork contributes to the free energy. So the total free energy is:
F (x) = fLcx+
βkbpi
2(1− x2)
2Lc
+
2L
pikbβ(1− x2) (6.37)
In the case of no compression, the free energy has a unique minimum near the full extension
(the ﬁlament is unbuckled) and the equilibrium end-to-end length of the ﬁlament is at:
xe =
(
1− 2Lc
βpi3/2kb
)1/2
=
(
1− 2Lc
pi3/2`p
)1/2
(6.38)
where the persitence length of the ﬁlament `p is identiﬁed to βkb.
The ﬁlament behave like a spring and the eﬀective spring constant keﬀ corresponding to the
curvature of the free energy at xe is obtained as:
keﬀ = 4pi
5/2
`2p
βL4c
(
1− 2Lc
pi3/2`p
)
(6.39)
The obtained eﬀective spring constant tells us that the stiﬀness of the ﬁlament is regulated by
the ratio of the persistence length and the contour length (`p/Lc).
In the next subsection we aim to apply the developed analytical model for a networks of
semiﬂexible ﬁlaments conﬁned in cell with square shape and which is under shear stress.
6.4.3 Application of the analytical model to conﬁned cytoskeletal
networks under shear in the grand canonical ensemble
Assuming that only the longest spanning ﬁlaments most likely feel the applied shear strain and
then contribute most to the elasticity of the cell, we reduce our network system to a system
of two ﬁlaments inside the box. And the longest spanning ﬁlaments are along the diagonals
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of the box. We investigate which ﬁlaments contribute to the elasticity of the box under shear
according to their length scale compare to the size of the box, Figure 6.43. We combine the
Figure 6.43: Depiction of two semi-ﬂexible ﬁlaments conﬁned along the diagonal of a square under
shear strain. We model the ﬁlaments as springs where each ﬁlament has an eﬀective spring coeﬃcient
keff
above results with a certain probability zN of having the polymer chains with a certain length
along the diagonals of the sheared box. z is the fugacity associated to the activity of the bond
in the polymer chains and N is the number of bounds in a polymer chain.
We now calculate the contribution to the free energy from each ﬁlament as we shear the con-
ﬁning box. We assume that these ﬁlaments have a spring-like behaviour when subjected to a
strain, with the eﬀective spring coeﬃcient keﬀ .
Let N1 = L1(γ)/` and N2 = L2(γ)/` be respectively the numbers of bonds in the ﬁlament
along the shorter and longer diagonals as we apply a shear stress to the square box. ` is the
length of the bond and we choose it to be equal to 1.
L1(γ) = d
√
1− 2 tan γ + 1/(cos γ)2 (6.40)
and
L2(γ) = d
√
1 + 2 tan γ + 1/(cos γ)2 (6.41)
where d is the length of one side of the square box.
The free energy of the system of these two ﬁlaments as function of the shear strain γ is given
by
F (γ) = zN1(F1(γ) + z
N2−N1F2(γ)) (6.42)
where
F1(γ) = z
N1
keﬀ1
2
(γ)(x1(γ)− xe1(γ))2 (6.43)
and
F2(γ) = z
N2
keﬀ2
2
(γ)(x2(γ)− xe2(γ))2 (6.44)
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where x1(γ) = L1(γ) and x2(γ) = L2(γ).
We compute the free energy close to full extension of the ﬁlaments (x = 1) and we plot the
graph Figure 7.2.
We obtain a critical shear angle near pi/4. Beyond this angle the system of semi-ﬂexible ﬁl-
aments along the diagonal are unstable. Comparing the rigidity of both ﬁlaments, we argue
that as we shear the conﬁning box, the ﬁlament along shorter diagonal either bent or loose
monomers and become shorter at the same size as the diagonal and thus more rigid , while the
ﬁlament along longer diagonal continue to grow and become less rigid. So we observe competi-
tion between ﬁlament growing versus shrinking and bending [54]. So we have these three eﬀects
that are contributing to the elasticity of the networks and we predict that the shrinking eﬀect
dominates.
The diﬀerence between the numerical and analytical near critical angle may be due to the
fact that we have considered for our analytical calculations that the free energy of the system
is dominated by the energy of the ﬁlaments that are along the diagonals of the conﬁning square
region.
6.5 Conclusion
In this chapter we have studied the stability conﬁned branching cytoskeletal networks in ﬁnite
cells and the contribution of these networks on the elastic and structure properties of cells
within tissue. We explore the relationship between the cell cytoskeletal networks structures,
architecture and their elastic properties and those of the cells. We have focused on the case of
tissues cells under compression and cells under shear.
We have obtained that for cells with rigid or elastic membrane, in the presence of compressive
forces, the cells and their networks are stable. We have been able to measure the forces exerted
by the branching cytoskeletal actin networks and the cell membranes to allows the cells to keep
their mechanical equilibrium.
While for the shear, our numerical and analytical calculations showed that the cytoskeletal
networks under cellular conﬁnement are not indeﬁnitely stable against shear. The numerical
results showed that the instability occur near pi/6 and the analytical calculation give an angle
near pi/4 above which the instability occur. We thus deduce that the shear critical angle is
situated between angles pi/6 and pi/4.
This study is relevant for improving our understanding of certain physiological and mechanical
behaviour of cells and the models we built here can be tested experimentally. This we hope
might bring more light in living cell biology and also help in the diagnosis and healing of certain
Stellenbosch University  https://scholar.sun.ac.za
CHAPTER 6. FROM STRUCTURAL EQUILIBRIUM PROPERTIES OF ACTIN NETWORKS
TO THE ELASTIC STABILITY OF CELLS 169
10 20 30 40 50 60 70
γ
10
20
30
40
50
F(γ)
Figure 6.44: Graph of the free energy from analytical calculations. We observe
an instability of the system occurring above a shear angle of pi/4.
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Figure 6.45: Red: eﬀective bending modulus of the ﬁlament along the shorter
diagonal of the box as function of shear angle. Green: eﬀective bending modulus
of the ﬁlament along the the longer diagonal of the box as function of shear angle.
The graph of the bending rigidities shows that the eﬀective bending rigidity of the
ﬁlament along the shorter diagonal increases with increasing of the shear strain or
shear angle up to a critical angle of pi/4 then start decreasing. While the rigidity of
the ﬁlament along the longer diagonal decrease with increasing of the shear strain.
This implies that the ﬁlament along the shorter ﬁlament contribute most to the
free energy, ensuring thus the stability of the system.
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cellular diseases such as cancer whose spreading and formation of metastasis are known to be
mainly monitored by the forces that actin cytoskeleton generates [22, 87].
In the chapter that follows, we use an alternative approach to investigate the mechanical or
elastic properties of cell comprising branching actin cytoskeletal networks.
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Modelling of cells as a reinforced
composite material: an alternative mean
ﬁeld approach
7.1 Introduction
In this chapter, we use an alternative mean ﬁeld approach to investigate the elastic properties
of branching actin networks. We model the living cell and its branching cytoskeletal networks
as an elastic composite material. The model is based on the linear theory of disordered ﬁbre-
reinforced composites developped by Cates and Edwards [72]. They used the Green function
formalism to study some of the physical properties of elastic media reinforced by linear rigid
polymer ﬁlaments. Their formalism is convenient for our system of study since branching cy-
toskeletal actin networks are actin are stiﬀ.
In the ﬁrst section we present their model for a system of linear ﬁlaments embbeded in an
elastic medium and in the next section we introduce a small modiﬁcation of the formalism to
adapt it to a system of a medium reinforced by stiﬀ star-like branched semiﬂexible polymer
network. The work here though follows Cates and Edwards [72] very closely with only small
addition.
7.2 Green function formalism: ﬁbre-ﬁbre and ﬁbre-matrix
Interactions
We give in this section a summary of the approach developped by Cates and Edwards [72].
They developed a formalism that enabled them to calculate he eﬀective elastic Green function
of an elastic matrix composite in which is embedded the elastic ﬁbres at low volume fraction
ﬁbre in the presence of disorder . The behaviour or response of the ﬁbre-matrix system to
171
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an external force F is studied. They aim to predict the possible occurrence of de-bonding or
ﬁbres breakage in the composites material. Thus the load in the ﬁbres, the shear stress at the
ﬁbre-matrix interface, the elastic and bulk moduli have to be determined. To do so a cell model
is considered. It consist of a study of a single ﬁbre embedded in the elastic medium Figure 7.2.
The eﬀective Green function for the single ﬁbre system is determined.The knowledge of the
The eﬀective Green function which characterize the hydrodynamics interactions between ﬁbres
and its matrix, permit to evaluate the amount of deformation or displacement of a ﬁbre matrix
which is under load and to evaluate the stress induced by the stress ﬁbre in the matrix.The
contribution of all ﬁbres is then determined using the total eﬀective green function which also
has to be calculated.
  
 
s
s'
uF(r)
r
r_hat
n_hat
r'
Fibre in initial position
Matrix
U(s)
r'
o
o
r
R(s)
Figure 7.1: a displacement of a ﬁbre-matrix composite under an external force
The ﬁbre on Figure 7.2 has a length l, it is taken to be straight i.e with small radius r0  l, a
cross section a, s is the length along the ﬁbre. R(s) is the equilibrium position of the ﬁbre which
undergoes a displacement U(s) Ef = Em +E its Young modulus, Em is the Young modulus of
the matrix. The matrix is isotropic with shear modulus µ, bulk modulus B and Poisson ratio
σ = 3B−2µ
6B+2µ
, Em = 2µ(1 + σ).
The total displacement or deformation u(r) of the ﬁbre-matrix when a force distribution F(r)
is applied on the matrix is equal to the sum of displacement of the matrix without ﬁbre and
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the displacement when the ﬁbre is present. The deformation u(r) satisﬁes the Stokes equation
and is:
 In the absence of any ﬁbre in the matrix
u(r) =
∫
G0(r− r′)F(r′)d3r′ (7.1)
with
G0(r) =
1
16piµ|r|
{(
3− 4σ
1− σ
)
I +
rˆrˆ
1− σ
}
(7.2)
the Green function. rˆ is the unit vector along r.
For Ef > Em there is an extra force σ(s) induced by the stress created inside the ﬁre,
acting on the matrix deﬁned by:
σ(s) = ∆(s)U(s) or σ(s) = ∆.U with ∆(s) = −Eann ∂
2
∂s2
(7.3)
where n is the unit vector along the ﬁbre axis. We have as boundary conditions for a well
bonded ﬁbre:
u(R(s)) = U(s)⇔ U(s) =
∫
δ(R(s)− r)u(r)d3r (7.4)
 In the presence of any ﬁbre in the matrix, the displacement u(r) becomes:
u(r) =
∫
G0(r− r′)F(r′)d3r′ +
∫
G0(r−R(s))σ(s)ds (7.5)
which we can rewrite:
u(r) =
∫
G0(r-r
′)F(r′)d3r′ +
∫ ∫
G0(r− r′(s))δ(R(s)− r′)σ(s)dsd3r′
We also deﬁne
δ(R(s)− r) = φ(s, r)
Now all the calculations will be done in Fourier space and we will look for the way to eliminate
σ and U. Using the Fourier Transform (FT) of a convolution (FT (f ∗ g) = FT (f).FT (g)), we
have:
U(s) =
∫
φ(s,k)u(k)d3k = φu (7.6)
u(k) = G0(k) · F(k) + G0(k)
∫
φ(s,k)σ(s)ds = G0.F + G0φσ (7.7)
Let us calculate G0(k) the FT of G0(r)
G0(r) =
1
16piµ|r|
{(
3− 4σ
1− σ
)
I +
rˆrˆ
1− σ
}
= P
I
|r| +Q
rˆrˆ
|r| = Pf(r) +Qg(r)
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where P = 3−4σ
16piµ(1−σ) =
6B+14µ
16piµ(3B+4µ)
; Q = 1
16piµ(1−σ) =
6B+2µ
16piµ(3B+4µ)
; f(r) = I|r| and g(r) =
rˆrˆ
|r| .
After computing the fourier transform of f and g (see appendix A.4.1)we get
G0(k) = P f˜(r) +Qg˜(r)
where f˜ and f˜ are the Fourier transforms of f and g. We obtain the expression for G0(k) as
G0(k) =
1
µk2
(I − kˆkˆ) + I
B + 4µ
3
kˆkˆ (7.8)
where k = |k|
The expression of U becomes:
U(s) =
∫
φ(s,k)G0(k).F(k) +
∫ ∫
φ(s,k)G0(k)φ(s
′,k)σ(s′)ds′d3k (7.9)
R(s) = sn =⇒
∫
φ(s,k)G0(k)φ(s
′,k)d3k = G0(sn− s′n)
Thus
U(s) =
∫
φ(s,k)G0(k) · F(k) +
∫
G0(sn− s′n)∆(s′) ·U(s′)ds′ (7.10)
This last equation can be written as:
[q|U ] +
∑
q′
[q|G0|q′]∆(q′) · [q′|U] =
∫
[q|φ(k)]G0(k) · F(k) (7.11)
or
U + φG0φ∆ ·U = φG0 · F (7.12)
Now, to calculate the quantity φG0φ∆ we introduce the notion of the Hermitian product:
[f |q] =
∫ `
0
ψq(s)f(s)ds and [q|G0|q] =
∫ `
0
∫ `
0
ψq(s)G0(sn− s′n)ψq′(s′)dsds′ (7.13)
where ψq are the eigenfunctions of ∆ (∆(q) = Eaq
2nn) deﬁned by ψq(s) = (
2
l
)
1
2 cos(qs) in the
case where there is no force across the ﬁbre end-faces.
To solve the equation (7.12), the ﬁbre Green function G0(q, q′) is used:
∑
q′
(δqq′I + [q|G0|q′]∆(q′))G0(q, q′′) = δqq′′I (7.14)
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or
(I + φG0φ∆)G0 = I =⇒ G0(q, q′) = I
I + φG0φ∆
= δqq′G0(q) (7.15)
Let us calculate G0(q, q′)
[q|G0|q′]∆(q′) = n · [q|G0|q′] · n∆(q′) (7.16)
where n · [q|G0|q′] · n = G0(q, q′) is the scalar form of [q|G0|q′].
G0(q, q
′) =
∫ `
0
∫ `
0
ψq(s)n ·G0(sn− s′n) · nψq′(s′)dsds′ (7.17)
We now calculate n ·G0(sn− s′n) · n:
n ·G0(sn-s'n) · n = n ·
(
P
I
|ns− s′n| +Q
(sn− s′n)(sn− s′n)
|sn− s′n|3
)
· n
= n ·
(
P
I
|s− s′| +Q
nn(s− s′)2
|s− s′|3
)
· n
(7.18)
Then we get:
n ·G0(sn− s′n) · n = 1
4piµ
1
|s− s′| ;
such that
G0(q, q
′) =
2
`
∫ `
0
∫ `
0
cos(qs) cos(q′s′)
4piµ|s− s′| dsds
′.
After some integration process the ﬁrst integral gives for q = q′
G0(q, q
′) =
1
4pi2µ
∫ pi
−pi
{− sin(m|y|)
m|y| + (pi − |y|)
cos(m|y|)
|y|
}
dy
This integral diverge for q = q′ and is ﬁnite for q 6= q′ The interesting case is the divergence part.
Only the divergent term 1
4pi2µ
∫ pi
−pi pi
cos(m|y|)
|y| dy bring the shear in the ﬁbre matrix system.Thus
only this term is consider. Two cases are observed: the presence of screening (k  l−1) where
the short length cut-oﬀ in the separation of s-s' is set to 1
2
r0 so that the eﬀective elastics
equations will be matched, which is compared with the absence of the screening (k  l−1) case.
G0(q, q
′) =
δqq′
2piµ
∫ pi
r0
2l
cos(my)
y
e−
yl
ξ dy
Using Euler gamma integral and taking the lower limit to 0 and the upper limit to inﬁnity
(
∫ +∞
0
1
y
( 1
y+1
− e−y)dy =⇒ ∫∞
0
cos y
y
e−ydy = −γ − ∫ +∞
0
(− 1
y
+ 1
y+1
)dy)
we get
G0(q, q
′) =
δqq′
2piµ
[
−γ + ln
(
2`
r0
)]
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γ′ = 1
2
eγ and ` = mpi
q
. So
G0(q, q
′) =
δqq′
2piµ
ln
(
pi
γ′r0q
)
= δqq′K0(q) (7.19)
Then
G0(q, q
′) = δqq′(I + Eaq2K0(q))−1 (7.20)
Using the relation
δqq′ [CI +Dnini]
−1 =
δqq′
C
[
I − D
D + C
nini
]
(7.21)
We have:
G0(q, q
′) = δqq′
{
(I− nn) + nn
I +K0(q)Eaq2
}
(7.22)
From equation (7.12), we have:
U =
φG0.F
I + φG0φ∆
=⇒ U = G0φG0.F (7.23)
Then
σ = ∆G0φG0.F (7.24)
and
u = G0(k).Fk−
∑
q
G0(k)[φ(k) | q]∆(q)G0(q)
∫
[q | φ(k′)]G0(k′).F(k′)d3k′ (7.25)
In short hand writing, we have:
u = G0.F−G0φ∆G0φG0.F (7.26)
The total average response of the ﬁbre-matrix system to an applied force of wave vector k is:
〈u〉 = 〈G0(k).Fk−
∑
q
G0(k)[φ(k) | q]∆(q)G0(q)
∫
[q | φ(k′)]G0(k′).F(k′)d3k′〉 (7.27)
In this latter equation, there is the average quantity 〈[φ(k) | q][q | φ(k′)]〉 which we compute in
the following.
〈[φ(k) | q][q | φ(k′)]〉 = 2
V `
∫ +∞
−∞
∫ `
0
∫ `
0
ψq(s)ψq(s
′)φ(s,k)φ(s′,k)dsds′dx (7.28)
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where x is the centre of mass position of the ﬁbre.
〈[φ(k) | q][q | φ(k′)]〉 = 2
`
δ(k − k ′)
∫ `
0
∫ `
0
cos(qs) cos(qs′)eik·n(s−s
′)dsds′ (7.29)
or
〈[φ(k) | q][q | φ(k′)]〉 = 2
`
δ(k − k ′)
(∫ `
0
cos(qs)eik·nsds
)(∫ `
0
cos(qs′)e−ik·ns
′
ds′
)
(7.30)
Let calculate each term in the parenthesis.
∫ `
0
cos(qs)eik·nsds =
∫ `
0
cos(qs)(cos(qs) + i sin(qs))ds
=
1
2
∫ `
0
(cos(q + k · n)s+ cos(q − k · n)s)
+
1
2
∫ `
0
i (sin(q + k · n)s− sin(q − k · n)s) ds
=
1
2
sin(q + k · n)`
q + k · n +
1
2
sin(q − k · n)`
q − k · n
− i1
2
{
cos(q + k · n)`
q + k · n −
cos(q − k · n)`
q − k · n +
2k · n
(k · n)2 − q2
}
=
k · n
(k · n)2 − q2 (cos pim sin(k · n`)− i(cos pim cos(k · n`)− 1))
(7.31)
In the same way we ﬁnd:
∫ `
0
cos(qs′)e−ik·ns
′
ds′ =
k · n
(k · n)2 − q2 (cos pim sin(k · n`) + i(cos pim cos(k · n`)− 1)) (7.32)
So
〈[φ(k) | q][q | φ(k′)]〉 = 4
`
δ(k − k ′)
(
k · n
(k · n)2 − q2
)2
(−1)m+1 cos(k · n`) (7.33)
= −4
`
δ(k − k ′)
(
k · n
(k · n)2 − q2
)2
(−1)m
{
1− 2 sin2 k · n`
2
}
(7.34)
=
8
`
δ(k − k ′)
[
k · n sin{1
2
k · n`+ pi
4
(1− (−1)m)}
k · n− q2
]2
(7.35)
∼ δ(k− k′)φ2(k, q)) (7.36)
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We now express the average deformation of the linear ﬁber reinforced elastic medium as
〈u〉 = [G0 −G0〈φ∆G0φ〉G0]F (7.37)
We then obtain the eﬀective Green function G for a single ﬁber α as:
G = G0 −G0〈φ∆G0φ〉G0 = G0 −G0〈Tα〉G0 (7.38)
where Tα = φ∆G0φ and α the single ﬁbre.
For many ﬁbres, we have:
G = G0 −G0
∑
α
〈Tα〉G0 + G0
∑
α6=β
〈TαG0Tβ〉G0 −G0
∑
α6=β
∑
γ 6=β
〈TαG0TβG0Tγ〉G0 (7.39)
The ﬁbres are not correlated in their center of mass so one can write:
〈TαG0Tβ〉 = 〈Tα〉G0〈Tβ〉, thus:
G = G0 −G0TG0 + G0TG0TG0 − ..... = G0(1−T(G0 −G0TG0 + ....)) =⇒ (7.40)
G = G0(1−TG) =⇒ G = G0
1 + T
=⇒ G−1 = G−10 + G−10 TG−10 + T−1 (7.41)
For an incompressible medium, G−10 exist if B is ﬁnite. G
−1 is the expansion of the inverse of
the Green function in ﬁbre number N . The terms in the G expression are second order in T
because there is repeated occurrence of a given ﬁbre (e.g: the third order in T, 〈TαG0TβG0Tγ〉,
contains 〈TαG0TβG0Tα〉 which is second order, not third in the ﬁbre number density).
The self-consistence approximation of Edward and Freed is then used to rewrite the following
equations:
G−1 = G−10 + Σ where Σ = N〈φ∆G0φ〉 (7.42)
and also the elastic interaction [q|G0|q′] between the normal modes q and q′ of a given ﬁbre
is replaced in the deﬁning equation of the ﬁbre Green function G by the screened interaction
[q|G|q′] which depends on the ﬁnal G∑
q′
(δqq′I + [q|G|q′]∆(q′))G0(q, q”) = δqq”I (7.43)
[q|G|q′] remains diagonal for q and q′ up to 1
r0
That is an implicit averaging over the positions
of the neighbouring ﬁbres, all embedded in an eﬀective elastic medium and under screening
properties at short distance, but is simply elastic for l lc the critical length.In fact the elastic
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interaction between two well separated point on a ﬁbre is screened by the neighbouring ﬁbre.
One expect to have:G(k) ∼ 1
k2+ξ−2 where ξ is the screening length.
In the next section we model the cell as an elastic medium embbeded with a composite of star
ﬁlaments and do do the calculation of the eﬀective green function of the system following the
calculations done above for a system of linear ﬁlaments.
7.3 Calculation of the eﬀective elastic Green of the
system of elastic cell reinforced by a composite of star
ﬁbers
We Construct a mechanical model to study the mechanicals interactions between cytoskeletal's
ﬁlament (Which we assume to be in form of star) networks and their cell matrix when these are
subjected to external forces. It enables us to measure the force transmitted by the networks to
the cell. As mention earlier we are using continuum mechanics of deformation theory by Edward
and Cates to calculate the eﬀective elastic Green function which will allows us to predict the
elastic or mechanical properties of living eukaryotic cells.
Figure 7.2: An example of star-like branched semiﬂexible polymer made up of four linear ﬁbre or
polymer chains is embeded in the cell matrix. n = ni are the units vectors of each ﬁlament in the star,
ﬁlaments are of same length and have one of their end connected at the same points forming thus a
star ﬁlament with e =  the centre of mass of the star. s is the arclength, R(s) is the initial position
of the star of ﬁlaments in the medium which undergo a displacement U(s) when an external force is
applied
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We deﬁne the position vectorR(s) of the star-like branched semiﬂexible polymer made up of four
linear ﬁbre or polymer chains, see Figure 7.2 of length `1, `2, `3 and `4 with `1 = `2 = `3 = `4 = `
as:
R(s) =

r0 + sn1 if s ∈ [0, `1]
r0 + sn2 if s ∈ [0, `2]
r0 + sn3 if s ∈ [0, `3]
r0 + sn4 if s ∈ [0, `4]
. (7.44)
To ease the calculations, we will rather consider star semiﬂexible polymers with functionality
3. So we rewrite the position vector R(s) as:
R(s) =

r0 + sn1 if s ∈ [0, `1]
r0 + sn2 if s ∈ [0, `2]
r0 + sn3 if s ∈ [0, `3]
. (7.45)
In the absence of star in the cell, the deformation of the cell matrix under an external forces F
is:
u(r) =
∫
G0(r− r′)F(r′)d3r' (7.46)
where G0 is the response function between two points r and r
′ of the matrix called the Green
function. It is deﬁned as
G0(r) =
1
16piµ|r|
{(
3− 4σ
1− σ
)
I +
rˆrˆ
1− σ
}
= α1
I
|r| + β1
rˆrˆ
|r| (7.47)
where
α1 =
3− 4σ
16piµ(1− σ) =
6B + 14µ
16piµ(3B + 4µ)
and
β1 =
1
16piµ(1− σ) =
6B + 2µ
16piµ(3B + 4µ)
|r| = |r1 − r2| = |ns− n′s′|
The separation between two diﬀerent points of star ﬁlaments (both points may be on the same
branch or one on branch A and other one on branch B of the star )
As deﬁned before, r1 and r2 are the position vectors of two diﬀerent ﬁlaments of the star.
I
|r| =
I√
s2 + s′2 − 2s′s cos θ
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with θ the angle between the unit vectors n.
rˆrˆ
|r| =
nns2 + n′n′s′2 − nn′ss′ − n′nss′
{s2 + s′2 − 2s′s cos θ} 32
In the presence of the star in the matrix, the external forces acting on the matrix lead to the
displacement of the whole cell system (cell matrix and the star ﬁlaments). Star ﬁlament When
they are deformed,induce an extra force per unit length σ(s) on the cell matrix if the Young
modulus of star ﬁlaments Ef is greater than than the young modulus of the matrix Em. The
displacement of the star is deﬁned by:
U(s) = u(R(s)) (7.48)
U(s) =

u(R1(s1))
u(R2(s2))
u(R3(s3))
(7.49)
Where Ri(si) is the position vector of a ﬁlament i of the star.
The stress created inside each ﬁber of the star is deﬁned by:
σi(si) = ∆i(si)Ui(si) or σi(si) = ∆i.Ui with ∆(s) = −Eaninj ∂
2
∂s2i
(7.50)
Ui(si) =
∫
δ(Ri(si)− r)u(r)d3r =
∫
φi(si, r)u(r)d
3r = φiu (7.51)
Then the deformation of the matrix in the presence of star of ﬁber is:
u(r) =
∫
G0(r-r
′)F(r′)d3r′ +
3∑
i=1
∫ ∫
G0(r− r′)δ(Ri(si)− r′)σi(si)dsid3r′ (7.52)
The Fourier transform with respect to a special r of δ(Ri(si)− r) is:
δ(Ri(si)− r) = φi(si, r)
u(k) = G0(k) · F(k) +
3∑
i=1
G0(k)
∫
si
φi(si,k)σi(si)dsi (7.53)
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or in short hand writing
u(k) = G0 · F +
3∑
i=1
G0 · φiσi (7.54)
Uj(sj) =
∫
φj(sj,k)u(k)d
3k with j = 1, 2, 3 (7.55)
Substituting equation (7.53) in equation (7.55) we have:
Uj(sj) =
∫
φj(sj,k)G0(k)F(k)d
3k (7.56)
+
3∑
i=1
∫
k
∫
si
φj(sj,k)G0(k)φi(si,k)
=
∫
φj(sj,k)G0(k)F(k)d
3k−
3∑
i=1
∫
G0(sjnj − sini))∆i(si) ·Ui(si)dsi
Equation (7.56) can be expanded as a Fourier series on the eigenfunctions ϕq of ∆ and assuming
that there is no force accross the ﬁber end points, the eigenfunctions found to be:
ϕq(s) =
(
2
`
) 1
2
cos(qs)
where s ∈ [0, `] and q = mpi
`
.
The following Hermitian products [f |q] and [q|F |q′] are deﬁned in order to calculate the equation
(7.56),
[f |q] =
∫ l
0
ϕq(s)f(s)ds and [q|F |q′] =
∫ l
0
∫ l
0
ϕq(s
′)ϕq(s)F (s, s′)dsds′ (7.57)
The equation (7.56) then can be written as:

[q|U1] +
∑
q′
∑3
i=1[q|G01i|q′]∆i · [q|Ui]=
∫
φ1(s1,k)G0(k)F(k)d
3k
[q|U2] +
∑
q′
∑3
i=1[q|G02i|q′]∆i · [q|Ui]=
∫
φ2(s1,k)G0(k)F(k)d
3k
[q|U3] +
∑
q′
∑3
i=1[q|G03i|q′]∆i · [q|Ui]=
∫
φ3(s3,k)G0(k)F(k)d
3k
we rewrite the system in the following matrix form as:
[q|U1][q|U2]
[q|U3]
+

∑
q′ [q|G011|q′]∆1
∑
q′ [q|G012|q′]∆2
∑
q′ ·[q|G013|q′]∆3∑
q′ [q|G021|q′]∆1
∑
q′ [q|G022|q′]∆2
∑
q′ [q|G023|q′]∆3∑
q′ [q|G031|q′]∆1
∑
q′ [q|G032|q′]∆2
∑
q′ [q|G033|q′]∆3

[q|U1][q|U2]
[q|U3]
 = (7.58)
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∫
φ1(s1,k)G0(k)F(k)d
3k∫
φ2(s1,k)G0(k)F(k)d
3k∫
φ3(s3,k)G0(k)F(k)d
3k

or in short
[q|U1][q|U2]
[q|U3]
+

∑
q′ [q|G011|q′]∆1
∑
q′ [q|G012|q′]∆2
∑
q′ ·[q|G013|q′]∆3∑
q′ [q|G021|q′]∆1
∑
q′ [q|G022|q′]∆2
∑
q′ [q|G023|q′]∆3∑
q′ [q|G031|q′]∆1
∑
q′ [q|G032|q′]∆2
∑
q′ [q|G033|q′]∆3

[q|U1][q|U2]
[q|U3]
 = (7.59)
φ1G0 · Fφ2G0 · F
φ3G0 · F

Let us call
Aqq′ =

∑
q′ [q|G011|q′]∆1
∑
q′ [q|G012|q′]∆2
∑
q′ ·[q|G013|q′]∆3∑
q′ [q|G021|q′]∆1
∑
q′ [q|G022|q′]∆2
∑
q′ [q|G023|q′]∆3∑
q′ [q|G031|q′]∆1
∑
q′ [q|G032|q′]∆2
∑
q′ [q|G033|q′]∆3
 (7.60)
with
U =
[q|U1][q|U2]
[q|U3]
 (7.61)
and
H =
φ1G0 · Fφ2G0 · F
φ3G0 · F
 (7.62)
For us to determine the stress σ created inside the star ﬁlaments and their deformation u(r), we
need to solve equation (7.59). So we introduce G (q, q′) which is a ﬁbre Green function deﬁned
as:
∑
q′
(Iδqq′ +Aqq′)G (q′, q′′) = Iδqq′′ (7.63)
as
U = GH (7.64)
G (q, q′) = δqq′(I +Aqq′)−1
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or in short:
G = (I +Aqq′)−1
We want now to calculate the matrix Aqq′ elements.
The diagonal components are already known from Cates and Edwards article [72] and are
equal to δqq′K(q)Eaq
2nini. It is left to calculate the oﬀ-diagonal components of which are∑
q′ ni · [q|G0|q′] · nj∆i, (i, j = 1, 2, 3).
[q|G0|q′] =
∫ `
0
∫ `
0
ψq(s)G0(ns− n)ψq′(s′)dsds′ (7.65)
The scalar form of [q|G0|q′]∆ is:
[q|G0|q′]∆i = ni · [q|G0|q′] · ni∆i
.
G0(q, q
′) = n · [q|G0|q′] · n′ = n ·
(∫ `
0
∫ `
0
ψq(s)G0{ns− n′s′}ψq′(s′)dsds′
)
· n (7.66)
G0(q, q
′) =
2(α + β)
`
∫ `
0
∫ `
0
cos qs cos q′s′
{s2 + s′2 − 2ss′ cos θ} 12 dsds
′+ (7.67)
2βsin2(θ)
`
∫ `
0
∫ `
0
s′2 cos qs cos q′s′
{s2 + s′2 − 2ss′ cos θ} 32 dsds
′
We introduce Change of variables:
qs = mpi
`
s = mt =⇒ t = pi
l
v and t′ = pi
l
s′; (t, t′) ∈ [0, pi]× [0, pi]
G0(q, q
′) becomes
G0(q, q
′) =
2(α + β)
pi
∫ pi
0
∫ pi
0
cosmt cosm′t′
{t2 + t′2 − 2tt′ cos θ} 12 dt
′dt+ (7.68)
2βsin2θ
pi
∫ pi
0
∫ pi
0
t′2 cosmt cos(m′t′)
(t2 + t′2 − 2tt′ cos θ) 32 dtdt
′
We do again the following change of variables:{
Z= t− t′
S=1
2
(t+ t′)
=⇒
{
t=S + Z
2
t′=S − Z
2
(7.69)
where the Jacobian J = 1;
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{
0 ≤ t ≤ pi
0 ≤ t′ ≤ pi =⇒
{
−Z
2
≤ S ≤ pi − Z
2
Z
2
≤ S ≤ pi + Z
2
=⇒ |Z|
2
≤ S ≤ pi − |Z|
2
(7.70)
Let Z1 and S1 be the lower limits of the integrals and Z2 and S2 the upper limits.{
Z1 = Zmin = tmin − t′max = −pi
Z2 = Zmax = tmax − t′min = pi
(7.71)
(S1, S2)× (Z1, Z2) ∈ [ |Z|2 , pi − |Z|2 ]× [−pi, pi].
We rewrite G0(q, q
′) with α + β = 1
4piµ
as:
G0(q, q
′) =
√
2 cos θ
2µpi2
∫ Z2
Z1
∫ S2
S1
cosm′(S − Z
2
) cosm(S + Z
2
)
{4S2(1− cos θ) + Z2(1 + cos θ)} 12 dSdZ− (7.72)
2
√
2β sin2 θ
pi
∫ Z2
Z1
∫ S2
S1
cosm′(S − Z
2
) cosm(S + Z
2
)(S2 − Z2
4
)
{4S2(1− cos θ) + Z2(1 + cos θ)} 32 dSdZ
We wish to calculate analytically G0(q, q
′). But we need to approximate these terms.
We computedG0(q, q
′) numerically and we realised that the oﬀ-diagonals terms are a lot smaller
than diagonal terms, in spite of numerical problems with oscillatory functions . We remark
that the ﬁrst term in the expression of G0(q, q
′) becomes non-negligible at the lowest modes
m = m′ = 0.
So the following approximation m = m′ = 0 applies to equation 7.3 in the calculation of
G0(q, q
′).
We deﬁne
G0(q, q
′)|q=q′=0 = Φ(θ) (7.73)
where
Φ(θ) =
√
2
2µpi2
∫ pi
−pi
∫ S2
S1
1
{4S2(1− cos θ) + Z2(1 + cos θ)} 12 dSdZ− (7.74)
2
√
2β sin2 θ
pi
∫ pi
−pi
∫ S2
S1
(S2 − σ2
4
)
{4S2(1− cos θ) + Z2(1 + cos θ)} 32 dSdZ
After the ﬁrst integration we have:
Φ(θ) =
√
2
4pi2µa
1
2
1
(
1− sin
2 θ
16a1(1− σ)
)∫ pi
−pi
dZ
[
ln[2a1S + a1
√
4S2 +
b1
a1
Z2]
]S2
S1
+ (7.75)
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√
2
16pi2µa
1
2
1 (1− σ)
∫ pi
−pi
dZ
 S√
4S2 + b1
a1
Z2
S2
S1
where a = 1− cos θ and b = 1 + cos θ
Φ(θ) =
1
µpi
ln
(
2− a1√
2a1 − a1
)
+
√
2a1 − 2
16piµ(1− σ) (7.76)
We now come back into equation (7.59) in order to solve it for U .
Thus, let us write:
Aqq′ = A(q)δqq′
A(q) = δqq′K(q)Eaq2Φ(θ)

n1n1
Φ(θ)
n2n2 n3n3
n1n1
n2n2
Φ(θ)
n3n3
n1n1 n2n2
n3n3
Φ(θ)
 (7.77)
Let now calculate G . We introduce the diagonal matrix D.
G = (I +A)−1 = (I +A −D +D)−1 (7.78)
G = [(I +D)−1(I + (I +D)−1(A −D)]−1 = [(I + (I +D)−1(A −D)]−1(I +D)−1 (7.79)
The intra-ﬁbre hydrodynamics interactions (The interactions between the segments of the same
branch or ﬁbre of the star) are much stronger than the inter ﬁbre interactions (Interaction
between segments of diﬀerent ﬁbres). So
(I +D)−1(A −D) 1 (7.80)
Thus we can do Taylor expansion of G
G = [(I − (I +D)−1(A −D) + (I −D)−2(A −D)2 + (I +D)−3(A −D)3 − · · ·
+(−1)p(I +D)−p(A −D)p](I +D)−1
= P −PMP +P2M2P − · · ·+ (−1)pPpMpP
where
P = (I+D)−1 = δqq′
(I + n1n1K(q)Eaq
2)−1 0 0
0 (I + n2n2K(q)Eaq2)−1 0
0 0 (I + n3n3K(q)Eaq2)−1

(7.81)
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and
M = δqq′K(q)Eaq2Φ(θ)
 0 n2n2 n3n3n1n1 0 n3n3
n1n1 n2n2 0
 (7.82)
From the relation
δqq′ [CI +Dnini]
−1 =
δqq′
C
[
I − D
D + C
nini
]
(7.83)
we have:
δqq′
[
I + niniK(q)Eaq
2
]−1
= δqq′
[
(I − nini) + nini
1 +K(q)Eaq2
]
= G 0ii(q, q
′) (7.84)
PMP =
K(q)Eaq2Φ(θ)
1 +K(q)Eaq2
0 n2n2 − K(q)Eaq2 cos θ1+K(q)Eaq2 n1n2 n3n3 − K(q)Eaq
2 cos θ
1+K(q)Eaq2
n1n3
n1n1 − K(q)Eaq2 cos θ1+K(q)Eaq2 n2n1 0 n3n3 − K(q)Eaq
2 cos θ
1+K(q)Eaq2
n2n3
n1n1 − K(q)Eaq2 cos θ1+K(q)Eaq2 n3n1 n2n2 − K(q)Eaq
2 cos θ
1+K(q)Eaq2
n3n2 0
 (7.85)
Let the ﬁrst, second and third diagonal elements of P be called respectively G 011(q),G 022(q) and
G 033(q).
Then we get the ﬁrst order expression for G that we call:
G (q, q′) =
G 11 G 12 G 13G 21 G 22 G 23
G 31 G 32 G 33
 (7.86)
=
K(q)Eaq2Φ(θ)
1 +K(q)Eaq2
[
K(q)Eaq2Φ(θ)
1+K(q)Eaq2
]−1
G 011(q) n2n2 − K(q)Eaq2 cos θ1+K(q)Eaq2 n1n2 n3n3 − K(q)Eaq
2 cos θ
1+K(q)Eaq2
n1n3
n1n1 − K(q)Eaq2 cos θ1+K(q)Eaq2 n2n1
[
K(q)Eaq2Φ(θ)
1+K(q)Eaq2
]−1
G 022(q) n3n3 − K(q)Eaq2 cos θ1+K(q)Eaq2 n2n3
n1n1 − K(q)Eaq2 cos θ1+K(q)Eaq2 n3n1 n2n2 − K(q)Eaq
2 cos θ
1+K(q)Eaq2
n3n2
[
K(q)Eaq2Φ(θ)
1+K(q)Eaq2
]−1
G 033(q)

We can now express U, σ and u(r).
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U =
G 11 G 12 G 13G 21 G 22 G 21
G 31 G 32 G 33

φ1φ2
φ3
G0 ·F (7.87)
=
G 11φ1 +G 12φ2 +G 13φ3G 21φ1 +G 22φ2 +G 21φ3
G 31φ1 +G 32φ2 +G 33φ3
G0 ·F
Thus
σ = −∆ ·U = −
∆1 · U1∆2 · U2
∆1 · U3
 = −
σ1σ2
σ3
 (7.88)
σ =

∆1(G 11φ1 +G 12φ2 +G 13φ3)
∆2(G 21φ1 +G 22φ2 +G 21φ3)
∆3(G 31φ1 +G 32φ2 +G 33φ3)
G0 ·F (7.89)
And then
u = G0 ·F +
3∑
i=1
G0φiσ i (7.90)
= G0 ·F −G0
 3∑
i=1
φi∆iG iiφi +
3∑
i,j=1i6=j
φi∆iG ijφj
G0 ·F (7.91)
= G0 ·F −G0(φ1∆1G 11φ1 + φ1∆1G 12φ2 + φ1∆1G 13φ3 + φ2∆2G 21φ1 (7.92)
+φ2∆2G 22φ2 + φ2∆2G 23φ3 + φ3∆3G 31φ1 + φ3∆3G 32φ2 + φ3∆3G 33φ1)G0 ·F
More explicitly:
u = G0 ·F −G0
(
Eaq2
1 +K(q)Eaq2
[φ1n1n1φ1 + φ2n2n2φ2 + φ3n3n3φ3] +
K(q)Φ(θ)(Eaq2)2 cos θ
(1 +K(q)Eaq2)2
[φ1n1n2φ2 + φ1n1n3φ3
+φ2n2n1φ1φ2n2n3φ3 + φ3n3n1φ1 + φ3n3n2φ2])G0 ·F
(7.93)
or
u = G0 ·F −G0
 Eaq2
1 +K(q)Eaq2
3∑
i=1
φininiφi +
K(q)Φ(θ)(Eaq2)2 cos θ
(1 +K(q)Eaq2)2
3∑
i,j=1i6=j
φininjφj
G0 ·F
(7.94)
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We now can calculate the average response or deformation u (〈u〉) over the total number of
star polymers in the cell medium. Average u means average the correlation factors [q|φi][φi|q′]
( 〈[q|φi][φi|q′]〉) and φi∆1G ijφj < [q|φi][φj|q′].
φi = φi(s,k) = F.T (δ(R(s)− r)) = 1
(2pi)3
∫ ∞
−∞
δ(R(s)− r)eik·rd3r = eik·R(s) (7.95)
We take r (here r = r0) as the center of mass position of the star. So we deﬁne
〈|φi][φj|q′]〉 = 1
V
∫ +∞
−∞
d3r[q|φi][φj|q′] (7.96)
where V is the system volume.
〈|φi][φj|q′]〉 = 2
V `
∫ `
0
∫ `
0
∫ ∞
−∞
cos(qs) cos q′s′ei(r+sn)ke−i(r+s
′n′))k′d3rdsds′ (7.97)
using the deﬁnition
1
V
∫ ∞
−∞
d3rei(k−k
′)·r = δ(k − k ′) (7.98)
for i = j i.e n = n′ we have the ﬁrst correlation quantity
〈[φi(k) | q][q | φi(k′)]〉 = 2
`
δ(k − k ′)
∫ `
0
∫ `
0
cos(qs) cos(qs′)eik·n(s−s
′)dsds′ (7.99)
or
〈[φi(k) | q][q | φi(k′)]〉 = 2
`
δ(k − k ′)
(∫ `
0
cos(qs)eik·nsds
)(∫ `
0
cos(qs′)e−ik·ns
′
ds′
)
(7.100)
Let uscalculate each term in the parenthesis.
∫ `
0
cos(qs)eik·nsds =
∫ `
0
cos(qs)(cos(qs) + i sin(qs))ds (7.101)
=
k · n
(k · n)2 − q2 (cos pim sin(k · n`)− i(cos pim cos(k · n`)− 1))(7.102)
(7.103)
In the same way we ﬁnd:
∫ `
0
cos(qs′)e−ik·ns
′
ds′ =
k · n
(k · n)2 − q2 (cos pim sin(k · n`) + i(cos pim cos(k · n`)− 1)) (7.104)
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So
〈[φi(k) | q][q | φi(k′)]〉 = 4
`
δ(k − k ′)
(
k · n
(k · n)2 − q2
)2
(−1)m+1 cos(k · n`) (7.105)
= −4
`
δ(k − k ′)
(
k · n
(k · n)2 − q2
)2
(−1)m
{
1− 2 sin2 k · n`
2
}
(7.106)
We have already shown that
〈[φi(k) | q][q | φi(k′)]〉 = 8
`
δ(k − k ′)
[
k · n sin{1
2
k · n`+ pi
4
(1− (−1)m)}
k · n− q2
]2
(7.107)
The second correlation quantity corresponds to n 6= n′:
〈|φi][φj|q′]〉 = δ(k − k ′)2
`
∫ `
0
∫ `
0
cos(qs) cos q′s′ei((n·ks−n
′·ks′)dsds′ (7.108)
We rewrite for brevity
〈[φ(k) | q][q′ | φ(k′)]〉 = δ(k − k ′)φi(k)φj(k) (7.109)
φi(k)φj(k) =
2
`
(∫ `
0
cos(qs)ei((n·ksds
)(∫ `
0
cos(qs)e−i((n
′·ks′ds′
)
(7.110)
Thus, we can now do the averaging
〈u〉 = [G0 −G0〉T λstar〈G0] ·F (7.111)
with
T λstar =
3∑
i=1
φi∆iG iiφi +
3∑
i,j=1i6=j
φi∆iG ijφj (7.112)
Where λ denote the single star in the matrix. The eﬀective Green function is then deﬁned as
Gstar = G0 −G0

3∑
i=1
φi∆iG iiφi +
3∑
i,j=1i6=j
φi∆iG ijφj
G0 (7.113)
Where λ denote the single star in the matrix and For a star ﬁbre of density N, in the matrix,
Gstar = G
−1
0 + Σ (7.114)
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where
Σ = N
〈
3∑
i=1
φi∆iG iiφi +
3∑
i,j=1i6=j
φi∆iG ijφj
〉
(7.115)
Taking into account all q modes, Σ become:
Σ ∼= N
〈∑
q,q′
 3∑
i=1
φ2i (k, q)∆iG ii +
3∑
i,j=1i6=j
φi(k)φj(k)∆iG ij
〉 (7.116)
Σ ∼= N
〈∑
q,q′
 Eaq2
1 +K(q)Eaq2
3∑
i=1
φ2inini +
K(q)Φ(θ)(Eaq2)2
(1 +K(q)Eaq2)2
cos θ
3∑
i,j=1i6=j
φi(k)φj(k)ninj
〉
(7.117)
a here is diﬀerent from a = 1− cos θ (the one deﬁne above).
Σ ∼= N
〈∑
q,q′
 3∑
i=1
φ2i (k, q)∆iG ii +
3∑
i,j=1i6=j
φi(k)φj(k)∆iG ij
〉 (7.118)
Σ ∼= N
〈∑
q,q′
 Eaq2
1 +K(q)Eaq2
3∑
i=1
φ2inini +
K(q)Φ(θ)(Eaq2)2
(1 +K(q)Eaq2)2
cos θ
3∑
i,j=1i6=j
φi(k)φj(k)ninj
〉
(7.119)
To avoid confusion between imaginary i and the i labelling the number of ﬁbres in the star, we
set i = α and j = β
So for a density P of ﬁbres in the stars:
P∑
α=1
φ2αnαnα =
P∑
α=1
8
`
nαnα
[
k · nα sin
{
1
2
k · nα`+ pi4 (1− (−1)m)
}
k · nα − q2
]2
−→k→0
P∑
α=1
8(k · nα)2nαnα
`q4
(7.120)
P∑
α,β=1α6=β
φα(k)φβ(k)nαnβ =
P∑
α,β=1α6=β
2nαnβ
`(nα · k)(nβ · k)
(
eik·(nα−nβ)` − eik·nα` − e−ik·nβ` + 1)
(7.121)
7.4 Conclusion
In this Chapter, we presented an alternative mean ﬁeld approach which one can use in order
to get information about the elastic properties of cells and their cytoskeleton. We used the
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model of an elastic medium embedding star like actin ﬁlaments following the work of Cates
and Edwards [72]. Our variation here is to place stars of ﬁlaments rather than single linear
ﬁlaments, using the ideas of the other authors. However we need some approximation in order
to take the calculations further in this model. This is one of our objective for furture works.
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Conclusion and outlook
8.1 Conclusion
The mechanical properties and stability of living eukaryotics cells within a living tissue depend
mainly on the structure, spatial organisation and orientational ordering of their cytoskeleton.
The structure, spatial organization and ordering of the cytoskeleton are in turn controlled by
the eﬀect of conﬁnement that the cell membrane introduces. Actin is the most abundant net-
work of the cell cytoskeleton and contributes most to the cell mechanical stability through its
dense and branched structural networks inside the cell. In this thesis we showed a quantita-
tive study of the eﬀect of conﬁnement on the structure, spatial organisation and orientation of
ﬁlaments or segments of branching actin networks that enabled us to investigate on the contri-
bution of conﬁned branching actin networks to the mechanical stability of the living tissue cells
at equilibrium thermodynamics. The quantitative study consisted of modelling the branching
actin networks conﬁned inside a geometrical cell and measuring the density proﬁles, the order
parameter ﬁeld proﬁles and the degree of polymerisation of segments of the ﬁlaments of the
actin networks. The model is based on a monomer ensemble formalism for semiﬂexible linear
polymers inside conﬁning region [1, 2, 44] with tools in statistical mechanics.
In Chapter 1 of this thesis we motivated the study we did in this thesis and the background of
the coarse-grained modelling techniques from polymer physics used to investigate the properties
of the mechanical properties of cells and their cytoskeleton. In Chapter 2, we have introduced
the model for linear semiﬂexible actin networks. We neglected any kind of interaction between
monomers of the chains. We deﬁned the grand canonical partition function for the conﬁned
linear chains which we use to derive the expression of the average densities and the mean num-
bers of segments inside the conﬁning regions. We have also deﬁned a radial order parameter
that measures the ﬁlaments segment orientation inside the conﬁning region. In Chapter 3,
we extended the model including branching in the system of conﬁned linear chains where the
193
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branching mimics the tree-like networks that form via Arp2/3 protein complex inside living
cells. Here again we deﬁned a grand canonical partition function for the branching networks
and derived the expression for the average density distributions of the networks. The obtained
densities depend on recursive non-linear coupled integral equations. We developed then a self-
consistent numerical method which enabled us to solve these equations and then we computed
the density proﬁles, the order parameter ﬁeld proﬁles and the average degree of polymerisation
for three diﬀerent type of branching actin networks including network dominated by short actin
ﬁlaments, networks dominated by long linear ﬁlaments and the branched network. We present
the quantitative results of the computations in Chapter 4 for the three type of networks that
we have modelled. These results enabled us to understand how the cell membrane eﬀect on the
actin networks depending on their topolology or their architecture and how does the structure
and conformations vary.
The cell membrane conﬁnement strongly inﬂuence the branching actin networks dominated
by long linear ﬁlaments and leads to their wrapping around the cell in order to minimize the
free energy of the cell system and this results are in agreement with other previous works
[41, 54, 55, 57, 57, 63]. The branched networks are also strongly inﬂuenced by the conﬁnements
eﬀects but they do not bend. They point straight to the conﬁning cell membrane or wall. We
argued that this may be due to the stiﬀness that the branching introduce [71]. In Chapter 5,
we include the mutual monomer interactions in the model of the conﬁned branching networks.
We deﬁne again a grand canonical partition function for the system. Using a SCFT and a
mean-ﬁeld theoretical approximation we derive and compute densities and order proﬁles like
previously. The results of the densities and the radial order parameter ﬁeld proﬁles show that in
the presence of pair interaction between actin monomers, the ﬁlaments of the branched networks
and the ones dominated by long linear ﬁlaments are subjected to strong conﬁnement and both
networks bend around the cell. We then in Chapter 6 of this thesis investigated the relationship
between the structural and conformational properties of the branching actin networks and the
elastic properties of the cells and their tissues. The calculation of the free energies and forces
of a collection of cells enabled us to show that the conﬁned branching actin networks are stable
against compressive forces ensuring thus the stability of the cells within the tissue, [139, 142].
However cells under shear are stable until one reaches a critical angle near 30◦ which we obtain
from our numerical calculation, while analytical calculation give us a critical angle near of 45.
Beyond these angles the cells become unstable. In Chapter 7, we have introduce an alternative
mean ﬁeld approach in which a cell is treated as a reinforced composite material. We are not
yet at the conclusive results. However this method can enable one to investigate the elastic
properties of cells. It is an ongoing model and calculation which we think of taking further in
our future works.
The results we have obtained are very important for the understanding of the mechanical
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instabilities that occur in living epithelial cells and tissues such as intestine. They show the
role of the conﬁnements in the mechanical properties of cell. The knowledge of the physical
parameters that monitors the stabilities of the cytoskeleton and thus of the cells within tissues
is a great asset in the diagnosis and healing of diseases such as cancer since the development,
spreading or invasion of cancer cells are often induced by the abnormal mechanical properties of
cells [2123, 28]. Our models can be tested experimentally, and the results are also important
in biotechnology, where engineer are trying to build artiﬁcial living cells [119]. However these
models need to be improved. In fact we have expected a phase transitions in the response of
conﬁned branching actin networks under a perturbing external ﬁeld, which we have not found.
Understanding fully the mechanical properties of living eukaryotic cells and their tissues espe-
cially of animals, is one of the most important current objectives of researchers in the ﬁeld of
biophysics due to the increasing number of cell mechanical related diseases. In this thesis we
have investigated the elastic properties and stability of the tissue cell by considering that the
system is at equilibrium thermodynamics. However it is also important to note that neither
the properties of individual cells nor the structures composed of the cells are static. Tissue
properties depend also on the growth of new cells, the deaths of others, and exceedingly com-
plex responses to physiological conditions, which may include external stresses [143]. In our
models we have not looked at the dynamics of the branching actin networks under conﬁne-
ments. Taking into account the dynamics of the networks in our model can lead us to phase
transitions. We have not included also the interaction of the networks with the cell membrane
and we are thinking of including it in our future works. We aim to get opportunity to test our
models experimentally in other to conﬁrm our numerical results. We will also take further the
calculations of the Chapter 7 of this thesis for the results.
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Appendix A
Details for calculations in chapters
A.1 Deﬁnitions of a functional and functional derivative
In this work we make use of functional and functional derivative. So we would like here to
recall what a functional is and how to get its derivative.
A functional is ordinary deﬁned in term of integral of a function. It is thus a function of function
written as F [f ] or a function of set of functions F [f1, f2, . . .]. Some of more general examples
of functional are the :
1)
F [f(r)] =
∫
f(r)w(r)dr (A.1)
2) The action integral of classical mechanics
F [f(r)] =
∫
L(r, f(r),5f(r))dr (A.2)
3) nonlocal functional of two functions
F [f1(r), f2(r)] =
∫
w(r1)f(r)w(r2)dr1dr2 (A.3)
The functional derivative is a generalization of the usual derivative. It is often used in the
calculus of variations. Instead of diﬀerentiating a function with respect to the variable r , one
diﬀerentiates a functional with respect to function f . The simplest calculation of a functional
derivative is given by:
δ
δf(r′)
F [f(r)] = lim
−→0
F [f(r) + δ(r− r′)]− F [f(r)]

(A.4)
where δ is the δ-Dirac function and it can be replaced by any arbitrary function according to
the objectif of the derivation.
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We thus use this deﬁnition of the functional derivative to derive the expression of the density
distribution of the ﬁlament segments in equation (3.29). So in what follows we calculate the
functional derivative of the grand canonical partition functions of single linear chain that we
have deﬁned in equation (2.7) and of branching networks (which contains both linear and
branched ﬁlaments) deﬁned in equation 3.14
A.1.1 Density of linear ﬁlaments
The average density %s(r, nˆ) of segments of conﬁned linear chain is deﬁned by:
%s(r, nˆ) =
z(r, nˆ)
Z
δZ
δz(r, nˆ)
. (A.5)
in short hand notation we write:
%s(r, nˆ) =
z
Z
δZ
δz
. (A.6)
Recall that:
Z[z(r, nˆ)] = 1 +
∫
d3r1d
2nˆ1z(r1, nˆ1)+∫ ∫
d3r1d
2nˆ1d
3r2d
2nˆ2z(r1, nˆ1)w(r1, nˆ1, r2, nˆ2)z(r2, nˆ2)+∫ ∫ ∫
d3r1d
2nˆ1d
3r2, d
2nˆ2d
3r3d
2nˆ3z(r1, nˆ1)w(r1, nˆ1, r2, nˆ2)z(r2, nˆ2)
w(r2, nˆ2, r3, nˆ3)z(r3, nˆ3)+∫ ∫ ∫ ∫
d3r1d
2nˆ1d
3r2, d
2nˆ2d
3r3d
2nˆ3d
3r4d
2nˆ4z(r1, nˆ1)w(r1, nˆ1, r2, nˆ2)z(r2, nˆ2)
w(r2, nˆ2, r3, nˆ3)z(r3, nˆ3)w(r3, nˆ3, r4, nˆ4)z(r4, nˆ4)+
. . .+
∫
. . .
∫
d3r1d
2nˆ1d
3r2d
2nˆ2 . . . d
3rNd
2nˆNz(r1, nˆ1)w(r1, nˆ1, r2, nˆ2)z(r2, nˆ2)
. . . w(rN−1, nˆN−1, rN , nˆN)z(rN , nˆN) + . . .
(A.7)
where
∫
d3r1d
2nˆ1 =
∫ ∫
d3r1d
2nˆ1.
The functional derivative of any functional Z(z(r, nˆ)) is:
δZ[z(r, nˆ)]
δz(r, nˆ)
= lim→0
Z[z(r, nˆ) + δ(r − r ′, nˆ − nˆ′)]− Z[z(r, nˆ)]

(A.8)
So we have:
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δZ[z(r, nˆ)]
δz(r, nˆ)
=
∫
d3r1d
2nˆ1δ(r − r1, nˆ − nˆ1)+∫ ∫
d3r1d
2nˆ1d
3r2d
2nˆ2δ(r − r1, nˆ − nˆ1)w(nˆ1, nˆ2)z(r2, nˆ2)+∫ ∫
d3r1d
2nˆ1d
3r2d
2nˆ2z(r1, nˆ1)w(nˆ1, nˆ2)δ(r − r2, nˆ − nˆ2)+∫ ∫ ∫
d3r1d
2nˆ1d
3r2, d
2nˆ2d
3r3d
2nˆ3δ(r − r1, nˆ − nˆ1)w(nˆ1, nˆ2)z(r2, nˆ2)
w(nˆ2, nˆ3)z(r3, nˆ3)+∫ ∫ ∫
d3r1d
2nˆ1d
3r2, d
2nˆ2d
3r3d
2nˆ3z(r1, nˆ1)w(nˆ1, nˆ2)δ(r − r2, nˆ − nˆ2)
w(nˆ2, nˆ3)z(r3, nˆ3)+∫ ∫ ∫
d3r1d
2nˆ1d
3r2, d
2nˆ2d
3r3d
2nˆ3z(r1, nˆ1)w(nˆ1, nˆ2)z(r2, nˆ2)
w(nˆ2, nˆ3)δ(r − r3, nˆ − nˆ3)+∫ ∫ ∫ ∫
d3r1d
2nˆ1d
3r2, d
2nˆ2d
3r3d
2nˆ3d
3r4d
2nˆ4δ(r − r1, nˆ − nˆ1)w(nˆ1, nˆ2)
z(r2, nˆ2)w(r2, nˆ2, r3, nˆ3)z(r3, nˆ3)w(nˆ3, nˆ4)z(r4, nˆ4)+∫ ∫ ∫ ∫
d3r1d
2nˆ1d
3r2, d
2nˆ2d
3r3d
2nˆ3d
3r4d
2nˆ4z(r1, nˆ1)w(nˆ1, nˆ2)
δ(r − r2, nˆ − nˆ2)w(r2, nˆ2, r3, nˆ3)z(r3, nˆ3)w(nˆ3, nˆ4)z(r4, nˆ4)+∫ ∫ ∫ ∫
d3r1d
2nˆ1d
3r2, d
2nˆ2d
3r3d
2nˆ3d
3r4d
2nˆ4z(r1, nˆ1)w(nˆ1, nˆ2)z(r2, nˆ2)
w(nˆ2, nˆ3)δ(r − r3, nˆ − nˆ3)w(nˆ3, nˆ4)z(r4, nˆ4)+∫ ∫ ∫ ∫
d3r1d
2nˆ1d
3r2, d
2nˆ2d
3r3d
2nˆ3d
3r4d
2nˆ4z(r1, nˆ1)w(nˆ1, nˆ2)z(r2, nˆ2)
w(nˆ2, nˆ3)z(r3, nˆ3)w(nˆ3, nˆ4)δ(r − r4, nˆ − nˆ4) + . . .
(A.9)
In the following equations we use
∫
r1,nˆ1,r2,nˆ2...rN ,nˆN+...
to mean∫
. . .
∫
d3r1d
2nˆ1d
3r2d
2nˆ2 . . . d
3rNd
2nˆN . . .. We rewrite equation (A.9) with short hand notations
as:
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δZ[z(r, nˆ)]
δz(r, nˆ)
=
∫
r1,nˆ1
〈r, nˆ|r1, nˆ1〉+
∫
r2,nˆ2
〈r, nˆ|wz|r2, nˆ2〉+
∫
r1,nˆ1
〈r1, nˆ1|zw|r, nˆ〉+∫
r2,nˆ2,r3,nˆ3
〈r, nˆ|wz|r2, nˆ2〉〈r2, nˆ2|wz|r3, nˆ3〉+∫
r1,nˆ1,r3,nˆ3
〈r1, nˆ1|zw|r, nˆ〉〈r, nˆ|wz|r3, nˆ3〉+∫
r1,nˆ1,r2,nˆ2
〈r1, nˆ1|zw|r2, nˆ2〉〈r2, nˆ2|zw|r, nˆ〉+∫
r2,nˆ2,r3,nˆ3,r4,nˆ4
〈r, nˆ|wz|r2, nˆ2〉〈r2, nˆ2|wz|r3, nˆ3〉〈r3, nˆ3|wz|r4, nˆ4〉+∫
r1,nˆ1,r3,nˆ3,r4,nˆ4
〈r1, nˆ1|zw|r, nˆ〉〈r, nˆ|wz|r3, nˆ3〉〈r3, nˆ3|wz|r4, nˆ4〉+∫
r1,nˆ1,r2,nˆ2,r4,nˆ4
〈r1, nˆ1|zw|r2, nˆ2〉〈r2, nˆ2|zw|r, nˆ〉〈r, nˆ|zw|r4, nˆ4〉+∫
r1,nˆ1,r2,nˆ2,r3,nˆ3
〈r1, nˆ1|zw|r2, nˆ2〉〈r2, nˆ2|zw|r3, nˆ3〉〈r3, nˆ3|zw|r, nˆ〉+ . . .
(A.10)
After integration we have:
δZ[z(r, nˆ)]
δz(r, nˆ)
= 1 + 〈r, nˆ|wz|1〉+ 〈1|zw|r, nˆ〉+ 〈r, nˆ|(wz)2|1〉+ 〈1|zw|r, nˆ〉〈r, nˆ|wz|1〉+
〈1|(zw)2|r, nˆ〉+ 〈r, nˆ|(wz)3|1〉+ 〈1|zw|r, nˆ〉〈r, nˆ|(wz)2|1〉+
〈1|(zw)2|r, nˆ〉〈r, nˆ|wz|1〉+ 〈1|(zw)3|r, nˆ〉+ . . .
= [1 + 〈r, nˆ|wz|1〉+ 〈r, nˆ|(wz)2|1〉+ 〈r, nˆ|(wz)3|1〉+ . . .]+
[1 + 〈r, nˆ|wz|1〉+ 〈r, nˆ|(wz)2|1〉+ 〈r, nˆ|(wz)3|1〉+ . . .]×
[〈1|zw|r, nˆ〉+ 〈1|(zw)2|r, nˆ〉+ 〈1|(zw)3|r, nˆ〉+ . . .]
(A.11)
Factorizing equation (A.11) gives:
δZ[z(r, nˆ)]
δz(r, nˆ)
= [1 + 〈r, nˆ|wz|1〉+ 〈r, nˆ|(wz)2|1〉+ 〈r, nˆ|(wz)3|1〉+ . . .]×
[1 + 〈1|zw|r, nˆ〉+ 〈1|(zw)2|r, nˆ〉+ 〈1|(zw)3|r, nˆ〉+ . . .]
=
∞∑
N=0
〈r, nˆ|(wz)N |1〉 ×
∞∑
N=0
〈1|(zw)N |r, nˆ〉
(A.12)
We deﬁne the quantities Ψ(r, nˆ) and Φ(r, nˆ) as:
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Ψ(r, nˆ) =
∞∑
N=0
〈r, nˆ|(wz)N |1〉 (A.13)
Φ(r, nˆ) =
∞∑
N=0
〈1|(zw)N |r, nˆ〉 (A.14)
The sum in equation (A.15) and equation (A.16) are geometric so we rewrite Ψ(r, nˆ) and Φ(r, nˆ)
as:
Ψ(r, nˆ) = 〈r, nˆ|(I − wz)−1|1〉Φ(r, nˆ) = 〈1|(I − zw)−1|r, nˆ〉 . (A.15)
δZ[z(r, nˆ)]
δz(r, nˆ)
= Ψ(r, nˆ)Φ(r, nˆ) (A.16)
We can also calculate the functional derivative of the partition function by using the following
equations:
Z = 1 +
∫
r,nˆ
z(r, nˆ)Ψ(r, nˆ) (A.17)
in short hand notation
Z = 1 +
∫
zΨ (A.18)
or
Z = 1 +
∫
zΦ (A.19)
with Ψ(r, nˆ) and Φ(r, nˆ) written in integral form (short hand notation) as:
Ψ(r, nˆ) = Ψ = 1 +
∫
wzΨ (A.20)
and
Φ(r, nˆ) = Φ = 1 +
∫
zwΦ (A.21)
So we use the equation (A.20) and we have
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δZ
δz
= Ψ +
∫
z
δΨ
δz
= Ψ +
∫
z(wΨ + wz
δΨ
δz
)
= Ψ +
∫
zwΨ +
∫
zwz
δΨ
δz
= Ψ +
∫
zwΨ +
∫
zwz
δΨ
δz
= Ψ +
∫
zwΨ +
∫
zwzwΨ +
∫
zwzwz
δΨ
δz
= Ψ +
∫
zwΨ +
∫
zwzwΨ +
∫
zwzwzwΨ + . . .+
∫
zwzw . . . zwΨ + . . .
= Ψ(1 +
∫
zw +
∫
zwzw +
∫
zwzwzw + . . .+
∫
zwzw . . . zw + . . .)
(A.22)
We see that according to equation (A.13)
δZ
δz
= ΨΦ% =
z
Z
ΨΦ% (A.23)
We use this second procedure to calculate the average density of ﬁlament segments of conﬁned
branching networks.
A.1.2 Average density of segments for branching actin networks
We use here the short hand notation. The total average density of the branching actin networks
is given by
% = %z + 2%ζ . (A.24)
%z is the density of segments of linear chains of the branching networks i.e the density of
the segments that are not involved in branching points. We obtain similar expression as the
density expression we obtained in the above equation (A.23) except that in the current case i.e
for branching networks:
Ψ = 1 +
∫
wzΨ +
∫
ξζΨΨ (A.25)
and
Φ = 1 +
∫
zwΦ +
∫
ξζΨΦ (A.26)
It is left now with the derivation of the expression the average density of segments 2%ζ involved
in branching points.
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%ζ =
ζ
Z
δZ
δζ
(A.27)
The deﬁnition of the grand partition Z is given by equation (A.18) or by equation (A.19).
So we calculate in the following the functional derivative of Z using its deﬁnition given by the
equation (A.18).
δZ
δz
=
∫
z
δΨ
δζ
=
∫
z
(
wz
δΨ
δζ
+ ξΨΨ + 2ξζΨ
δΨ
δζ
)
=
∫
z
(
wz
(
wz
δΨ
δζ
+ ξΨΨ + 2ξζΨ
δΨ
δζ
)
+
ξΨΨ + 2ξζΨ
(
wz
δΨ
δζ
+ ξΨΨ + 2ξζΨ
δΨ
δζ
))
(A.28)
We recursively expanded the equation (A.28) in the same way as equation (A.22). We expanded
also the product ΨΨΦ. We remark that the terms of this equation (A.28) are identic to the
terms of the product ΨΨΦ. We then deduced that:
δZ
δζ
= ΨΨΦ. (A.29)
So we ﬁnd
%ζ =
ζ
Z
ΨΨΦ. (A.30)
We then sum the densities to obtain the expression for the total density.
A.2 Density and order proﬁles for branching actin
networks conﬁned in others geometries
The results are similar to the results we have obtained for networks conﬁned in spherical
geometry in Chapter 4 of this thesis. So we present here only the proﬁles of the branching
networks in tree-dimensional plots.
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A.2.1 Cell with square shape
Figure A.1: Three dimensional plot of the density proﬁle of the segments of the branched networks.
It is obtained for (1−z0)2 ∼ 4ζ0. We plot this density proﬁle for ζ0 = 0.06 and z0 = 0.516. We observe
a huge decrease of the average density of segments in the middle of the square while the proﬁle shows
a high density distribution at the periphery of the conﬁning square cell.
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Figure A.2: Radial order parameter ﬁeld proﬁle of 2d branched networks plotted in three dimension.
The proﬁle we show is obtained for z0 = 0.516 and ζ0 = 0.06. We have negative order parameter ﬁeld
with very small positive values at the vicinity of the cell. This indicate that ﬁlaments of segments of
the branched networks align perpendicular or point straight to the conﬁning. Only very ﬁlament bent.
The chain segments are isotropically distributed in the middle of the square.
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A.2.2 Cell with triangular shape
Figure A.3: Three dimensional plot of the density proﬁle of the segments of the branched networks.
It is obtained for (1−z0)2 ∼ 4ζ0. We plot this density proﬁle for ζ0 = 0.06 and z0 = 0.516. We observe
a huge decrease of the average density of segments in the middle of the square while the proﬁle shows
a high density distribution at the periphery of the conﬁning triangular cell.
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Figure A.4: Radial order parameter ﬁeld proﬁle of 2d branched networks plotted in three dimension.
The proﬁle we show is obtained for z0 = 0.516 and ζ0 = 0.06. We have negative order parameter ﬁeld
with very small positive values at the vicinity of the cell. This indicate that ﬁlaments of segments of
the branched networks align perpendicular or point straight to the conﬁning. Only very ﬁlament bent.
The chain segments are isotropically distributed in the middle of the triangular cell.
A.3 Semiﬂexible ﬁlaments under compressive forces:
Derivation of equation (6.33)
Here we follow the general approach as outlined in the papers of Blundell and Terentjev [140,
141] to derive the equation (6.33) and we refer the reader to these papers for more details.
We describe the semi-ﬂexible chain as made of discrete stiﬀ monomers bonds. We have N
monomers in the chain and each monomers has a distinct discrete position rk along the chain.
The bonds of size b are formed between successive monomers, b = rm+1 − rm, Figure A.5. We
Figure A.5: Descete description of the semi-ﬂexible ﬁlament, of contour length Lc. R is the end-to-end
distance of the chain and b the bond size.
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start rewriting the discrete version of the following equation (equation (6.31)) which is:
Z = N
∫
Dre−βH[r]δ(〈(dr(s)/ds)2〉 − 1). (A.31)
where N is the normalization factor.
The ﬁrst and second derivatives of the space-curve r(s) is written in discrete form as:
r ′(s) = lim
→0
r(s+ )− r(s)

discrete' rm+1 − rm
b
= b
∂rm
∂m
= r˙m. (A.32)
In d dimension:
NDr(s) = lim
N→∞
N−1∏
m=1
ddrm
Ldc
. (A.33)
The discrete version of Z is:
Z =
∫ N−1∏
m=1
ddrm
Ldc
e−
βκ
2
∑N−1
m=1(rm+1−2rm+rm−1)2
N−1∏
m=1
δ[(rm+1 − rm)2 − b2]. (A.34)
The δ-function term in its fourrier transform is:
N−1∏
m=1
δ[(rm+1 − rm)2 − b2] =
N−1∏
m=1
1
2pi
∫ +∞
−∞
dνme
iνm((rm+1−rm)2−b2), (A.35)
where νm is an auxiliary ﬁeld. So
Z =
∫ N−1∏
m=1
ddrm
Ldc
dνme
(∑N−1
m=1
[
−βκb4
2
r¨2m+iνmb(r˙
2
m−1)
])
. (A.36)
We come back to the continuum version of the system and we have
lim
N→∞
N−1∏
m=1
Ldνm = Dν(s). (A.37)
In the limit of very large N and b going to 0, the partition function can be written in the path
integral form as:
Z =
∫
DrDν e
∫ Lc
0 ds(−u2 r¨(s)2+iν(s)(r˙(s)2−1)), (A.38)
where u = κb3β and is related to the persistence length `p of a polymer chain in d-dimensions
as : u = `p(d−1)/2. We use the mean-ﬁeld approach to make the computation of the partition
function analytically possible. The approach is to replace the local in-extensibility constraints
r˙ = 1 with the global constraint 〈r˙〉 = 1.The auxiliary ﬁeld ν(s) can also be replaced by its
mean value ν¯ which take diﬀerent value for diﬀerent conﬁgurations. These do not lead the lost
of any physics of the problem, rather make the problem analytically tractable.
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The integral become now Gaussian and we use the following boundary conditions to compute
it.
r(0) = 0 and r(Lc) = R (A.39)
where R is the end-to-end distance vector of the ﬁlament. We consider that the space-curve
is a straight curve with small ﬂuctuations h(s) which vanish at both ends of the ﬁlament i.e
h(0) = 0 = h(Lc). So we can deﬁne
r(s) =
s
Lc
R + h(s). (A.40)
r(s) in Fourier series can be written as:
r(s) =
s
Lc
R +
∞∑
q=1
hq sin
(
qpis
Lc
)
. (A.41)
By doing the Fourier expansion of equation (A.38), we obtain the partion function in the form
of series of Gaussian integrals:
Z = Lc
∫ +∞
−∞
dν¯e
−ıν¯Lc
(
1−( RLc )
2
) ∫
Dhqe[− 12
∑∞
q=1 hq ·Mq ·hq]. (A.42)
Z = Lc
∫ +∞
−∞
dν¯e
−iν¯Lc
(
1−( RLc )
2
) q=∞∏
q=1
√
detMq, (A.43)
where
Mq = I d
[
uLc
2
(qpi
L
)4
− iν¯Lc
(qpi
L
)2]
. (A.44)
After using the identity
∏q=∞
q=1 [1 − x2/q2pi2]−1 = x/sinx. We then ﬁnally come up with the
expression of the partition function as:
Z =
u
2Lc
∫ +∞
−∞
dγe
−iγ u
2Lc
(
1−( RLc )
2
) [ √
iγ
sin
√
iγ
]d/2
, (A.45)
Where γ = 2ν¯L2c/u. It gives an estimation of the deviation of the chain from its full extension.
So it is related to the eﬀective stiﬀness of the ﬁlament.
A.4 Cell as ﬁber reinforced composite material
A.4.1 Green function
We want to compute fourier transform of the following Green function
f(k) =
∫
d3r
1
|r|e
ik.r
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In spherical coordinates: d3r = r2 sin θdθdϕdr where r : 0→∞, θ : 0→ pi and ϕ : 0→ 2pi. we
choose k to be in the direction of z-axis (k.r = kr cos θ). Thus
f(k) =
∫ ∞
0
dr
∫ 1
−1
d(cos θ)
∫ 2pi
0
dϕr2 × 1
r
eikr cos θ
f(k) =
2pi
ik
∫ ∞
0
dr(eikr − e−ikr)
This integral diverge when r goes to inﬁnity, so since 1|r| is an interaction, we can regularize it
by adding e−r. Thus
f(k) = lim
→0
2pi
ik
∫ ∞
0
dr(eikr−r − e−ikr−r) = 4pi
k2
I
Now we want to calculate the FT of g(r). To calculate it we decompose the tensor rˆrˆ in its
parallel (zˆ//kˆ) and perpendicular ((xˆ, yˆ)⊥kˆ) components.
rˆ = xˆ+ yˆ + zˆ = iˆ+ jˆ + kˆ
We have
rˆ · rˆrˆ · rˆ = (xˆ+ yˆ + kˆ) · rˆrˆ · (xˆ+ yˆ + kˆ) (A.46)
=
xˆ · rˆrˆ · xˆ xˆ · rˆrˆ · yˆ xˆ · rˆrˆ · zˆyˆ · rˆrˆ · xˆ yˆ · rˆrˆ · yˆ yˆ · rˆrˆ · zˆ
zˆ · rˆrˆ · xˆ zˆ · rˆrˆ · yˆ zˆ · rˆrˆ · zˆ
 (A.47)
So
g(r) =
1
|r|
 xˆ · rˆrˆ · xˆ
1
2
sin2 θ cos 2ψ 1
2
sin 2θ cosψ
1
2
sin2 θ cos 2ψ yˆ · rˆrˆ · yˆ 1
2
sin 2θ sinψ
1
2
sin 2θ cosψ 1
2
sin 2θ sinψ zˆ · rˆrˆ · zˆ

 iˆiˆjˆjˆ
kˆkˆ
 (A.48)
The Fourier transform of all the oﬀ-diagonal components is 0 because
∫ 2pi
0
cos(2ψ)dψ =
∫ 2pi
0
cos(ψ)dψ =∫ 2pi
0
sin(ψ)dψ = 0.
So
F.T {g(r)} = F.T
 1|r|
xˆ · rˆrˆ · xˆ 0 00 yˆ · rˆrˆ · yˆ 0
0 0 zˆ · rˆrˆ · zˆ

 iˆiˆjˆjˆ
kˆkˆ

 (A.49)
From symmetry, xˆ · rˆrˆ · xˆ = yˆ · rˆrˆ · yˆ
Thus
g(k) = F.T {g(r)} =
M 0 00 M 0
0 0 A

 iˆiˆjˆjˆ
kˆkˆ
 = M (ˆiiˆ + jˆjˆ) + Akˆkˆ = M(I − kˆkˆ) + Akˆkˆ (A.50)
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whereM = F.T
{
1
|r| xˆ · rˆrˆ · xˆ
}
andA = F.T
{
1
|r| zˆ · rˆrˆ · zˆ
}
= F.T
{
1
|r|kˆ · rˆrˆ · kˆ
}
= F.T
{
cos2 θ
|r|
}
=
−4pi
k2
Tr (T.F {g(r)}) = F.T {Tr (g(r))} ⇔ T.F
{
1
|r|
}
=
4pi
k2
= 2M + A = 2M − 4pi
k2
(A.51)
So
M =
4pi
k2
(A.52)
Thus
g(k) =

4pi
k2
0 0
0 4pi
k2
0
0 0 −4pi
k2

 iˆiˆjˆjˆ
kˆkˆ
 = 4pi
k2
(I − 2kˆkˆ) (A.53)
Finally we have the expression
G0(k) =
1
µk2
(I − kˆkˆ) + I
B + 4µ
3
kˆkˆ (A.54)
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